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Part 1 
A. Modes (Gabe) 
B. Coherent State of Mode(s) (Saikat) 

Break 

Part 2 
C. Quantum States of Mode(s) (Gabe) 
D. State Discrimination (Saikat)

Outline

You will need a pen and paper to work out most of the exercises
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Part A
Modes 

Shapes in space and time
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Definition of a ‘mode’
• An optical mode is the “shape” of a confined EM field in space, time, polarization 


• 4 independent attributes of the photon field, denoted by variables:


• Recall: Time & Frequency are essentially the same variable (related by FT):


• Mode function:


• We will always take a mode to be a unit-norm (complex-valued) function, i.e.,
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Raymer and Polakos, ACTA PHYSICA POLONICA A, No. 6 Vol. 143 (2023)

<latexit sha1_base64="8lLGkIZ+3OLKOi/wRiG01imj2Xg=">AAAB9XicbVDLSsNAFJ3UV62vqks3g0WoUEoivpZFNy4r2Ae0sUymk3boZBJmbtQQ+h9uXCji1n9x5984bbPQ1gMXDufcy733eJHgGmz728otLa+sruXXCxubW9s7xd29pg5jRVmDhiJUbY9oJrhkDeAgWDtSjASeYC1vdD3xWw9MaR7KO0gi5gZkILnPKQEj3ZefKjipYKjgroyPe8WSXbWnwIvEyUgJZaj3il/dfkjjgEmggmjdcewI3JQo4FSwcaEbaxYROiID1jFUkoBpN51ePcZHRuljP1SmJOCp+nsiJYHWSeCZzoDAUM97E/E/rxODf+mmXEYxMElni/xYYAjxJALc54pREIkhhCpubsV0SBShYIIqmBCc+ZcXSfOk6pxXz25PS7WrLI48OkCHqIwcdIFq6AbVUQNRpNAzekVv1qP1Yr1bH7PWnJXN7KM/sD5/AADrkOk=</latexit>

(x, y, t, ⌫)

<latexit sha1_base64="UNdvZ3KCq0ZfY9NkUMrkcyl8+Fs=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpREfC2LblxWsA9oQplMpu3QSSbOTIohdOPGX3HjQhG3/oM7/8ZJm4W2HhjmcM693HuPFzEqlWV9G4WFxaXlleJqaW19Y3PL3N5pSh4LTBqYMy7aHpKE0ZA0FFWMtCNBUOAx0vKG15nfGhEhKQ/vVBIRN0D9kPYoRkpLXXM/dTzOfJkE+oNiDB1yH9MRrDwcJ0dds2xVrQngPLFzUgY56l3zy/E5jgMSKsyQlB3bipSbIqEoZmRccmJJIoSHqE86moYoINJNJ1eM4aFWfNjjQr9QwYn6uyNFgcz21JUBUgM562Xif14nVr1LN6VhFCsS4umgXsyg4jCLBPpUEKxYognCgupdIR4ggbDSwZV0CPbsyfOkeVK1z6tnt6fl2lUeRxHsgQNQATa4ADVwA+qgATB4BM/gFbwZT8aL8W58TEsLRt6zC/7A+PwBzMeYHg==</latexit>

r ⌘ (x, y)

Polarization index = subscript
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• Consider the following mode function


• What is the value of    such that       is a properly normalized mode function?

Exercise 1: Normalization of a mode function

<latexit sha1_base64="ynR40wJ2Ijnm38GL2MYM9JOw15I=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKfByDXjxGyEuSJcxOZpMhM7PLzKwQlnyFFw+KePVzvPk3ziZ70MSChqKqm+6uIOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCoraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wucv8zhNVmkWyaaYx9QUeSRYygo2VHvuhwiRtzmqDcsWtunOgVeLlpAI5GoPyV38YkURQaQjHWvc8NzZ+ipVhhNNZqZ9oGmMywSPas1RiQbWfzg+eoTOrDFEYKVvSoLn6eyLFQuupCGynwGasl71M/M/rJSa88VMm48RQSRaLwoQjE6HsezRkihLDp5Zgopi9FZExthkYm1HJhuAtv7xK2hdV76p6+VCr1G/zOIpwAqdwDh5cQx3uoQEtICDgGV7hzVHOi/PufCxaC04+cwx/4Hz+AKuIkFY=</latexit>

T
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<latexit sha1_base64="/l/lct4tC3GS2uB8FDs9v9sUugE=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egF48R8pJkCbOT2WTIzOwyMyuEJV/hxYMiXv0cb/6Ns8keNLGgoajqprsriDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNM7jK/80SVZpFsmmlMfYFHkoWMYGOlx36oMEmbs9qgXHGr7hxolXg5qUCOxqD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n84Nn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQlv/JTJODFUksWiMOHIRCj7Hg2ZosTwqSWYKGZvRWSMbQbGZlSyIXjLL6+Sdq3qXVUvHy4q9ds8jiKcwCmcgwfXUId7aEALCAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/qICQVA==</latexit>

T
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<latexit sha1_base64="0vSXmxfExAO51lA0BFDXNMTyWA8=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexqfByDXjxGyAuTEGYns8mQ2dllplcIS/7CiwdFvPo33vwbJ8keNFrQUFR1093lx1IYdN0vJ7eyura+kd8sbG3v7O4V9w+aJko04w0WyUi3fWq4FIo3UKDk7VhzGvqSt/zx7cxvPXJtRKTqOIl5L6RDJQLBKFrpoRtoytLz+rTSL5bcsjsH+Uu8jJQgQ61f/OwOIpaEXCGT1JiO58bYS6lGwSSfFrqJ4TFlYzrkHUsVDbnppfOLp+TEKgMSRNqWQjJXf06kNDRmEvq2M6Q4MsveTPzP6yQYXPdSoeIEuWKLRUEiCUZk9j4ZCM0ZyokllGlhbyVsRG0IaEMq2BC85Zf/kuZZ2bssX9xXStWbLI48HMExnIIHV1CFO6hBAxgoeIIXeHWM8+y8Oe+L1pyTzRzCLzgf3yDjkJM=</latexit>
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<latexit sha1_base64="EqeA+mbLkNRXGR722P9vRZdlcXk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cE8oJkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vJ7e2vrG5ld8u7Ozu7R8UD4+aOk4VwwaLRazaAdUouMSG4UZgO1FIo0BgKxjdz/zWEyrNY1k34wT9iA4kDzmjxkq1eq9YcsvuHGSVeBkpQYZqr/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5oVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDWn3CZpAYlWywKU0FMTGZfkz5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf88ippXpS96/JV7bJUucviyMMJnMI5eHADFXiAKjSAAcIzvMKb8+i8OO/Ox6I152Qzx/AHzucPsumM4g==</latexit>

T
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>
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<latexit sha1_base64="KWzY2bLzO31lK/gWLvxnXW12sCk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVaa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwBxp2M7w==</latexit>a

<latexit sha1_base64="xcS5xQRcpB5bAm3L3gHxTcSc1Pk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxhLvE15HoxSNGeSSwIbNDAxNmZzczsyZkwyd48aAxXv0ib/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SjGcfoh3QgeZ8zaqz0QM8q3WLJLbszkGXiZaQEGWrd4lenF7EkRGmYoFq3PTc2fkqV4UzgpNBJNMaUjegA25ZKGqL209mpE3JilR7pR8qWNGSm/p5Iaaj1OAxsZ0jNUC96U/E/r52Y/rWfchknBiWbL+ongpiITP8mPa6QGTG2hDLF7a2EDamizNh0CjYEb/HlZdKolL3L8sX9eal6k8WRhyM4hlPw4AqqcAc1qAODATzDK7w5wnlx3p2PeWvOyWYO4Q+czx+ka41k</latexit>
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<latexit sha1_base64="vfdT8GPmCfCqP9FgIxd74HYqHsM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhDiJeyKr2PQi8cI5gHJEmYns8mQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrVIIb9LxvZ2V1bX1js7BV3N7Z3dsvHRw2TZJqyho0EYluh8QwwSVrIEfB2kozEoeCtcLR3dRvPTFteCIfcaxYEJOB5BGnBK3U6qohr+BZr1T2qt4M7jLxc1KGHPVe6avbT2gaM4lUEGM6vqcwyIhGTgWbFLupYYrQERmwjqWSxMwE2ezciXtqlb4bJdqWRHem/p7ISGzMOA5tZ0xwaBa9qfif10kxugkyLlWKTNL5oigVLibu9He3zzWjKMaWEKq5vdWlQ6IJRZtQ0YbgL768TJrnVf+qevlwUa7d5nEU4BhOoAI+XEMN7qEODaAwgmd4hTdHOS/Ou/Mxb11x8pkj+APn8we1yo8s</latexit>

�(t)

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t
<latexit sha1_base64="KWzY2bLzO31lK/gWLvxnXW12sCk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVaa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwBxp2M7w==</latexit>a

<latexit sha1_base64="vfdT8GPmCfCqP9FgIxd74HYqHsM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhDiJeyKr2PQi8cI5gHJEmYns8mQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrVIIb9LxvZ2V1bX1js7BV3N7Z3dsvHRw2TZJqyho0EYluh8QwwSVrIEfB2kozEoeCtcLR3dRvPTFteCIfcaxYEJOB5BGnBK3U6qohr+BZr1T2qt4M7jLxc1KGHPVe6avbT2gaM4lUEGM6vqcwyIhGTgWbFLupYYrQERmwjqWSxMwE2ezciXtqlb4bJdqWRHem/p7ISGzMOA5tZ0xwaBa9qfif10kxugkyLlWKTNL5oigVLibu9He3zzWjKMaWEKq5vdWlQ6IJRZtQ0YbgL768TJrnVf+qevlwUa7d5nEU4BhOoAI+XEMN7qEODaAwgmd4hTdHOS/Ou/Mxb11x8pkj+APn8we1yo8s</latexit>

�(t)

<latexit sha1_base64="QoXwdga8OD372iSzcigDh3kcn54=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEfHQjFN24rNAXNKFMppN26OThzI1QQtz4K25cKOLWv3Dn3zhts9DWAxcO59zLvfd4seAKLOvbKCwtr6yuFddLG5tb2zvm7l5LRYmkrEkjEcmORxQTPGRN4CBYJ5aMBJ5gbW90M/HbD0wqHoUNGMfMDcgg5D6nBLTUMw8IvsKOupeQOr4kNK1mqW03sqxnlq2KNQVeJHZOyihHvWd+Of2IJgELgQqiVNe2YnBTIoFTwbKSkygWEzoiA9bVNCQBU246/SDDx1rpYz+SukLAU/X3REoCpcaBpzsDAkM1703E/7xuAn7VTXkYJ8BCOlvkJwJDhCdx4D6XjIIYa0Ko5PpWTIdEBwE6tJIOwZ5/eZG0Tiv2ReX87qxcu87jKKJDdIROkI0uUQ3dojpqIooe0TN6RW/Gk/FivBsfs9aCkc/soz8wPn8AvvuWdw==</latexit>

a =

r
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<latexit sha1_base64="knq53R1seEvNS/Vz26TEYpG+oq4=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5L47EYounFZoS9oQplMJ+3QycOZG6GEuPFX3LhQxK1/4c6/cdpmoa0HLhzOuZd77/FiwRVY1rexsLi0vLJaWCuub2xubZs7u00VJZKyBo1EJNseUUzwkDWAg2DtWDISeIK1vOHN2G89MKl4FNZhFDM3IP2Q+5wS0FLX3Cf4CjvqXkLq+JLQtJKl9mk9y7pmySpbE+B5YuekhHLUuuaX04toErAQqCBKdWwrBjclEjgVLCs6iWIxoUPSZx1NQxIw5aaTDzJ8pJUe9iOpKwQ8UX9PpCRQahR4ujMgMFCz3lj8z+sk4FfclIdxAiyk00V+IjBEeBwH7nHJKIiRJoRKrm/FdEB0EKBDK+oQ7NmX50nzpGxflM/vzkrV6zyOAjpAh+gY2egSVdEtqqEGougRPaNX9GY8GS/Gu/ExbV0w8pk99AfG5w/CCZZ5</latexit>

a =

r
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<latexit sha1_base64="lgfat9DjL73RcL+a9hKf9qRwJL4=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIVS9C0YvHCv2CNpTNdtMu3WzC7kYsIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zM82POlHacb6uwtr6xuVXcLu3s7u0f2IfltooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yd3M7zxSqVgkmnoaUy/EI8ECRrA20sAuY3SD0n4gMUkvsrTWzLKBXXGqzhxolbg5qUCOxsD+6g8jkoRUaMKxUj3XibWXYqkZ4TQr9RNFY0wmeER7hgocUuWl89szdGqUIQoiaUpoNFd/T6Q4VGoa+qYzxHqslr2Z+J/XS3Rw7aVMxImmgiwWBQlHOkKzINCQSUo0nxqCiWTmVkTG2OSgTVwlE4K7/PIqaZ9X3ctq7eGiUr/N4yjCMZzAGbhwBXW4hwa0gMATPMMrvFmZ9WK9Wx+L1oKVzxzBH1ifPyVuk+Q=</latexit>
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4
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<latexit sha1_base64="6usboYqJiwMZ4iXRCMahKsm9tdE=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUl8diMU3bis0Be0pUymk3boZBJmJkII8VfcuFDErR/izr9x2mah1QMXDufcy733eBFnSjvOl1VYWV1b3yhulra2d3b37P2DtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa86e3M7zxQqVgomjqJ6CDAY8F8RrA20tAuY3SN0r4vMUlrWeqeNbNsaFecqjMH+kvcnFQgR2Nof/ZHIYkDKjThWKme60R6kGKpGeE0K/VjRSNMpnhMe4YKHFA1SOfHZ+jYKCPkh9KU0Giu/pxIcaBUEnimM8B6opa9mfif14u1XxukTESxpoIsFvkxRzpEsyTQiElKNE8MwUQycysiE2yC0CavkgnBXX75L2mfVt3L6sX9eaV+k8dRhEM4ghNw4QrqcAcNaAGBBJ7gBV6tR+vZerPeF60FK58pwy9YH9+dsZQh</latexit>
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8
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<latexit sha1_base64="S3GguWUiL6l1Zwzr/IqNiLeKh6U=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgadkVX8eoF49RzAOSJcxOZpMhs7PLTK8QQv7AiwdFvPpH3vwbJ8keNFrQUFR1090VplIY9Lwvp7C0vLK6VlwvbWxube+Ud/caJsk043WWyES3Qmq4FIrXUaDkrVRzGoeSN8PhzdRvPnJtRKIecJTyIKZ9JSLBKFrp/srtliue681A/hI/JxXIUeuWPzu9hGUxV8gkNabteykGY6pRMMknpU5meErZkPZ521JFY26C8ezSCTmySo9EibalkMzUnxNjGhszikPbGVMcmEVvKv7ntTOMLoOxUGmGXLH5oiiTBBMyfZv0hOYM5cgSyrSwtxI2oJoytOGUbAj+4st/SePE9c/ds7vTSvU6j6MIB3AIx+DDBVThFmpQBwYRPMELvDpD59l5c97nrQUnn9mHX3A+vgEBCY0H</latexit>

A.

<latexit sha1_base64="ZfAwLU9uB1VNTgsMRJVbDUXyGu8=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgadkVX8cQLx6jmAckS5id9CZDZmeXmVkhhPyBFw+KePWPvPk3TpI9aLSgoajqprsrTAXXxvO+nMLK6tr6RnGztLW9s7tX3j9o6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB0M/Nbj6g0T+SDGacYxHQgecQZNVa6r7m9csVzvTnIX+LnpAI56r3yZ7efsCxGaZigWnd8LzXBhCrDmcBpqZtpTCkb0QF2LJU0Rh1M5pdOyYlV+iRKlC1pyFz9OTGhsdbjOLSdMTVDvezNxP+8Tmai62DCZZoZlGyxKMoEMQmZvU36XCEzYmwJZYrbWwkbUkWZseGUbAj+8st/SfPM9S/di7vzSrWWx1GEIziGU/DhCqpwC3VoAIMInuAFXp2R8+y8Oe+L1oKTzxzCLzgf3wKOjQg=</latexit>

B.

<latexit sha1_base64="oZNbdBRhJ6M82qL2qzGFZZyE4NE=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgadkVX8dgLh6jmAckS5id9CZDZmeXmVkhhPyBFw+KePWPvPk3TpI9aLSgoajqprsrTAXXxvO+nMLK6tr6RnGztLW9s7tX3j9o6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXBUm/mtR1SaJ/LBjFMMYjqQPOKMGivd19xeueK53hzkL/FzUoEc9V75s9tPWBajNExQrTu+l5pgQpXhTOC01M00ppSN6AA7lkoaow4m80un5MQqfRIlypY0ZK7+nJjQWOtxHNrOmJqhXvZm4n9eJzPRdTDhMs0MSrZYFGWCmITM3iZ9rpAZMbaEMsXtrYQNqaLM2HBKNgR/+eW/pHnm+pfuxd15pXqTx1GEIziGU/DhCqpwC3VoAIMInuAFXp2R8+y8Oe+L1oKTzxzCLzgf3wQTjQk=</latexit>

C.

<latexit sha1_base64="Uw0qtL4QDFBFknKmXslLU45mQtI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgadkVX8egHjxGMQ9IljA7mU2GzM4uM71CCPkDLx4U8eofefNvnCR70GhBQ1HVTXdXmEph0PO+nMLS8srqWnG9tLG5tb1T3t1rmCTTjNdZIhPdCqnhUiheR4GSt1LNaRxK3gyH11O/+ci1EYl6wFHKg5j2lYgEo2il+xu3W654rjcD+Uv8nFQgR61b/uz0EpbFXCGT1Ji276UYjKlGwSSflDqZ4SllQ9rnbUsVjbkJxrNLJ+TIKj0SJdqWQjJTf06MaWzMKA5tZ0xxYBa9qfif184wugzGQqUZcsXmi6JMEkzI9G3SE5ozlCNLKNPC3krYgGrK0IZTsiH4iy//JY0T1z93z+5OK9WrPI4iHMAhHIMPF1CFW6hBHRhE8AQv8OoMnWfnzXmftxacfGYffsH5+AYFmI0K</latexit>

D.
5



• Consider the “flat top” temporal mode,

• Fourier transform (FT),


• Inverse transform,


Time and Frequency
�(t) =

⇢ 1p
T
, t 2 [0, T )

0, Qi?2`rBb2

<latexit sha1_base64="EqeA+mbLkNRXGR722P9vRZdlcXk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cE8oJkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vJ7e2vrG5ld8u7Ozu7R8UD4+aOk4VwwaLRazaAdUouMSG4UZgO1FIo0BgKxjdz/zWEyrNY1k34wT9iA4kDzmjxkq1eq9YcsvuHGSVeBkpQYZqr/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5oVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDWn3CZpAYlWywKU0FMTGZfkz5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf88ippXpS96/JV7bJUucviyMMJnMI5eHADFXiAKjSAAcIzvMKb8+i8OO/Ox6I152Qzx/AHzucPsumM4g==</latexit>

T
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0

<latexit sha1_base64="eS82ILJQRdN1YZga8yOgaUwSXNU=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4Kon4WhbduKzQFzShTKaTduhkEmcmYgn5FTcuFHHrj7jzb5y2WWjrgQuHc+7l3nuChDOlHefbWlldW9/YLG2Vt3d29/btg0pbxakktEViHstugBXlTNCWZprTbiIpjgJOO8H4dup3HqlULBZNPUmoH+GhYCEjWBupb1e8UGKSuXnmqQeps2ae9+2qU3NmQMvELUgVCjT69pc3iEkaUaEJx0r1XCfRfoalZoTTvOyliiaYjPGQ9gwVOKLKz2a35+jEKAMUxtKU0Gim/p7IcKTUJApMZ4T1SC16U/E/r5fq8NrPmEhSTQWZLwpTjnSMpkGgAZOUaD4xBBPJzK2IjLAJQ5u4yiYEd/HlZdI+q7mXtYv782r9poijBEdwDKfgwhXU4Q4a0AICT/AMr/Bm5daL9W59zFtXrGLmEP7A+vwBzTuU9A==</latexit>

1p
T

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="vfdT8GPmCfCqP9FgIxd74HYqHsM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhDiJeyKr2PQi8cI5gHJEmYns8mQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrVIIb9LxvZ2V1bX1js7BV3N7Z3dsvHRw2TZJqyho0EYluh8QwwSVrIEfB2kozEoeCtcLR3dRvPTFteCIfcaxYEJOB5BGnBK3U6qohr+BZr1T2qt4M7jLxc1KGHPVe6avbT2gaM4lUEGM6vqcwyIhGTgWbFLupYYrQERmwjqWSxMwE2ezciXtqlb4bJdqWRHem/p7ISGzMOA5tZ0xwaBa9qfif10kxugkyLlWKTNL5oigVLibu9He3zzWjKMaWEKq5vdWlQ6IJRZtQ0YbgL768TJrnVf+qevlwUa7d5nEU4BhOoAI+XEMN7qEODaAwgmd4hTdHOS/Ou/Mxb11x8pkj+APn8we1yo8s</latexit>

�(t)

<latexit sha1_base64="SjTEqtd6rfiYhWcFkLvcTwfofCA=">AAACIXicbVDLSgMxFM34rPVVdekmWIR20TJTfHQjFN24rGAf0GlLJs20oZnMkNwRytBfceOvuHGhSHfiz5g+Ftp6INzDOfdyc48XCa7Btr+stfWNza3t1E56d2//4DBzdFzXYawoq9FQhKrpEc0El6wGHARrRoqRwBOs4Q3vpn7jiSnNQ/kIo4i1A9KX3OeUgJG6mbJbHfCcn8c32OUSuknBFB9G4868YjcyPuRZJymU3Ihjjn0Y4x50M1m7aM+AV4mzIFm0QLWbmbi9kMYBk0AF0brl2BG0E6KAU8HGaTfWLCJ0SPqsZagkAdPtZHbhGJ8bpYf9UJknAc/U3xMJCbQeBZ7pDAgM9LI3Ff/zWjH45XbCZRQDk3S+yI8FhhBP48I9rhgFMTKEUMXNXzEdEEUomFDTJgRn+eRVUi8Vnavi5cNFtnK7iCOFTtEZyiEHXaMKukdVVEMUPaNX9I4+rBfrzfq0JvPWNWsxc4L+wPr+AWo0onc=</latexit>

�(f) =

Z 1

�1
�(t)e�2⇡iftdt

<latexit sha1_base64="oqg/MQ+IF+IjJmEBZSEtB5hJULU=">AAACIHicbVDLSgMxFM3UV62vqks3wSK0C8tMUetGKLpxWcE+oNOWTJppQzOZIbkjlKGf4sZfceNCEd3p15g+Ftp6INzDOfdyc48XCa7Btr+s1Mrq2vpGejOztb2zu5fdP6jrMFaU1WgoQtX0iGaCS1YDDoI1I8VI4AnW8IY3E7/xwJTmobyHUcTaAelL7nNKwEjdbNmNBjwPBXyFXS6hm5ya4sNo3JlV7FaN7xdYJym5Eccc+zDGPb+bzdlFewq8TJw5yaE5qt3sp9sLaRwwCVQQrVuOHUE7IQo4FWyccWPNIkKHpM9ahkoSMN1OpgeO8YlRetgPlXkS8FT9PZGQQOtR4JnOgMBAL3oT8T+vFYN/2U64jGJgks4W+bHAEOJJWrjHFaMgRoYQqrj5K6YDoggFk2nGhOAsnrxM6qWic1E8vzvLVa7ncaTRETpGeeSgMqqgW1RFNUTRI3pGr+jNerJerHfrY9aasuYzh+gPrO8f37uiMg==</latexit>

�(t) =

Z 1

�1
�(f)e2⇡iftdf

<latexit sha1_base64="NQAnZQtgpsqSJlxmotQqt/C8uQY=">AAACHHicbVDJSgNBFOxxN26jHr00BkEPhpm4HkUvHiOYKGTGoafzJmnSs9D9RglDPsSLv+LFgyJePAj+jZ3l4FbQUFTV4/WrMJNCo+N8WhOTU9Mzs3PzpYXFpeUVe3WtodNccajzVKbqOmQapEigjgIlXGcKWBxKuAq7ZwP/6haUFmlyib0M/Ji1ExEJztBIgb3nZR2xjTtwU1S9TFBBo8Ch2KeehAiVaHeQKZXeUa9mctGucXcCu+xUnCHoX+KOSZmMUQvsd6+V8jyGBLlkWjddJ0O/YAoFl9AvebmGjPEua0PT0ITFoP1ieFyfbhmlRaNUmZcgHarfJwoWa92LQ5OMGXb0b28g/uc1c4yO/UIkWY6Q8NGiKJcUUzpoiraEAo6yZwjjSpi/Ut5hinE0fZZMCe7vk/+SRrXiHlYOLvbLJ6fjOubIBtkk28QlR+SEnJMaqRNO7skjeSYv1oP1ZL1ab6PohDWeWSc/YH18AV1GoE8=</latexit>

�(t)e2⇡if0t $ �(f � f0)

<latexit sha1_base64="LczDq/NJwQD/5J6MevoAlKHqkto=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhah3ZREfC2LblxWsA9oQplMJ83QyYOZG6WELt34K25cKOLWT3Dn3zhts9DWAxcO59zLvfd4ieAKLOvbKCwtr6yuFddLG5tb2zvm7l5LxamkrEljEcuORxQTPGJN4CBYJ5GMhJ5gbW94PfHb90wqHkd3MEqYG5JBxH1OCWipZx46ScArUMWOYD5IPgiASBk/YKehdb/aM8tWzZoCLxI7J2WUo9Ezv5x+TNOQRUAFUaprWwm4GZHAqWDjkpMqlhA6JAPW1TQiIVNuNn1kjI+10sd+LHVFgKfq74mMhEqNQk93hgQCNe9NxP+8bgr+pZvxKEmBRXS2yE8FhhhPUsF9LhkFMdKEUMn1rZgGRBIKOruSDsGef3mRtE5q9nnt7Pa0XL/K4yiiA3SEKshGF6iOblADNRFFj+gZvaI348l4Md6Nj1lrwchn9tEfGJ8/lBSZEQ==</latexit>

�(t) $ �(f)

<latexit sha1_base64="TOBXd8iR53/PTWFbbDYWfuc9R7g=">AAACHHicbVC7SgNBFJ31GeNr1dJmMAixMOzGZxm0sYxgVMiuYXZyNxky+2DmrhKWfIiNv2JjoYiNheDfOIkpNHpg4HDOudy5J0il0Og4n9bU9Mzs3Hxhobi4tLyyaq+tX+okUxwaPJGJug6YBiliaKBACdepAhYFEq6C3unQv7oFpUUSX2A/BT9inViEgjM0Usve89KuKOMutpwd6kkIUYlOF5lSyR316sYLd+Am3616qaCChiY3aNklp+KMQP8Sd0xKZIx6y3732gnPIoiRS6Z103VS9HOmUHAJg6KXaUgZ77EONA2NWQTaz0fHDei2Udo0TJR5MdKR+nMiZ5HW/SgwyYhhV096Q/E/r5lheOznIk4zhJh/LwozSTGhw6ZoWyjgKPuGMK6E+SvlXaYYR9Nn0ZTgTp78l1xWK+5h5eB8v1Q7GddRIJtki5SJS45IjZyROmkQTu7JI3kmL9aD9WS9Wm/f0SlrPLNBfsH6+AKJDKBq</latexit>

�(t� t0) $ �(f)e�2⇡ift0

<latexit sha1_base64="fb9AREPpQoc66nKP48KPhjhDVso=">AAACNHicdVDLSgMxFM3UV62vqks3wSLUhWWm+NoIRTeCmwr2AX2RSTNtaCYzJHeEMu1HufFD3IjgQhG3foPpY6GtXgj3cM653NzjhoJrsO0XK7GwuLS8klxNra1vbG6lt3fKOogUZSUaiEBVXaKZ4JKVgINg1VAx4ruCVdze1Uiv3DOleSDvoB+yhk86knucEjBUK31T5xJa8ZFpHvSHzUnHg3rY5Vk4HDTzuA34Av9nKxqbN7F5rXTGztnjwvPAmYIMmlaxlX6qtwMa+UwCFUTrmmOH0IiJAk4FG6bqkWYhoT3SYTUDJfGZbsTjo4f4wDBt7AXKPAl4zP6ciImvdd93jdMn0NWz2oj8S6tF4J03Yi7DCJikk0VeJDAEeJQgbnPFKIi+AYQqbv6KaZcoQsHknDIhOLMnz4NyPuec5k5ujzOFy2kcSbSH9lEWOegMFdA1KqISougBPaM39G49Wq/Wh/U5sSas6cwu+lXW1zcbWasS</latexit>Z 1

�1
|�(t)|2dt =

Z 1

�1
|�(f)|2df

Parseval’s theorem

<latexit sha1_base64="Qh/TbasHyBD+qrIG05m2ggkQd2E=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIeUGyhNnJJBkyO7uZ6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KYikMuu63k1tb39jcym8Xdnb39g+Kh0cNEyWa8TqLZKRbATVcCsXrKFDyVqw5DQPJm8HofuY3n7g2IlI1nMTcD+lAib5gFK3U6pixxrQ27RZLbtmdg6wSLyMlyFDtFr86vYglIVfIJDWm7bkx+inVKJjk00InMTymbEQHvG2poiE3fjq/d0rOrNIj/UjbUkjm6u+JlIbGTMLAdoYUh2bZm4n/ee0E+7d+KlScIFdssaifSIIRmT1PekJzhnJiCWVa2FsJG1JNGdqICjYEb/nlVdK4KHvX5avHy1LlLosjDydwCufgwQ1U4AGqUAcGEp7hFd6csfPivDsfi9ack80cwx84nz96+pBG</latexit>p
T

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="/hFb0XgUIne9VazClmwidogwfqc=">AAAB83icbVDLSsNAFL3js9ZX1aWbwSK4sSTia1l047JCX9CEMplO2qGTSZiZCCXkN9y4UMStP+POv3HaZqGtBy4czrmXe+8JEsG1cZxvtLK6tr6xWdoqb+/s7u1XDg7bOk4VZS0ai1h1A6KZ4JK1DDeCdRPFSBQI1gnG91O/88SU5rFsmknC/IgMJQ85JcZK3rkXKkIzN8+aeb9SdWrODHiZuAWpQoFGv/LlDWKaRkwaKojWPddJjJ8RZTgVLC97qWYJoWMyZD1LJYmY9rPZzTk+tcoAh7GyJQ2eqb8nMhJpPYkC2xkRM9KL3lT8z+ulJrz1My6T1DBJ54vCVGAT42kAeMAVo0ZMLCFUcXsrpiNiUzA2prINwV18eZm0L2rude3q8bJavyviKMExnMAZuHADdXiABrSAQgLP8ApvKEUv6B19zFtXUDFzBH+APn8A20WRlg==</latexit>

� 1

T

<latexit sha1_base64="g2ftEz3ajzgmtePJMa2JMyBJL6c=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047JCX5CGMplO2qGTmTAzEUrIZ7hxoYhbv8adf+O0zUJbD1w4nHMv994TJpxp47rfTmltfWNzq7xd2dnd2z+oHh51tEwVoW0iuVS9EGvKmaBtwwynvURRHIecdsPJ/czvPlGlmRQtM01oEOORYBEj2FjJ70cKk8zLs1Y+qNbcujsHWiVeQWpQoDmofvWHkqQxFYZwrLXvuYkJMqwMI5zmlX6qaYLJBI+ob6nAMdVBNj85R2dWGaJIKlvCoLn6eyLDsdbTOLSdMTZjvezNxP88PzXRbZAxkaSGCrJYFKUcGYlm/6MhU5QYPrUEE8XsrYiMsU3B2JQqNgRv+eVV0rmoe9f1q8fLWuOuiKMMJ3AK5+DBDTTgAZrQBgISnuEV3hzjvDjvzseiteQUM8fwB87nD3AqkV8=</latexit>

1

T

<latexit sha1_base64="4rSWXNOLvUvT51fxIXMglAGSGkA=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclaT4WhbduKzQF6ShTKaTduhkJsxMhBLyGW5cKOLWr3Hn3zhts9DWAxcO59zLvfeECWfauO63s7a+sbm1Xdop7+7tHxxWjo47WqaK0DaRXKpeiDXlTNC2YYbTXqIojkNOu+HkfuZ3n6jSTIqWmSY0iPFIsIgRbKzk9yOFSVbPs1Y+qFTdmjsHWiVeQapQoDmofPWHkqQxFYZwrLXvuYkJMqwMI5zm5X6qaYLJBI+ob6nAMdVBNj85R+dWGaJIKlvCoLn6eyLDsdbTOLSdMTZjvezNxP88PzXRbZAxkaSGCrJYFKUcGYlm/6MhU5QYPrUEE8XsrYiMsU3B2JTKNgRv+eVV0qnXvOva1eNltXFXxFGCUziDC/DgBhrwAE1oAwEJz/AKb45xXpx352PRuuYUMyfwB87nD3GykWA=</latexit>

2

T

<latexit sha1_base64="P6uMZrjFl+fRcTHMJd5uhw+7vww=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgxpIUX8uiG5cV+oImlMl00g6dTMLMRCghv+HGhSJu/Rl3/o2TNgttPXDhcM693HuPH3OmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVVEiCe2QiEey72NFORO0o5nmtB9LikOf054/vc/93hOVikWirWcx9UI8FixgBGsjuRduIDFJG1nazobVml2350CrxClIDQq0htUvdxSRJKRCE46VGjh2rL0US80Ip1nFTRSNMZniMR0YKnBIlZfOb87QmVFGKIikKaHRXP09keJQqVnom84Q64la9nLxP2+Q6ODWS5mIE00FWSwKEo50hPIA0IhJSjSfGYKJZOZWRCbYpKBNTBUTgrP88irpNurOdf3q8bLWvCviKMMJnMI5OHADTXiAFnSAQAzP8ApvVmK9WO/Wx6K1ZBUzx/AH1ucP3M2Rlw==</latexit>

� 2

T

<latexit sha1_base64="QbFRpiOIKT7GRLO83X7xbca4VP8=">AAAB83icbVDLSsNAFL2pr1pfUZduBovgxpL4XhbduKzQFzShTKaTduhkEmYmQgn5DTcuFHHrz7jzb5y2WWjrgQuHc+7l3nuChDOlHefbKq2srq1vlDcrW9s7u3v2/kFbxakktEViHstugBXlTNCWZprTbiIpjgJOO8H4fup3nqhULBZNPUmoH+GhYCEjWBvJO/NCiUl2kWfNvG9XnZozA1ombkGqUKDRt7+8QUzSiApNOFaq5zqJ9jMsNSOc5hUvVTTBZIyHtGeowBFVfja7OUcnRhmgMJamhEYz9fdEhiOlJlFgOiOsR2rRm4r/eb1Uh7d+xkSSairIfFGYcqRjNA0ADZikRPOJIZhIZm5FZIRNCtrEVDEhuIsvL5P2ec29rl09Xlbrd0UcZTiCYzgFF26gDg/QgBYQSOAZXuHNSq0X6936mLeWrGLmEP7A+vwB3lWRmA==</latexit>

� 3

T

<latexit sha1_base64="EWH/0Xgn4Y6AiLS/0Py+5/EVyuw=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwVRLfy6IblxX6gjSUyXTSDp3MhJkboYR8hhsXirj1a9z5N07bLLR64MLhnHu5954wEdyA6345pZXVtfWN8mZla3tnd6+6f9AxKtWUtakSSvdCYpjgkrWBg2C9RDMSh4J1w8ndzO8+Mm24ki2YJiyIyUjyiFMCVvL7kSY0O8+zVj6o1ty6Owf+S7yC1FCB5qD62R8qmsZMAhXEGN9zEwgyooFTwfJKPzUsIXRCRsy3VJKYmSCbn5zjE6sMcaS0LQl4rv6cyEhszDQObWdMYGyWvZn4n+enEN0EGZdJCkzSxaIoFRgUnv2Ph1wzCmJqCaGa21sxHRObAtiUKjYEb/nlv6RzVveu6pcPF7XGbRFHGR2hY3SKPHSNGugeNVEbUaTQE3pBrw44z86b875oLTnFzCH6BefjG3M6kWE=</latexit>

3

T

<latexit sha1_base64="XfwCK5zZDdPU0ydowFOpTzy/11w=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVw16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDzjGM9A==</latexit>

f

<latexit sha1_base64="rNyr+7F40VFsXZH6nZB9raYIPIg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5gHJEmYnvcmQ2dllZlYISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHstHM07Qj+hA8pAzaqzU6taHvBKe9Uplt+rOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2bnTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14Y2fcZmkBiWbLwpTQUxMpr+TPlfIjBhbQpni9lbChlRRZmxCRRuCt/jyMmmeV72r6uXDRbl2m8dRgGM4gQp4cA01uIc6NIDBCJ7hFd6cxHlx3p2PeeuKk88cwR84nz9vZI7+</latexit>

�(f)

<latexit sha1_base64="3smSWUc/pChQFF/6XAV2lNP+ZWs=">AAACB3icbVDLSsNAFJ34rPEVdSnIYBFclUR8LYtuXFboC5pQJpNJO3RmEmYmQgnZufFX3LhQxK2/4M6/cZp2oa0HLhzOuXfm3hOmjCrtut/W0vLK6tp6ZcPe3Nre2XX29tsqySQmLZywRHZDpAijgrQ01Yx0U0kQDxnphKPbid95IFLRRDT1OCUBRwNBY4qRNlLfOfLLN3JJosLuQF9RDv1YIpx7Rd4s+k7Vrbkl4CLxZqQKZmj0nS8/SnDGidCYIaV6npvqIEdSU8xIYfuZIinCIzQgPUMF4kQFeblDAU+MEsE4kaaEhqX6eyJHXKkxD00nR3qo5r2J+J/Xy3R8HeRUpJkmAk8/ijMGdQInocCISoI1GxuCsKRmV4iHyKSgTXS2CcGbP3mRtM9q3mXt4v68Wr+ZxVEBh+AYnAIPXIE6uAMN0AIYPIJn8ArerCfrxXq3PqatS9Zs5gD8gfX5A8O3mUI=</latexit>

W ⇠ 1

T

Spread in frequency (Bandwidth) 
is roughly the inverse of the spread 

<latexit sha1_base64="Cpvuf9EiWrTbtCI4VmjB2nXCktE=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahgpQZ8bURim5cVugLOkPJpJk2NMmMSUYow2zc+CtuXCji1n9w59+Yjl1o9UDgcM693JwTxIwq7TifVmFufmFxqbhcWlldW9+wN7daKkokJk0csUh2AqQIo4I0NdWMdGJJEA8YaQejq4nfviNS0Ug09DgmPkcDQUOKkTZSz969gJ66lTptZN4hTD3JU0UFzrJK2Djo2WWn6uSAf4k7JWUwRb1nf3j9CCecCI0ZUqrrOrH2UyQ1xYxkJS9RJEZ4hAaka6hAnCg/zVNkcN8ofRhG0jyhYa7+3EgRV2rMAzPJkR6qWW8i/ud1Ex2e+ykVcaKJiZYfChMGdQQnlcA+lQRrNjYEYUnNXyEeIomwNsWVTAnubOS/pHVUdU+rJzfH5drltI4i2AF7oAJccAZq4BrUQRNgcA8ewTN4sR6sJ+vVevseLVjTnW3wC9b7F9BmmCc=</latexit>

=
p
T sinc(fT )

(Hz)(Radians)

<latexit sha1_base64="J79VnfLPtlzxKTDQ6DfTuJfQ/JY=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmKr41QdOOygn1AE8pkctMOnTyYmQglFNz4K25cKOLWn3Dn3zhNs9DWAxcO59w7d+7xEs6ksqxvo7S0vLK6Vl6vbGxube+Yu3ttGaeCQovGPBZdj0jgLIKWYopDNxFAQo9DxxvdTP3OAwjJ4uhejRNwQzKIWMAoUVrqmwdO/kYmwJ84cQgDgq9w3UkYDvpm1apZOfAisQtSRQWaffPL8WOahhApyomUPdtKlJsRoRjlMKk4qYSE0BEZQE/TiIQg3SzfP8HHWvFxEAtdkcK5+nsiI6GU49DTnSFRQznvTcX/vF6qgks3Y1GSKojobFGQcqxiPA0E+0wAVXysCaGC6b9iOiSCUKVjq+gQ7PmTF0m7XrPPa2d3p9XGdRFHGR2iI3SCbHSBGugWNVELUfSIntErejOejBfj3fiYtZaMYmYf/YHx+QMsaZc2</latexit>

! = 2⇡f
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Orthogonal modes, Time-bandwidth product
• Two modes              and               are orthogonal if,


• two modes will be orthogonal regardless of their spatial and temporal shapes, if


• If              , we will drop the polarization subscript 


• When we say two “temporal modes”         and         are orthogonal, we will implicitly assume the mode 
functions being referred to have the same spatial modes and same polarization


• How many orthogonal temporal modes can reside in a “time-bandwidth product”?


• Orthonormal modes,                             , Fourier transforms:


• Time limited (T sec):                               , and (roughly) band-limited (W Hz):


• They are orthogonal:                                   , i.e.,


• Maximum number of modes that can satisfy the above conditions,

Z

A

Z T

0
�⌫(r, t) 

⇤
µ(r, t)drdt = 0�⌫(r, t)  µ(r, t)

⌫ 6= µ

⌫ = µ
<latexit sha1_base64="iyQK8d1TYm/PpXgrlmEGlSxw9Ro=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoMQL2FXfB2DXjxGMA9JljA7mSRDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBbcoOd9O7mV1bX1jfxmYWt7Z3evuH/QMFGiKavTSES6FRLDBFesjhwFa8WaERkK1gxHt1O/+cS04ZF6wHHMAkkGivc5JWilx0485F2/jKfdYsmreDO4y8TPSAky1LrFr04voolkCqkgxrR9L8YgJRo5FWxS6CSGxYSOyIC1LVVEMhOks4Mn7olVem4/0rYUujP190RKpDFjGdpOSXBoFr2p+J/XTrB/HaRcxQkyReeL+olwMXKn37s9rhlFMbaEUM3trS4dEk0o2owKNgR/8eVl0jir+JeVi/vzUvUmiyMPR3AMZfDhCqpwBzWoAwUJz/AKb452Xpx352PemnOymUP4A+fzB99Ej9A=</latexit>

�1(t)
<latexit sha1_base64="wp5X087mGSPI9++okmW7YzILPJo=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhDiJewGX8egF48RzEOSJcxOZpMhM7PLTK8QQr7CiwdFvPo53vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZm4rv72zu7dfODhsmDjVlNVpLGLdColhgitWR46CtRLNiAwFa4bD26nffGLa8Fg94ChhgSR9xSNOCVrpsZMMeLdSwrNuoeiVvRncZeJnpAgZat3CV6cX01QyhVQQY9q+l2AwJho5FWyS76SGJYQOSZ+1LVVEMhOMZwdP3FOr9Nwo1rYUujP198SYSGNGMrSdkuDALHpT8T+vnWJ0HYy5SlJkis4XRalwMXan37s9rhlFMbKEUM3trS4dEE0o2ozyNgR/8eVl0qiU/cvyxf15sXqTxZGDYziBEvhwBVW4gxrUgYKEZ3iFN0c7L8678zFvXXGymSP4A+fzB+DLj9E=</latexit>

�2(t)

�k(t) = 0, t /2 [0, T )

<latexit sha1_base64="QHxaCtCtaz98yhoRC9crMgo/oQQ="></latexit>

�k(f) ⇡ 0, f � f0 >

����
W

2

����Z T

0
�k(t)�

⇤
l (t)dt = �kl

<latexit sha1_base64="hIcqGS9xwz9Q040YT+mme4IZLew=">AAACInicbZBLS8NAEMc3Pmt9VT16WSyCCpZEfB6EohePFawtNG3YbDZ2yWYTdidCCf0sXvwqXjwo6knww7h9HLQ6sMyP/8wwO38/FVyDbX9aU9Mzs3PzhYXi4tLyymppbf1WJ5mirE4TkaimTzQTXLI6cBCsmSpGYl+whh9dDuqNe6Y0T+QN9FLWjsmd5CGnBIzklc5cLsHL900KodfvjLJb63Iv2gl3hyA6ewaDEJ9jN2ACiJdHou+VynbFHgb+C84YymgcNa/07gYJzWImgQqidcuxU2jnRAGngvWLbqZZSmhE7ljLoCQx0+18eGIfbxslwGGizJOAh+rPiZzEWvdi33TGBLp6sjYQ/6u1MghP2zmXaQZM0tGiMBMYEjzwCwdcMQqiZ4BQxc1fMe0SRSgYV4vGBGfy5L9we1BxjitH14fl6sXYjgLaRFtoBznoBFXRFaqhOqLoAT2hF/RqPVrP1pv1MWqdssYzG+hXWF/f7eaj5A==</latexit>Z 1

�1
�k(f)�

⇤
l (f)df = �kl

K ⇡ WT
D. Slepian, Bell Syst. Tech. J., vol. 43, pp. 3009-3057, Nov. 1964

�k(t), k = 1, . . .K

<latexit sha1_base64="wmQ1HwUDi0WWWYj25Lwps1Zq8YQ=">AAACH3icbVDLSgMxFM3UV62vUZdugkVoF5aZotWNILpxWcFqodMOmTTThmYyQ3JHKEP/xI2/4saFIuLOvzF9LLT1QLiHc+7l5p4gEVyD43xbuaXlldW1/HphY3Nre8fe3bvXcaooa9BYxKoZEM0El6wBHARrJoqRKBDsIRhcj/2HR6Y0j+UdDBPWjkhP8pBTAkby7ZqX9Lk/KEH5wuMS/OzYlBCGo860evWJHZZZJ6t6Ccc8hFE39O2iU3EmwIvEnZEimqHu219eN6ZpxCRQQbRuuU4C7Ywo4FSwUcFLNUsIHZAeaxkqScR0O5vcN8JHRuniMFbmScAT9fdERiKth1FgOiMCfT3vjcX/vFYK4Xk74zJJgUk6XRSmAkOMx2HhLleMghgaQqji5q+Y9okiFEykBROCO3/yIrmvVtxa5fT2pHh5NYsjjw7QISohF52hS3SD6qiBKHpCL+gNvVvP1qv1YX1OW3PWbGYf/YH1/QM6yKMc</latexit>

�k(t) =

Z 1

�1
�k(f)e

2⇡iftdf

<latexit sha1_base64="reIuIw3934DCGjj80tGbCACzYQQ=">AAACIHicbVDLSgMxFM34rPVVdekmWIR20TJT1LoRim5cVrCt0GmHTJppQzOZIbkjlKGf4sZfceNCEd3p15g+Flo9EO7hnHu5ucePBddg25/W0vLK6tp6ZiO7ubW9s5vb22/qKFGUNWgkInXnE80El6wBHAS7ixUjoS9Yyx9eTfzWPVOaR/IWRjHrhKQvecApASN5uapbH3BvWAiKFy6X4KUlUwIYjbuz6sZTG4qsm5YqbswxD2DcAy+Xt8v2FPgvceYkj+aoe7kPtxfRJGQSqCBatx07hk5KFHAq2DjrJprFhA5Jn7UNlSRkupNODxzjY6P0cBAp8yTgqfpzIiWh1qPQN50hgYFe9Cbif147geC8k3IZJ8AknS0KEoEhwpO0cI8rRkGMDCFUcfNXTAdEEQom06wJwVk8+S9pVsrOWfn05iRfu5zHkUGH6AgVkIOqqIauUR01EEUP6Am9oFfr0Xq23qz3WeuSNZ85QL9gfX0DxjijYQ==</latexit>

�k(f) =

Z 1

�1
�k(t)e

�2⇡iftdt
We are using k to index orthogonal modes in a set (of same polarization). k is NOT the polarization index 
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Filling up the Time-Bandwidth product
Pixel modes: Each mode fills up the same BW 
W, but different time extents within [0, T)

<latexit sha1_base64="Lq8bklojLebURmwJ6arboKsr7e4=">AAAB/nicbVBNS8NAEJ3Ur1q/quLJy2IRPJVE/DoWvXisYG2hCWWz3bRLdzdhdyOUEPCvePGgiFd/hzf/jds2B219MPB4b4aZeWHCmTau++2UlpZXVtfK65WNza3tneru3oOOU0Voi8Q8Vp0Qa8qZpC3DDKedRFEsQk7b4ehm4rcfqdIslvdmnNBA4IFkESPYWKlXPWgjXzOB/Ehhknl55huc5r1qza27U6BF4hWkBgWaveqX349JKqg0hGOtu56bmCDDyjDCaV7xU00TTEZ4QLuWSiyoDrLp+Tk6tkofRbGyJQ2aqr8nMiy0HovQdgpshnrem4j/ed3URFdBxmSSGirJbFGUcmRiNMkC9ZmixPCxJZgoZm9FZIhtEMYmVrEhePMvL5KH07p3UT+/O6s1ros4ynAIR3ACHlxCA26hCS0gkMEzvMKb8+S8OO/Ox6y15BQz+/AHzucP8sGVgg==</latexit>

W ⇠ 1

⌧

<latexit sha1_base64="RAi6QziVr6Hvs2E3MsFS6fFIngA=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KIr41QdCO4qdAXNKFMppN26EwSZm6EEurGX3HjQhG3/oU7/8Zpm4W2HrhwOOde7r0nSATX4Djf1sLi0vLKamGtuL6xubVt7+w2dJwqyuo0FrFqBUQzwSNWBw6CtRLFiAwEawaDm7HffGBK8ziqwTBhviS9iIecEjBSx96/w1fYCxWhWW3kAUmxp7nEzVrHLjllZwI8T9yclFCOasf+8roxTSWLgAqiddt1EvAzooBTwUZFL9UsIXRAeqxtaEQk0342+WCEj4zSxWGsTEWAJ+rviYxIrYcyMJ2SQF/PemPxP6+dQnjpZzxKUmARnS4KU4EhxuM4cJcrRkEMDSFUcXMrpn1i4gATWtGE4M6+PE8aJ2X3vHx2f1qqXOdxFNABOkTHyEUXqIJuURXVEUWP6Bm9ojfryXqx3q2PaeuClc/soT+wPn8A33CV5w==</latexit>

K =
T

⌧
⇠ WT

Fourier Transform

Recall that shifting in time  phase 
shift of Fourier transform 

≡

<latexit sha1_base64="TOBXd8iR53/PTWFbbDYWfuc9R7g=">AAACHHicbVC7SgNBFJ31GeNr1dJmMAixMOzGZxm0sYxgVMiuYXZyNxky+2DmrhKWfIiNv2JjoYiNheDfOIkpNHpg4HDOudy5J0il0Og4n9bU9Mzs3Hxhobi4tLyyaq+tX+okUxwaPJGJug6YBiliaKBACdepAhYFEq6C3unQv7oFpUUSX2A/BT9inViEgjM0Usve89KuKOMutpwd6kkIUYlOF5lSyR316sYLd+Am3616qaCChiY3aNklp+KMQP8Sd0xKZIx6y3732gnPIoiRS6Z103VS9HOmUHAJg6KXaUgZ77EONA2NWQTaz0fHDei2Udo0TJR5MdKR+nMiZ5HW/SgwyYhhV096Q/E/r5lheOznIk4zhJh/LwozSTGhw6ZoWyjgKPuGMK6E+SvlXaYYR9Nn0ZTgTp78l1xWK+5h5eB8v1Q7GddRIJtki5SJS45IjZyROmkQTu7JI3kmL9aD9WS9Wm/f0SlrPLNBfsH6+AKJDKBq</latexit>

�(t� t0) $ �(f)e�2⇡ift0

The phase fluctuations are different 
for each mode 

<latexit sha1_base64="2lOEIVT5egxmLPMoFD4kkaqeQ8g="></latexit>

!k(f) =
→
ω sinc(fω)↑ e→2ωif(k→1)ε

<latexit sha1_base64="zVn1eQW/U64B3hsOd4CCwZAheyY="></latexit>

abs[!k(f)] =
→
ω |sinc(fω)|

Freq. description of every pixel mode 
is the same (in absolute value)

<latexit sha1_base64="ByRnCix7rejxpUR+EOJAYu14lUA="></latexit>

abs[!k(f)]

→ k ↑ {1, 2, . . . ,K}

8

<latexit sha1_base64="jseBBTHz86RiuWJXMMJ8P3u8oIw="></latexit>

arg[!k(f)] = 2ωf(k → 1)ε



Filling up the Time-Bandwidth product
Walsh-Hadamard modes: Each mode fills up the same 
time [0, T), but different freq extents within [-W/2, W/2]

Fourier Transform

9

Note that each function 
has a different frequency 

bandwidth

(shown by red marker)

Bandwidth ∼ 1/T

Bandwidth ∼ 2/T

Bandwidth ∼ K /T

<latexit sha1_base64="ZuTaXvnwLbstaCae0WSf10PGbSM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8xV2R6DHoxWOEvDBZwuxkkgyZnV1neoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruCWAqDrvvtrKyurW9s5rby2zu7e/uFg8OGiRLNeJ1FMtKtgBouheJ1FCh5K9achoHkzWB0O/WbT1wbEakajmPuh3SgRF8wilZ66JhHjal3Xpt0C0W35M5AlomXkSJkqHYLX51exJKQK2SSGtP23Bj9lGoUTPJJvpMYHlM2ogPetlTRkBs/nV08IadW6ZF+pG0pJDP190RKQ2PGYWA7Q4pDs+hNxf+8doL9az8VKk6QKzZf1E8kwYhM3yc9oTlDObaEMi3srYQNqaYMbUh5G4K3+PIyaVyUvHKpfH9ZrNxkceTgGE7gDDy4ggrcQRXqwEDBM7zCm2OcF+fd+Zi3rjjZzBH8gfP5A1z0kLs=</latexit>√
1/T

<latexit sha1_base64="ZuTaXvnwLbstaCae0WSf10PGbSM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8xV2R6DHoxWOEvDBZwuxkkgyZnV1neoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruCWAqDrvvtrKyurW9s5rby2zu7e/uFg8OGiRLNeJ1FMtKtgBouheJ1FCh5K9achoHkzWB0O/WbT1wbEakajmPuh3SgRF8wilZ66JhHjal3Xpt0C0W35M5AlomXkSJkqHYLX51exJKQK2SSGtP23Bj9lGoUTPJJvpMYHlM2ogPetlTRkBs/nV08IadW6ZF+pG0pJDP190RKQ2PGYWA7Q4pDs+hNxf+8doL9az8VKk6QKzZf1E8kwYhM3yc9oTlDObaEMi3srYQNqaYMbUh5G4K3+PIyaVyUvHKpfH9ZrNxkceTgGE7gDDy4ggrcQRXqwEDBM7zCm2OcF+fd+Zi3rjjZzBH8gfP5A1z0kLs=</latexit>√
1/T

<latexit sha1_base64="ZuTaXvnwLbstaCae0WSf10PGbSM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8xV2R6DHoxWOEvDBZwuxkkgyZnV1neoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruCWAqDrvvtrKyurW9s5rby2zu7e/uFg8OGiRLNeJ1FMtKtgBouheJ1FCh5K9achoHkzWB0O/WbT1wbEakajmPuh3SgRF8wilZ66JhHjal3Xpt0C0W35M5AlomXkSJkqHYLX51exJKQK2SSGtP23Bj9lGoUTPJJvpMYHlM2ogPetlTRkBs/nV08IadW6ZF+pG0pJDP190RKQ2PGYWA7Q4pDs+hNxf+8doL9az8VKk6QKzZf1E8kwYhM3yc9oTlDObaEMi3srYQNqaYMbUh5G4K3+PIyaVyUvHKpfH9ZrNxkceTgGE7gDDy4ggrcQRXqwEDBM7zCm2OcF+fd+Zi3rjjZzBH8gfP5A1z0kLs=</latexit>√
1/T

<latexit sha1_base64="ZuTaXvnwLbstaCae0WSf10PGbSM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8xV2R6DHoxWOEvDBZwuxkkgyZnV1neoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruCWAqDrvvtrKyurW9s5rby2zu7e/uFg8OGiRLNeJ1FMtKtgBouheJ1FCh5K9achoHkzWB0O/WbT1wbEakajmPuh3SgRF8wilZ66JhHjal3Xpt0C0W35M5AlomXkSJkqHYLX51exJKQK2SSGtP23Bj9lGoUTPJJvpMYHlM2ogPetlTRkBs/nV08IadW6ZF+pG0pJDP190RKQ2PGYWA7Q4pDs+hNxf+8doL9az8VKk6QKzZf1E8kwYhM3yc9oTlDObaEMi3srYQNqaYMbUh5G4K3+PIyaVyUvHKpfH9ZrNxkceTgGE7gDDy4ggrcQRXqwEDBM7zCm2OcF+fd+Zi3rjjZzBH8gfP5A1z0kLs=</latexit>√
1/T

<latexit sha1_base64="Tj/ORzNgdoc1pI546iC/RNTHWLw=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIVC9C0YvgpUK/oClls920SzebsDsRS8hf8eJBEa/+EW/+G7dtDtr6YODx3gwz8/xYcA2O820V1tY3NreK26Wd3b39A/uw3NZRoihr0UhEqusTzQSXrAUcBOvGipHQF6zjT25nfueRKc0j2YRpzPohGUkecErASAO77AFJ8DX2AkVo2szS+2xgV5yqMwdeJW5OKihHY2B/ecOIJiGTQAXRuuc6MfRTooBTwbKSl2gWEzohI9YzVJKQ6X46vz3Dp0YZ4iBSpiTgufp7IiWh1tPQN50hgbFe9mbif14vgeCqn3IZJ8AkXSwKEoEhwrMg8JArRkFMDSFUcXMrpmNiUgATV8mE4C6/vEra51W3Vq09XFTqN3kcRXSMTtAZctElqqM71EAtRNETekav6M3KrBfr3fpYtBasfOYI/YH1+QNwD5QU</latexit>

ω =
T

K
<latexit sha1_base64="1Lym2pIKMt9vtZz8fhSf8X6lEpk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX/jps1Bqw8GHu/NMDMvTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51TJxqyto0FrHuhcQwwRVrI0fBeolmRIaCdcPpbe53H5k2PFYPOEtYIMlY8YhTgrk0QJIOqzWv7i3g/iV+QWpQoDWsfg5GMU0lU0gFMabvewkGGdHIqWDzyiA1LCF0Ssasb6kikpkgW9w6d8+sMnKjWNtS6C7UnxMZkcbMZGg7JcGJWfVy8T+vn2J0HWRcJSkyRZeLolS4GLv54+6Ia0ZRzCwhVHN7q0snRBOKNp6KDcFfffkv6VzU/Ua9cX9Za94UcZThBE7hHHy4gibcQQvaQGECT/ACr450np03533ZWnKKmWP4BefjGyS/jlM=</latexit>ω



Part B
Coherent State of Mode(s) 

Classical Electromagnetic (EM) Field

10

Great Falls, MD

October 5, 2024



Coherent state of a mode
Semiclassical: Pulse of laser light

• Consider the “flat top” temporal mode:


• Electric field of an ideal laser-light pulse: 


• Mean photon number in the pulse,


• Quantum description: 


• Coherent state       of the mode        , 


• with

�(t) =

⇢ 1p
T
, t 2 [0, T )

0, Qi?2`rBb2
<latexit sha1_base64="5dsi3qm4IXyS5x8Q6y7FRNmBgmo=">AAACEHicbZDJSgNBEIZ74h63qEcvjUGMCGEmuF0EUQSPEYwKmTH0dGqSJj0L3TVCGPIIXnwVLx4U8erRm29jJ5mD2w8NH39VUV2/n0ih0bY/rcLE5NT0zOxccX5hcWm5tLJ6peNUcWjwWMbqxmcapIiggQIl3CQKWOhLuPZ7p8P69R0oLeLoEvsJeCHrRCIQnKGxWqWtswpu0yPK3KQrDMJtJio1NxE0aNlId1zsArLtQatUtqv2SPQvODmUSa56q/ThtmOehhAhl0zrpmMn6GVMoeASBkU31ZAw3mMdaBqMWAjay0YHDeimcdo0iJV5EdKR+30iY6HW/dA3nSHDrv5dG5r/1ZopBodeJqIkRYj4eFGQSooxHaZD20IBR9k3wLgS5q+Ud5liHE2GRROC8/vkv3BVqzr71b2L3fLxSR7HLFknG6RCHHJAjsk5qZMG4eSePJJn8mI9WE/Wq/U2bi1Y+cwa+SHr/QviaZqn</latexit>

E(t) = a�(t)ei(2⇡f0t+✓) <latexit sha1_base64="OJiAR/GteFaCN+NTMT77t/IWmSE=">AAACAnicbVDJSgNBEO1xjXGLehIvg0HwFGfE7Rj04jGCWSAJoadTSZr0dI/dNWIYBi/+ihcPinj1K7z5N3aWgyY+KHi8V0VVvSAS3KDnfTtz8wuLS8uZlezq2vrGZm5ru2JUrBmUmRJK1wJqQHAJZeQooBZpoGEgoBr0r4Z+9R604Ure4iCCZki7knc4o2ilVm63Ye40Jg2EB0yinkIlzZEBlqatXN4reCO4s8SfkDyZoNTKfTXaisUhSGSCGlP3vQibCdXImYA024gNRJT1aRfqlkoagmkmoxdS98AqbbejtC2J7kj9PZHQ0JhBGNjOkGLPTHtD8T+vHmPnoplwGcUIko0XdWLhonKHebhtroGhGFhCmeb2Vpf1qKYMbWpZG4I//fIsqRwX/LPC6c1Jvng5iSND9sg+OSQ+OSdFck1KpEwYeSTP5JW8OU/Oi/PufIxb55zJzA75A+fzB9KwmFs=</latexit>p
photons/sec

N =

Z T

0
|E(t)|2dt = a2

<latexit sha1_base64="3MUkKiCoiAzY5Y40sOOBicuGr2A=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEnons8mY2Z1lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9oapkqyhpUCqnaAWomeMwahhvB2oliGAWCtYLR7dRvPTGluYwfzDhhfoSDmIecorFSs4siGWKvXHGr7gxkmXg5qUCOeq/81e1LmkYsNlSg1h3PTYyfoTKcCjYpdVPNEqQjHLCOpTFGTPvZ7NoJObFKn4RS2YoNmam/JzKMtB5Hge2M0Az1ojcV//M6qQmv/YzHSWpYTOeLwlQQI8n0ddLnilEjxpYgVdzeSugQFVJjAyrZELzFl5dJ86zqXVYv7s8rtZs8jiIcwTGcggdXUIM7qEMDKDzCM7zCmyOdF+fd+Zi3Fpx85hD+wPn8AY7BjyI=</latexit>↵

<latexit sha1_base64="dNmGy26AwXCOBui8wkecdj8KXpI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMF+wFNLJPtpl262YTdjVJi/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmFpeWV1rbhe2tjc2t4p7+41VZxKQhsk5rFsB6goZ4I2NNOcthNJMQo4bQXD64nfeqBSsVjc6VFC/Qj7goWMoDbS/ZOHPBmgJ1H0Oe2WK07VmcJeJG5OKpCj3i1/eb2YpBEVmnBUquM6ifYzlJoRTsclL1U0QTLEPu0YKjCiys+mV4/tI6P07DCWpoS2p+rviQwjpUZRYDoj1AM1703E/7xOqsNLP2MiSTUVZLYoTLmtY3sSgd1jkhLNR4YgkczcapMBSiTaBFUyIbjzLy+S5knVPa+e3Z5Wald5HEU4gEM4BhcuoAY3UIcGEJDwDK/wZj1aL9a79TFrLVj5zD78gfX5A9zrksM=</latexit>

|↵i
<latexit sha1_base64="vfdT8GPmCfCqP9FgIxd74HYqHsM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhDiJeyKr2PQi8cI5gHJEmYns8mQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrVIIb9LxvZ2V1bX1js7BV3N7Z3dsvHRw2TZJqyho0EYluh8QwwSVrIEfB2kozEoeCtcLR3dRvPTFteCIfcaxYEJOB5BGnBK3U6qohr+BZr1T2qt4M7jLxc1KGHPVe6avbT2gaM4lUEGM6vqcwyIhGTgWbFLupYYrQERmwjqWSxMwE2ezciXtqlb4bJdqWRHem/p7ISGzMOA5tZ0xwaBa9qfif10kxugkyLlWKTNL5oigVLibu9He3zzWjKMaWEKq5vdWlQ6IJRZtQ0YbgL768TJrnVf+qevlwUa7d5nEU4BhOoAI+XEMN7qEODaAwgmd4hTdHOS/Ou/Mxb11x8pkj+APn8we1yo8s</latexit>

�(t)
<latexit sha1_base64="rdlJ2Afi+XDFCRidObTsY96pYqI=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBA8SNj1fRFEL55EwWggG0PvpJMMmX040yuEJR/ixV/x4kERLx4E/8ZJzEGjBQ1FVTfdXUGipCHX/XTGxicmp6ZzM/nZufmFxcLS8pWJUy2wLGIV60oABpWMsEySFFYSjRAGCq+Dzknfv75DbWQcXVI3wVoIrUg2pQCyUr2w7YNK2sAPuW9uNWVnPX+T400muU9tJOhZB0akeqHoltwB+F/iDUmRDXFeL7z7jVikIUYkFBhT9dyEahlokkJhL++nBhMQHWhh1dIIQjS1bPBcj69bpcGbsbYVER+oPycyCI3phoHtDIHaZtTri/951ZSaB7VMRklKGInvRc1UcYp5PynekBoFqa4lILS0t3LRBg2CbJ55G4I3+vJfcrVV8vZKuxc7xaPjYRw5tsrW2Abz2D47YqfsnJWZYPfskT2zF+fBeXJenbfv1jFnOLPCfsH5+ALMtqCY</latexit>

↵ =
p
N ei✓ = a ei✓

<latexit sha1_base64="gWkzD8bhc7vV9JB7iItd96zo5HI=">AAACAHicbVC7TsNAEDyHVwgvAwUFjUWERBVsxKuMoKEMEnlIsRWdL5fklPOduVsjIssNv0JDAUK0fAYdf8MlcQEJI600mtnV7k4Yc6bBdb+twsLi0vJKcbW0tr6xuWVv7zS0TBShdSK5VK0Qa8qZoHVgwGkrVhRHIafNcHg99psPVGkmxR2MYhpEuC9YjxEMRurYe76+V5D6QB8hjQcSpNDHOss6dtmtuBM488TLSRnlqHXsL78rSRJRAYRjrdueG0OQYgWMcJqV/ETTGJMh7tO2oQJHVAfp5IHMOTRK1+lJZUqAM1F/T6Q40noUhaYzwjDQs95Y/M9rJ9C7DFIm4gSoINNFvYQ7IJ1xGk6XKUqAjwzBRDFzq0MGWGECJrOSCcGbfXmeNE4q3nnl7Pa0XL3K4yiifXSAjpCHLlAV3aAaqiOCMvSMXtGb9WS9WO/Wx7S1YOUzu+gPrM8fRViXfw==</latexit>p
photons/s

Quantum: coherent state of a mode
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Coherent state of a set of (orthogonal) modes
• Consider two orthonormal modes,           and           


• Their superposition,                                           is a mode, given


• Consider the field,


• Quantum description:


• Coherent state                         , of mode          , OR


• Coherent state                                                          , of modes           and


• Most general description: quantum state of a collection of orthonormal modes


• When we write a ket (to describe a quantum state), we have a mode (or collection of orthogonal modes) in mind


• Coherent state is single mode: can always find a mode s.t. the state of the field is a single-mode coherent state

<latexit sha1_base64="iyQK8d1TYm/PpXgrlmEGlSxw9Ro=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoMQL2FXfB2DXjxGMA9JljA7mSRDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBbcoOd9O7mV1bX1jfxmYWt7Z3evuH/QMFGiKavTSES6FRLDBFesjhwFa8WaERkK1gxHt1O/+cS04ZF6wHHMAkkGivc5JWilx0485F2/jKfdYsmreDO4y8TPSAky1LrFr04voolkCqkgxrR9L8YgJRo5FWxS6CSGxYSOyIC1LVVEMhOks4Mn7olVem4/0rYUujP190RKpDFjGdpOSXBoFr2p+J/XTrB/HaRcxQkyReeL+olwMXKn37s9rhlFMbaEUM3trS4dEk0o2owKNgR/8eVl0jir+JeVi/vzUvUmiyMPR3AMZfDhCqpwBzWoAwUJz/AKb452Xpx352PemnOymUP4A+fzB99Ej9A=</latexit>

�1(t)
<latexit sha1_base64="wp5X087mGSPI9++okmW7YzILPJo=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhDiJewGX8egF48RzEOSJcxOZpMhM7PLTK8QQr7CiwdFvPo53vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZm4rv72zu7dfODhsmDjVlNVpLGLdColhgitWR46CtRLNiAwFa4bD26nffGLa8Fg94ChhgSR9xSNOCVrpsZMMeLdSwrNuoeiVvRncZeJnpAgZat3CV6cX01QyhVQQY9q+l2AwJho5FWyS76SGJYQOSZ+1LVVEMhOMZwdP3FOr9Nwo1rYUujP198SYSGNGMrSdkuDALHpT8T+vnWJ0HYy5SlJkis4XRalwMXan37s9rhlFMbKEUM3trS4dEE0o2ozyNgR/8eVl0qiU/cvyxf15sXqTxZGDYziBEvhwBVW4gxrUgYKEZ3iFN0c7L8678zFvXXGymSP4A+fzB+DLj9E=</latexit>

�2(t)
<latexit sha1_base64="eHDkU9xlfsmjm2xzv/qt4pCttzo=">AAACDnicbVBJS8NAFJ641rpFPXoZLIWKUJLidhGKXjxWsAu0IUym03boZGHmRSihv8CLf8WLB0W8evbmv3GS5qCtDwa+5T3evM+LBFdgWd/G0vLK6tp6YaO4ubW9s2vu7bdUGEvKmjQUoex4RDHBA9YEDoJ1IsmI7wnW9sY3qd9+YFLxMLiHScQcnwwDPuCUgJZcs9yLRrwCx/gKU9dOiWun9ETTWkZrmrpmyapaWeFFYOeghPJquOZXrx/S2GcBUEGU6tpWBE5CJHAq2LTYixWLCB2TIetqGBCfKSfJzpnislb6eBBK/QLAmfp7IiG+UhPf050+gZGa91LxP68bw+DSSXgQxcACOls0iAWGEKfZ4D6XjIKYaECo5PqvmI6IJBR0gkUdgj1/8iJo1ar2efXs7rRUv87jKKBDdIQqyEYXqI5uUQM1EUWP6Bm9ojfjyXgx3o2PWeuSkc8coD9lfP4AfIqZPQ==</latexit>

�(t) = c1�1(t) + c2�2(t)
<latexit sha1_base64="zDaqIqci0ypAkRvmUp34rXzYHRI=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN4NFEISSFG8boejGZQV7gTaGyXTSDp1cmJkIJS34Km5cKOLW53Dn2zhps9DWHwY+/nMO58zvxZxJZVnfxsLi0vLKamGtuL6xubVt7uw2ZJQIQusk4pFoeVhSzkJaV0xx2ooFxYHHadMb3GT15iMVkkXhvRrG1AlwL2Q+I1hpyzX3R8S1Rw8VdII0VTK6QrZrlqyyNRGaBzuHEuSqueZXpxuRJKChIhxL2batWDkpFooRTsfFTiJpjMkA92hbY4gDKp10cv4YHWmni/xI6BcqNHF/T6Q4kHIYeLozwKovZ2uZ+V+tnSj/0klZGCeKhmS6yE84UhHKskBdJihRfKgBE8H0rYj0scBE6cSKOgR79svz0KiU7fPy2d1pqXqdx1GAAziEY7DhAqpwCzWoA4EUnuEV3own48V4Nz6mrQtGPrMHf2R8/gADepOX</latexit>

|c1|2 + |c2|2 = 1

<latexit sha1_base64="iyQK8d1TYm/PpXgrlmEGlSxw9Ro=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoMQL2FXfB2DXjxGMA9JljA7mSRDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBbcoOd9O7mV1bX1jfxmYWt7Z3evuH/QMFGiKavTSES6FRLDBFesjhwFa8WaERkK1gxHt1O/+cS04ZF6wHHMAkkGivc5JWilx0485F2/jKfdYsmreDO4y8TPSAky1LrFr04voolkCqkgxrR9L8YgJRo5FWxS6CSGxYSOyIC1LVVEMhOks4Mn7olVem4/0rYUujP190RKpDFjGdpOSXBoFr2p+J/XTrB/HaRcxQkyReeL+olwMXKn37s9rhlFMbaEUM3trS4dEk0o2owKNgR/8eVl0jir+JeVi/vzUvUmiyMPR3AMZfDhCqpwBzWoAwUJz/AKb452Xpx352PemnOymUP4A+fzB99Ej9A=</latexit>

�1(t)
<latexit sha1_base64="wp5X087mGSPI9++okmW7YzILPJo=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhDiJewGX8egF48RzEOSJcxOZpMhM7PLTK8QQr7CiwdFvPo53vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZm4rv72zu7dfODhsmDjVlNVpLGLdColhgitWR46CtRLNiAwFa4bD26nffGLa8Fg94ChhgSR9xSNOCVrpsZMMeLdSwrNuoeiVvRncZeJnpAgZat3CV6cX01QyhVQQY9q+l2AwJho5FWyS76SGJYQOSZ+1LVVEMhOMZwdP3FOr9Nwo1rYUujP198SYSGNGMrSdkuDALHpT8T+vnWJ0HYy5SlJkis4XRalwMXan37s9rhlFMbKEUM3trS4dEE0o2ozyNgR/8eVl0qiU/cvyxf15sXqTxZGDYziBEvhwBVW4gxrUgYKEZ3iFN0c7L8678zFvXXGymSP4A+fzB+DLj9E=</latexit>

�2(t)
<latexit sha1_base64="bB13vRCDmX3CgMwUPkoj/zJUqU4="></latexit>

|↵1i�1 ⌦ |↵2i�2 , ↵j = acje
i✓, j = 1, 2

<latexit sha1_base64="Paaq/EyS2jzEVJfC2lTEPSXm9jM=">AAACEHicbVDLSsNAFJ34tr6iLt0MFtFVSYqvpejGpYKtQlPKzfSmHTqZxJlJoUQ/wY2/4saFIm5duvNvnLYRfB0YOPece7lzT5gKro3nfTgTk1PTM7Nz86WFxaXlFXd1ra6TTDGssUQk6ioEjYJLrBluBF6lCiEOBV6GvZOhf9lHpXkiL8wgxWYMHckjzsBYqeVuB3id8T69CUCkXWj5gQLZEfhVV4u65Za9ijcC/Uv8gpRJgbOW+x60E5bFKA0ToHXD91LTzEEZzgTeloJMYwqsBx1sWCohRt3MRwfd0i2rtGmUKPukoSP1+0QOsdaDOLSdMZiu/u0Nxf+8Rmaiw2bOZZoZlGy8KMoENQkdpkPbXCEzYmAJMMXtXynrggJmbIYlG4L/++S/pF6t+PuVvfPd8tFxEccc2SCbZIf45IAckVNyRmqEkTvyQJ7Is3PvPDovzuu4dcIpZtbJDzhvn0+bnWg=</latexit>

⌘ |↵1i|↵2i We will drop the mode label on the kets when context is clear, and will drop the tensor product sign

<latexit sha1_base64="5dsi3qm4IXyS5x8Q6y7FRNmBgmo=">AAACEHicbZDJSgNBEIZ74h63qEcvjUGMCGEmuF0EUQSPEYwKmTH0dGqSJj0L3TVCGPIIXnwVLx4U8erRm29jJ5mD2w8NH39VUV2/n0ih0bY/rcLE5NT0zOxccX5hcWm5tLJ6peNUcWjwWMbqxmcapIiggQIl3CQKWOhLuPZ7p8P69R0oLeLoEvsJeCHrRCIQnKGxWqWtswpu0yPK3KQrDMJtJio1NxE0aNlId1zsArLtQatUtqv2SPQvODmUSa56q/ThtmOehhAhl0zrpmMn6GVMoeASBkU31ZAw3mMdaBqMWAjay0YHDeimcdo0iJV5EdKR+30iY6HW/dA3nSHDrv5dG5r/1ZopBodeJqIkRYj4eFGQSooxHaZD20IBR9k3wLgS5q+Ud5liHE2GRROC8/vkv3BVqzr71b2L3fLxSR7HLFknG6RCHHJAjsk5qZMG4eSePJJn8mI9WE/Wq/U2bi1Y+cwa+SHr/QviaZqn</latexit>

E(t) = a�(t)ei(2⇡f0t+✓)
<latexit sha1_base64="4ODGhxueXJZXj/qInW3dbXK4KUA="></latexit>

=
�
ac1e

i✓�1(t) + ac2e
i✓�2(t)

�
ei2⇡f0t

<latexit sha1_base64="X41bC0IC6FL99pLCCo4IQHaX/z0=">AAACFHicbVDLSitBEO3xcY3Re426dNMYBEEIMxdfIELQjUsFo0ImhppOJWns6Rm7a4Qw5iPc+CtuXCiXu3Xhzr+x81j4OlBwOKeKqjpRqqQl33/zJianpn/NFGaLc/O//yyUFpfObJIZgTWRqMRcRGBRSY01kqTwIjUIcaTwPLo6HPjnN2isTPQp9VJsxNDRsi0FkJOapY3bEFTahdCA7ijc4+F1Bi0+Evk+B7zMZUhdJOg3S2W/4g/Bv5NgTMpsjONm6TVsJSKLUZNQYG098FNq5GBICoX9YphZTEFcQQfrjmqI0Tby4VN9vuaUFm8nxpUmPlQ/TuQQW9uLI9cZA3XtV28g/uTVM2rvNnKp04xQi9GidqY4JXyQEG9Jg4JUzxEQRrpbueiCAUEux6ILIfj68ndy9rcSbFe2TjbL1YNxHAW2wlbZOgvYDquyI3bMakywO/bAntizd+89ev+8/6PWCW88s8w+wXt5B2ecnm4=</latexit>

|↵i; ↵ = aei✓
<latexit sha1_base64="vfdT8GPmCfCqP9FgIxd74HYqHsM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhDiJeyKr2PQi8cI5gHJEmYns8mQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrVIIb9LxvZ2V1bX1js7BV3N7Z3dsvHRw2TZJqyho0EYluh8QwwSVrIEfB2kozEoeCtcLR3dRvPTFteCIfcaxYEJOB5BGnBK3U6qohr+BZr1T2qt4M7jLxc1KGHPVe6avbT2gaM4lUEGM6vqcwyIhGTgWbFLupYYrQERmwjqWSxMwE2ezciXtqlb4bJdqWRHem/p7ISGzMOA5tZ0xwaBa9qfif10kxugkyLlWKTNL5oigVLibu9He3zzWjKMaWEKq5vdWlQ6IJRZtQ0YbgL768TJrnVf+qevlwUa7d5nEU4BhOoAI+XEMN7qEODaAwgmd4hTdHOS/Ou/Mxb11x8pkj+APn8we1yo8s</latexit>

�(t)
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Coherent state of a set of (orthogonal) modes
• Coherent state, when expressed in any orthonormal mode basis,                     

is a “product state” of the form                                                                              


• Transforming modal basis: a unitary (reversible) operation

<latexit sha1_base64="VHg4C1JO2/r9z5edj3C0oB98Yas=">AAACFHicbZDLSgMxFIYz9VbrrerSTbAIFaXMiLdl0Y3LCvYCnWHIpJk2NJMZkjNCGfoQbnwVNy4UcevCnW9jpu1CqwdCfr7/HJLzB4ngGmz7yyosLC4trxRXS2vrG5tb5e2dlo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1geJ377XumNI/lHYwS5kWkL3nIKQGD/PKRK1gIbuYmA+47VTg8xq7oxaDNnSNpkKt4fwDu2C9X7Jo9KfxXODNRQbNq+OVPtxfTNGISqCBadx07AS8jCjgVbFxyU80SQoekz7pGShIx7WWTpcb4wJAeDmNljgQ8oT8nMhJpPYoC0xkRGOh5L4f/ed0Uwksv4zJJgUk6fShMBYYY5wnhHleMghgZQaji5q+YDogiFEyOJROCM7/yX9E6qTnntbPb00r9ahZHEe2hfVRFDrpAdXSDGqiJKHpAT+gFvVqP1rP1Zr1PWwvWbGYX/Srr4xtl1Z3P</latexit>

{�1(t), . . . ,�n(t)}

<latexit sha1_base64="vOzMu3M0YAhHuheb2DFFusXaGZI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kon4dSx68diCaQttKJvtpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjhs6CRTDH2WiES1QqpRcIm+4UZgK1VI41BgMxzeTf3mEyrNE/lgRikGMe1LHnFGjZXqfrdUdivuDGSZeDkpQ45at/TV6SUsi1EaJqjWbc9NTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZoRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmegmGHOZZgYlmy+KMkFMQqZfkx5XyIwYWUKZ4vZWwgZUUWZsNkUbgrf48jJpnFe8q8pl/aJcvc3jKMAxnMAZeHANVbiHGvjAAOEZXuHNeXRenHfnY9664uQzR/AHzucPtG2M4w==</latexit>

U

<latexit sha1_base64="gPg6Fchllx40dGyy8P3wtaltEm4=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBE8lUT8Oha9eKxgP6AJYbLdtks3m7C7KZTYf+LFgyJe/Sfe/Ddu2xy09cHA470ZZuZFKWdKu+63tbK6tr6xWdoqb+/s7u3bB4dNlWSS0AZJeCLbESrKmaANzTSn7VRSjCNOW9Hwbuq3RlQqlohHPU5pEGNfsB4jqI0U2vaTjzwdYOj5EkWf09CuuFV3BmeZeAWpQIF6aH/53YRkMRWacFSq47mpDnKUmhFOJ2U/UzRFMsQ+7RgqMKYqyGeXT5xTo3SdXiJNCe3M1N8TOcZKjePIdMaoB2rRm4r/eZ1M926CnIk001SQ+aJexh2dONMYnC6TlGg+NgSJZOZWhwxQItEmrLIJwVt8eZk0z6veVfXy4aJSuy3iKMExnMAZeHANNbiHOjSAwAie4RXerNx6sd6tj3nrilXMHMEfWJ8/gyaTmA==</latexit>

|↵1i
<latexit sha1_base64="DAf4CKGb/mCsKzxPu7IqVZg7Py4=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVZLia1l047KCfUATws100g6dTMLMpFBi/8SNC0Xc+ifu/BunbRbaeuDC4Zx7ufeeMOVMacf5tkpr6xubW+Xtys7u3v6BfXjUVkkmCW2RhCeyG4KinAna0kxz2k0lhTjktBOO7mZ+Z0ylYol41JOU+jEMBIsYAW2kwLafPODpEIK6J0EMOA3sqlNz5sCrxC1IFRVoBvaX109IFlOhCQeleq6Taj8HqRnhdFrxMkVTICMY0J6hAmKq/Hx++RSfGaWPo0SaEhrP1d8TOcRKTeLQdMagh2rZm4n/eb1MRzd+zkSaaSrIYlGUcawTPIsB95mkRPOJIUAkM7diMgQJRJuwKiYEd/nlVdKu19yr2uXDRbVxW8RRRifoFJ0jF12jBrpHTdRCBI3RM3pFb1ZuvVjv1seitWQVM8foD6zPH4Sxk5k=</latexit>

|↵2i

<latexit sha1_base64="hVx4zgstN4KUgwxGjV1iVUeTBBo=">AAAB+XicbVBNS8NAEN34WetX1KOXYBE8lUT8Oha9eKxgP6AJYbKdtks3m7C7KZTYf+LFgyJe/Sfe/Ddu2xy09cHA470ZZuZFKWdKu+63tbK6tr6xWdoqb+/s7u3bB4dNlWSSYoMmPJHtCBRyJrChmebYTiVCHHFsRcO7qd8aoVQsEY96nGIQQ1+wHqOgjRTa9pMPPB1AKHwJos8xtCtu1Z3BWSZeQSqkQD20v/xuQrMYhaYclOp4bqqDHKRmlOOk7GcKU6BD6GPHUAExqiCfXT5xTo3SdXqJNCW0M1N/T+QQKzWOI9MZgx6oRW8q/ud1Mt27CXIm0kyjoPNFvYw7OnGmMThdJpFqPjYEqGTmVocOQALVJqyyCcFbfHmZNM+r3lX18uGiUrst4iiRY3JCzohHrkmN3JM6aRBKRuSZvJI3K7derHfrY966YhUzR+QPrM8f4UWT1Q==</latexit>

|↵ni
<latexit sha1_base64="I/258rNyNRu48DUvZZhnbziuFWM=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIr2XRjcsK9gFNCJPpTTt0MgkzE6HGfokbF4q49VPc+TdO2yy09cCFwzn3cu89YcqZ0o7zbZVWVtfWN8qbla3tnd2qvbffVkkmKbRowhPZDYkCzgS0NNMcuqkEEoccOuHoZup3HkAqloh7PU7Bj8lAsIhRoo0U2NUnLwRNAuFJIgYcArvm1J0Z8DJxC1JDBZqB/eX1E5rFIDTlRKme66Taz4nUjHKYVLxMQUroiAygZ6ggMSg/nx0+wcdG6eMokaaExjP190ROYqXGcWg6Y6KHatGbiv95vUxHV37ORJppEHS+KMo41gmepoD7TALVfGwIoZKZWzEdEkmoNllVTAju4svLpH1ady/q53dntcZ1EUcZHaIjdIJcdIka6BY1UQtRlKFn9IrerEfrxXq3PuatJauYOUB/YH3+ABVAk2E=</latexit>

|�ni

<latexit sha1_base64="XetyPFpc9aM8MgQ2fu+0fTZbODM=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVZLia1l047KCfUATwmR60w6dTMLMRKixX+LGhSJu/RR3/o3TNgttPXDhcM693HtPmHKmtON8Wyura+sbm6Wt8vbO7l7F3j9oqySTFFo04YnshkQBZwJammkO3VQCiUMOnXB0M/U7DyAVS8S9Hqfgx2QgWMQo0UYK7MqTF4ImQd2TRAw4BHbVqTkz4GXiFqSKCjQD+8vrJzSLQWjKiVI910m1nxOpGeUwKXuZgpTQERlAz1BBYlB+Pjt8gk+M0sdRIk0JjWfq74mcxEqN49B0xkQP1aI3Ff/zepmOrvyciTTTIOh8UZRxrBM8TQH3mQSq+dgQQiUzt2I6JJJQbbIqmxDcxZeXSbtecy9q53dn1cZ1EUcJHaFjdIpcdIka6BY1UQtRlKFn9IrerEfrxXq3PuatK1Yxc4j+wPr8AbidkyU=</latexit>

|�2i

<latexit sha1_base64="r6oHyUO8trEU+EDHYf8YqnPogF8=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIr2XRjcsK9gFNCJPpTTt0MgkzE6HGfokbF4q49VPc+TdO2yy09cCFwzn3cu89YcqZ0o7zbZVWVtfWN8qbla3tnd2qvbffVkkmKbRowhPZDYkCzgS0NNMcuqkEEoccOuHoZup3HkAqloh7PU7Bj8lAsIhRoo0U2NUnLwRNAteTRAw4BHbNqTsz4GXiFqSGCjQD+8vrJzSLQWjKiVI910m1nxOpGeUwqXiZgpTQERlAz1BBYlB+Pjt8go+N0sdRIk0JjWfq74mcxEqN49B0xkQP1aI3Ff/zepmOrvyciTTTIOh8UZRxrBM8TQH3mQSq+dgQQiUzt2I6JJJQbbKqmBDcxZeXSfu07l7Uz+/Oao3rIo4yOkRH6AS56BI10C1qohaiKEPP6BW9WY/Wi/VufcxbS1Yxc4D+wPr8AbcSkyQ=</latexit>

|�1i

<latexit sha1_base64="yOl0thI3yDdSBcXtYcu5LYQh9rE="></latexit>0

BBB@

�1

�2
...
�n

1
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↵1

↵2
...
↵n

1

CCCA

<latexit sha1_base64="MPg+xZuKVprWZ5sHIF4kaUlZJ2k=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEVyURX8tiNy4r2Ac0oUymk3boZBJmJkIJdeOvuHGhiFv/wp1/46TNQlsPXDiccy/33hMknCntON/W0vLK6tp6aaO8ubW9s2vv7bdUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYzqud9+oFKxWNzrcUL9CA8ECxnB2kg9+9DDPBniHkMeEyjzIqyHQYDqk55dcarOFGiRuAWpQIFGz/7y+jFJIyo04Viprusk2s+w1IxwOil7qaIJJiM8oF1DBY6o8rPpBxN0YpQ+CmNpSmg0VX9PZDhSahwFpjO/UM17ufif1011eO1nTCSppoLMFoUpRzpGeRyozyQlmo8NwUQycysiQywx0Sa0sgnBnX95kbTOqu5l9eLuvFK7KeIowREcwym4cAU1uIUGNIHAIzzDK7xZT9aL9W59zFqXrGLmAP7A+vwBrFCWZw==</latexit>

↵i 2 C
<latexit sha1_base64="aTZgjHypPbwSa6aG/tfLVAwdqEM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4Kok4mtZ7MZlBfuAJoSZ6aQdOpmEmYlQQjb+ihsXirj1M9z5N07aLLT1wIXDOfdy7z044Uxpx/m2Kiura+sb1c3a1vbO7p69f9BVcSoJ7ZCYx7KPkaKcCdrRTHPaTyRFEea0hyetwu89UqlYLB70NKF+hEaChYwgbaTAPvIw1Shg0GMCZl6E9Bhj2MoDu+40nBngMnFLUgcl2oH95Q1jkkZUaMKRUgPXSbSfIakZ4TSveamiCSITNKIDQwWKqPKz2QM5PDXKEIaxNCU0nKm/JzIUKTWNsOksLlSLXiH+5w1SHd74GRNJqqkg80VhyqGOYZEGHDJJieZTQxCRzNwKyRhJRLTJrGZCcBdfXibd84Z71bi8v6g3b8s4quAYnIAz4IJr0AR3oA06gIAcPINX8GY9WS/Wu/Uxb61Y5cwh+APr8wfc7pXz</latexit>

�i 2 C

<latexit sha1_base64="Gz24kIuZXK3+ma/YOEtYRJPKRlI=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4Kon42ghFN7qrYNpCE8tkMkmHTiZh ZiKUUHDjr7hxoYhbf8Kdf+OkzUJbD1w4nHMv997jp4xKZVnfxtz8wuLScmWlurq2vrFpbm23ZJIJTBycsER0fCQJo5w4iipGOqkgKPYZafuDq8JvPxAhacLv1DAlXowiTkOKkdJSz9x17t0ARRER0IEXMHdjpPoYMXgz6pk1q26NAWeJXZIaKNHsmV9ukOAsJlxhhqTs2laqvBwJRTEjo6qbSZIiPEAR6WrKUUykl49/GMEDrQQwTIQuruBY/T2Ro1jKYezrzuJEOe0V4n9eN1PhuZdTnmaKcDxZFGYMqgQWgcCACoIVG2qCsKD6Voj7SCCsdGxVHYI9/fIsaR3V7dP6ye1xrXFZxlEBe2AfHAIbnIEGuAZN4AAMHsEzeAVvxpPxYrwbH5PWOaOc2QF/YHz+AGGOlrs=</latexit>

U †U = I

Complex valued 
unitary matrix

<latexit sha1_base64="y9Cd6rxcqpsP/LUUnm2D5vOtjOY=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyyCCy0zxdtGKLpxWcFeoFNKJj1tQzOZITkjlNKncOOruHGhiFtx59uYXhba+kPgy3/OITl/mEhh0PO+nYXFpeWV1cxadn1jc2vb3dmtmDjVHMo8lrGuhcyAFArKKFBCLdHAolBCNezdjOrVB9BGxOoe+wk0ItZRoi04Q2s13ZMgBGRNnwYKqHdMJ9cCvaKBbMVoRjC2lCWv6ea8vDcWnQd/CjkyVanpfgWtmKcRKOSSGVP3vQQbA6ZRcAnDbJAaSBjvsQ7ULSoWgWkMxmsN6aF1WrQda3sU0rH7e2LAImP6UWg7I4ZdM1sbmf/V6im2LxsDoZIUQfHJQ+1UUozpKCPaEho4yr4FxrWwf6W8yzTjaJPM2hD82ZXnoVLI++f5s7vTXPF6GkeG7JMDckR8ckGK5JaUSJlw8kieySt5c56cF+fd+Zi0LjjTmT3yR87nD19AnGE=</latexit>

�1 6= 0,�2 = . . . = �n = 0

For any                    , 

there exists a    , s.t.,

<latexit sha1_base64="cqkGQ31l3LR8nVYGV6QuXWGzRaE=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahgpQZ8bUsunFZwT6gMwyZTKYNzSRDkhHK0I0bf8WNC0Xc+g/u/BvTdhZaPXC5h3PuJbknTBlV2nG+rNLC4tLySnm1sra+sbllb++0lcgkJi0smJDdECnCKCctTTUj3VQSlISMdMLh9cTv3BOpqOB3epQSP0F9TmOKkTZSYO/XPMTSAQrcY+ixSGhl+kzhR4FdderOFPAvcQtSBQWagf3pRQJnCeEaM6RUz3VS7edIaooZGVe8TJEU4SHqk56hHCVE+fn0ijE8NEoEYyFNcQ2n6s+NHCVKjZLQTCZID9S8NxH/83qZji/9nPI004Tj2UNxxqAWcBIJjKgkWLORIQhLav4K8QBJhLUJrmJCcOdP/kvaJ3X3vH52e1ptXBVxlMEeOAA14IIL0AA3oAlaAIMH8ARewKv1aD1bb9b7bLRkFTu74Besj2+L85dZ</latexit>

(↵1, . . . ,↵n)
<latexit sha1_base64="vOzMu3M0YAhHuheb2DFFusXaGZI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kon4dSx68diCaQttKJvtpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjhs6CRTDH2WiES1QqpRcIm+4UZgK1VI41BgMxzeTf3mEyrNE/lgRikGMe1LHnFGjZXqfrdUdivuDGSZeDkpQ45at/TV6SUsi1EaJqjWbc9NTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZoRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmegmGHOZZgYlmy+KMkFMQqZfkx5XyIwYWUKZ4vZWwgZUUWZsNkUbgrf48jJpnFe8q8pl/aJcvc3jKMAxnMAZeHANVbiHGvjAAOEZXuHNeXRenHfnY9664uQzR/AHzucPtG2M4w==</latexit>

U

Example of change of basis from 
previous slide can be seen as a 
unitary transformation

<latexit sha1_base64="vOzMu3M0YAhHuheb2DFFusXaGZI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kon4dSx68diCaQttKJvtpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjhs6CRTDH2WiES1QqpRcIm+4UZgK1VI41BgMxzeTf3mEyrNE/lgRikGMe1LHnFGjZXqfrdUdivuDGSZeDkpQ45at/TV6SUsi1EaJqjWbc9NTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZoRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmegmGHOZZgYlmy+KMkFMQqZfkx5XyIwYWUKZ4vZWwgZUUWZsNkUbgrf48jJpnFe8q8pl/aJcvc3jKMAxnMAZeHANVbiHGvjAAOEZXuHNeXRenHfnY9664uQzR/AHzucPtG2M4w==</latexit>

U
<latexit sha1_base64="gPg6Fchllx40dGyy8P3wtaltEm4=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBE8lUT8Oha9eKxgP6AJYbLdtks3m7C7KZTYf+LFgyJe/Sfe/Ddu2xy09cHA470ZZuZFKWdKu+63tbK6tr6xWdoqb+/s7u3bB4dNlWSS0AZJeCLbESrKmaANzTSn7VRSjCNOW9Hwbuq3RlQqlohHPU5pEGNfsB4jqI0U2vaTjzwdYOj5EkWf09CuuFV3BmeZeAWpQIF6aH/53YRkMRWacFSq47mpDnKUmhFOJ2U/UzRFMsQ+7RgqMKYqyGeXT5xTo3SdXiJNCe3M1N8TOcZKjePIdMaoB2rRm4r/eZ1M926CnIk001SQ+aJexh2dONMYnC6TlGg+NgSJZOZWhwxQItEmrLIJwVt8eZk0z6veVfXy4aJSuy3iKMExnMAZeHANNbiHOjSAwAie4RXerNx6sd6tj3nrilXMHMEfWJ8/gyaTmA==</latexit>

|↵1i
<latexit sha1_base64="DAf4CKGb/mCsKzxPu7IqVZg7Py4=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVZLia1l047KCfUATws100g6dTMLMpFBi/8SNC0Xc+ifu/BunbRbaeuDC4Zx7ufeeMOVMacf5tkpr6xubW+Xtys7u3v6BfXjUVkkmCW2RhCeyG4KinAna0kxz2k0lhTjktBOO7mZ+Z0ylYol41JOU+jEMBIsYAW2kwLafPODpEIK6J0EMOA3sqlNz5sCrxC1IFRVoBvaX109IFlOhCQeleq6Taj8HqRnhdFrxMkVTICMY0J6hAmKq/Hx++RSfGaWPo0SaEhrP1d8TOcRKTeLQdMagh2rZm4n/eb1MRzd+zkSaaSrIYlGUcawTPIsB95mkRPOJIUAkM7diMgQJRJuwKiYEd/nlVdKu19yr2uXDRbVxW8RRRifoFJ0jF12jBrpHTdRCBI3RM3pFb1ZuvVjv1seitWQVM8foD6zPH4Sxk5k=</latexit>

|↵2i

<latexit sha1_base64="dNmGy26AwXCOBui8wkecdj8KXpI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMF+wFNLJPtpl262YTdjVJi/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmFpeWV1rbhe2tjc2t4p7+41VZxKQhsk5rFsB6goZ4I2NNOcthNJMQo4bQXD64nfeqBSsVjc6VFC/Qj7goWMoDbS/ZOHPBmgJ1H0Oe2WK07VmcJeJG5OKpCj3i1/eb2YpBEVmnBUquM6ifYzlJoRTsclL1U0QTLEPu0YKjCiys+mV4/tI6P07DCWpoS2p+rviQwjpUZRYDoj1AM1703E/7xOqsNLP2MiSTUVZLYoTLmtY3sSgd1jkhLNR4YgkczcapMBSiTaBFUyIbjzLy+S5knVPa+e3Z5Wald5HEU4gEM4BhcuoAY3UIcGEJDwDK/wZj1aL9a79TFrLVj5zD78gfX5A9zrksM=</latexit>

|↵i
<latexit sha1_base64="vnUIsZYgp1H6lSNkfbQnh7aKB9E=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx68RjBPCRZwuykNxkyM7vMzAphzVd48aCIVz/Hm3/jJNmDJhY0FFXddHeFCWfaeN63s7S8srq2Xtgobm5t7+yW9vYbOk4VxTqNeaxaIdHImcS6YYZjK1FIRMixGQ5vJn7zEZVmsbw3owQDQfqSRYwSY6WHJ6+jiOxz7JbKXsWbwl0kfk7KkKPWLX11ejFNBUpDOdG67XuJCTKiDKMcx8VOqjEhdEj62LZUEoE6yKYHj91jq/TcKFa2pHGn6u+JjAitRyK0nYKYgZ73JuJ/Xjs10VWQMZmkBiWdLYpS7prYnXzv9phCavjIEkIVs7e6dEAUocZmVLQh+PMvL5LGacW/qJzfnZWr13kcBTiEIzgBHy6hCrdQgzpQEPAMr/DmKOfFeXc+Zq1LTj5zAH/gfP4AuGmQXw==</latexit>

|0i
<latexit sha1_base64="UaOPEZ7ZZKrCFL9ZMpogccFpdVw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiTia1l047KCfUAbymRy2w6dTMLMRAih/oobF4q49UPc+TdO0yy09cDA4Zz7muPHnCntON/Wyura+sZmaau8vbO7t28fHLZVlEgKLRrxSHZ9ooAzAS3NNIduLIGEPoeOP7md+Z1HkIpF4kGnMXghGQk2ZJRoIw3sSj+fkUkIpuV+PGY1fTqwq07dyYGXiVuQKirQHNhf/SCiSQhCU06U6rlOrL2MSM0oBzM3URATOiEj6BkqSAjKy/LFU3xilAAPI2me0DhXf3dkJFQqDX1TGRI9VoveTPzP6yV6eO1lTMSJBkHni4YJxzrCsyRwwCRQzVNDCJXM3IrpmEhCtcmrbEJwF7+8TNpndfeyfnF/Xm3cFHGU0BE6RjXkoivUQHeoiVqIohQ9o1f0Zj1ZL9a79TEvXbGKngr6A+vzB02ulI0=</latexit>

�(t)
<latexit sha1_base64="poOEn6lDG3k14Esan+QX0EHWMSE=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQNyURX8uiG5cV7APaECbTm3boZBJmJkIJBX/FjQtF3Pod7vwbp2kW2npg4HDOfc0JEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDOxjdTv32I0jFYvGgxwl4ERkIFjJKtJF8+7CXz8gk9CflXjJkvlvVp75dcWpODrxI3IJUUIGGb3/1+jFNIxCacqJU13US7WVEakY5mMmpgoTQERlA11BBIlBelq+e4BOj9HEYS/OExrn6uyMjkVLjKDCVEdFDNe9Nxf+8bqrDay9jIkk1CDpbFKYc6xhPs8B9JoFqPjaEUMnMrZgOiSRUm8TKJgR3/suLpHVWcy9rF/fnlfpNEUcJHaFjVEUuukJ1dIcaqIkoytAzekVv1pP1Yr1bH7PSJavoOUB/YH3+AIEGlTE=</latexit>

�1(t)

<latexit sha1_base64="VstB80/Btq+DZOs8XN7siUjNPFo=">AAAB/nicbVDLSsNAFL2pr1pfUXHlJliEuilJ8bUsunFZwT6gDWEymbRDJ5MwMxFKKPgrblwo4tbvcOffOE2z0NYDA4dz7muOnzAqlW1/G6WV1bX1jfJmZWt7Z3fP3D/oyDgVmLRxzGLR85EkjHLSVlQx0ksEQZHPSNcf38787iMRksb8QU0S4kZoyGlIMVJa8syjQT4jEySYVgbJiHqNmjrzzKpdt3NYy8QpSBUKtDzzaxDEOI0IV5ghKfuOnSg3Q0JRzIienEqSIDxGQ9LXlKOISDfLV0+tU60EVhgL/biycvV3R4YiKSeRrysjpEZy0ZuJ/3n9VIXXbkZ5kirC8XxRmDJLxdYsCyuggmDFJpogLKi+1cIjJBBWOrGKDsFZ/PIy6TTqzmX94v682rwp4ijDMZxADRy4gibcQQvagCGDZ3iFN+PJeDHejY95ackoeg7hD4zPH4KNlTI=</latexit>

�2(t)

<latexit sha1_base64="34KAOjraDUJVyxrQVhWgWQhC5fI=">AAACHnicbVDLSgMxFM34rPU16tJNsAiuykyx6qZQdOOygn1AOx0yaaYNTTJDkhHKtF/ixl9x40IRwZX+jWk7C209cOFwzr3ce08QM6q043xbK6tr6xubua389s7u3r59cNhQUSIxqeOIRbIVIEUYFaSuqWakFUuCeMBIMxjeTP3mA5GKRuJej2LicdQXNKQYaSP5drmjEu6ntOJOugKOO4jFA+TTcbcEK3DBC4jOLN8uOEVnBrhM3IwUQIaab392ehFOOBEaM6RU23Vi7aVIaooZmeQ7iSIxwkPUJ21DBeJEeensvQk8NUoPhpE0JTScqb8nUsSVGvHAdHKkB2rRm4r/ee1Eh1deSkWcaCLwfFGYMKgjOM0K9qgkWLORIQhLam6FeIAkwtokmjchuIsvL5NGqeheFMt354XqdRZHDhyDE3AGXHAJquAW1EAdYPAInsEreLOerBfr3fqYt65Y2cwR+APr6wdIiaH0</latexit> nX

i=1

|↵i|2 =
nX

i=1

|�i|2

Unitary U ensures:

“Beam Splitter” unitary

<latexit sha1_base64="gWvUpq+ZJVLHA4YrUjoxZpmL2y0="></latexit>

|↵1i�1(t) |↵2i�2(t) . . . |↵ni�n(t)

<latexit sha1_base64="iWDSMXHDdoDWPXMf1fEobeioidU=">AAACCHicbVA5T8MwGHU4S7kCjAxEVEhlqRLENVawMBaJHlITRY7rtFZtJ7KdSlWUkYW/wsIAQqz8BDb+DU6aAVqeZOnpve/yC2JKpLLtb2NpeWV1bb2yUd3c2t7ZNff2OzJKBMJtFNFI9AIoMSUctxVRFPdigSELKO4G49vc706wkCTiD2oaY4/BISchQVBpyTeP3GJGGtAEZ1U3HhE/dQVLJxBlWV2d+mbNbtgFrEXilKQGSrR888sdRChhmCtEoZR9x46Vl0KhCKL5ikTiGKIxHOK+phwyLL20OCKzTrQysMJI6MeVVai/O1LIpJyyQFcyqEZy3svF/7x+osJrLyU8ThTmaLYoTKilIitPxRoQgZGiU00gEkTfaqERFBApnV1Vh+DMf3mRdM4azmXj4v681rwp46iAQ3AM6sABV6AJ7kALtAECj+AZvII348l4Md6Nj1npklH2HIA/MD5/AGKxmjY=</latexit>

�vac(t)

13



Exercise 2A: Changing the mode basis 
• Represent coherent state       of the shown mode         in: 


• The Pixel Basis:


• A.                                                           


• B.                                                           


• C.


• D.

<latexit sha1_base64="ynR40wJ2Ijnm38GL2MYM9JOw15I=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKfByDXjxGyEuSJcxOZpMhM7PLzKwQlnyFFw+KePVzvPk3ziZ70MSChqKqm+6uIOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCoraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wucv8zhNVmkWyaaYx9QUeSRYygo2VHvuhwiRtzmqDcsWtunOgVeLlpAI5GoPyV38YkURQaQjHWvc8NzZ+ipVhhNNZqZ9oGmMywSPas1RiQbWfzg+eoTOrDFEYKVvSoLn6eyLFQuupCGynwGasl71M/M/rJSa88VMm48RQSRaLwoQjE6HsezRkihLDp5Zgopi9FZExthkYm1HJhuAtv7xK2hdV76p6+VCr1G/zOIpwAqdwDh5cQx3uoQEtICDgGV7hzVHOi/PufCxaC04+cwx/4Hz+AKuIkFY=</latexit>

T

4

<latexit sha1_base64="/l/lct4tC3GS2uB8FDs9v9sUugE=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egF48R8pJkCbOT2WTIzOwyMyuEJV/hxYMiXv0cb/6Ns8keNLGgoajqprsriDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNM7jK/80SVZpFsmmlMfYFHkoWMYGOlx36oMEmbs9qgXHGr7hxolXg5qUCOxqD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n84Nn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQlv/JTJODFUksWiMOHIRCj7Hg2ZosTwqSWYKGZvRWSMbQbGZlSyIXjLL6+Sdq3qXVUvHy4q9ds8jiKcwCmcgwfXUId7aEALCAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/qICQVA==</latexit>

T

2

<latexit sha1_base64="0vSXmxfExAO51lA0BFDXNMTyWA8=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexqfByDXjxGyAuTEGYns8mQ2dllplcIS/7CiwdFvPo33vwbJ8keNFrQUFR1093lx1IYdN0vJ7eyura+kd8sbG3v7O4V9w+aJko04w0WyUi3fWq4FIo3UKDk7VhzGvqSt/zx7cxvPXJtRKTqOIl5L6RDJQLBKFrpoRtoytLz+rTSL5bcsjsH+Uu8jJQgQ61f/OwOIpaEXCGT1JiO58bYS6lGwSSfFrqJ4TFlYzrkHUsVDbnppfOLp+TEKgMSRNqWQjJXf06kNDRmEvq2M6Q4MsveTPzP6yQYXPdSoeIEuWKLRUEiCUZk9j4ZCM0ZyokllGlhbyVsRG0IaEMq2BC85Zf/kuZZ2bssX9xXStWbLI48HMExnIIHV1CFO6hBAxgoeIIXeHWM8+y8Oe+L1pyTzRzCLzgf3yDjkJM=</latexit>

3T

4

<latexit sha1_base64="EqeA+mbLkNRXGR722P9vRZdlcXk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cE8oJkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vJ7e2vrG5ld8u7Ozu7R8UD4+aOk4VwwaLRazaAdUouMSG4UZgO1FIo0BgKxjdz/zWEyrNY1k34wT9iA4kDzmjxkq1eq9YcsvuHGSVeBkpQYZqr/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5oVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDWn3CZpAYlWywKU0FMTGZfkz5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf88ippXpS96/JV7bJUucviyMMJnMI5eHADFXiAKjSAAcIzvMKb8+i8OO/Ox6I152Qzx/AHzucPsumM4g==</latexit>

T
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0

<latexit sha1_base64="KWzY2bLzO31lK/gWLvxnXW12sCk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVaa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwBxp2M7w==</latexit>a

<latexit sha1_base64="xcS5xQRcpB5bAm3L3gHxTcSc1Pk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxhLvE15HoxSNGeSSwIbNDAxNmZzczsyZkwyd48aAxXv0ib/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SjGcfoh3QgeZ8zaqz0QM8q3WLJLbszkGXiZaQEGWrd4lenF7EkRGmYoFq3PTc2fkqV4UzgpNBJNMaUjegA25ZKGqL209mpE3JilR7pR8qWNGSm/p5Iaaj1OAxsZ0jNUC96U/E/r52Y/rWfchknBiWbL+ongpiITP8mPa6QGTG2hDLF7a2EDamizNh0CjYEb/HlZdKolL3L8sX9eal6k8WRhyM4hlPw4AqqcAc1qAODATzDK7w5wnlx3p2PeWvOyWYO4Q+czx+ka41k</latexit>

a/2

<latexit sha1_base64="vfdT8GPmCfCqP9FgIxd74HYqHsM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhDiJeyKr2PQi8cI5gHJEmYns8mQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrVIIb9LxvZ2V1bX1js7BV3N7Z3dsvHRw2TZJqyho0EYluh8QwwSVrIEfB2kozEoeCtcLR3dRvPTFteCIfcaxYEJOB5BGnBK3U6qohr+BZr1T2qt4M7jLxc1KGHPVe6avbT2gaM4lUEGM6vqcwyIhGTgWbFLupYYrQERmwjqWSxMwE2ezciXtqlb4bJdqWRHem/p7ISGzMOA5tZ0xwaBa9qfif10kxugkyLlWKTNL5oigVLibu9He3zzWjKMaWEKq5vdWlQ6IJRZtQ0YbgL768TJrnVf+qevlwUa7d5nEU4BhOoAI+XEMN7qEODaAwgmd4hTdHOS/Ou/Mxb11x8pkj+APn8we1yo8s</latexit>

�(t)

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="vfdT8GPmCfCqP9FgIxd74HYqHsM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhDiJeyKr2PQi8cI5gHJEmYns8mQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrVIIb9LxvZ2V1bX1js7BV3N7Z3dsvHRw2TZJqyho0EYluh8QwwSVrIEfB2kozEoeCtcLR3dRvPTFteCIfcaxYEJOB5BGnBK3U6qohr+BZr1T2qt4M7jLxc1KGHPVe6avbT2gaM4lUEGM6vqcwyIhGTgWbFLupYYrQERmwjqWSxMwE2ezciXtqlb4bJdqWRHem/p7ISGzMOA5tZ0xwaBa9qfif10kxugkyLlWKTNL5oigVLibu9He3zzWjKMaWEKq5vdWlQ6IJRZtQ0YbgL768TJrnVf+qevlwUa7d5nEU4BhOoAI+XEMN7qEODaAwgmd4hTdHOS/Ou/Mxb11x8pkj+APn8we1yo8s</latexit>

�(t)
<latexit sha1_base64="dNmGy26AwXCOBui8wkecdj8KXpI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMF+wFNLJPtpl262YTdjVJi/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmFpeWV1rbhe2tjc2t4p7+41VZxKQhsk5rFsB6goZ4I2NNOcthNJMQo4bQXD64nfeqBSsVjc6VFC/Qj7goWMoDbS/ZOHPBmgJ1H0Oe2WK07VmcJeJG5OKpCj3i1/eb2YpBEVmnBUquM6ifYzlJoRTsclL1U0QTLEPu0YKjCiys+mV4/tI6P07DCWpoS2p+rviQwjpUZRYDoj1AM1703E/7xOqsNLP2MiSTUVZLYoTLmtY3sSgd1jkhLNR4YgkczcapMBSiTaBFUyIbjzLy+S5knVPa+e3Z5Wald5HEU4gEM4BhcuoAY3UIcGEJDwDK/wZj1aL9a79TFrLVj5zD78gfX5A9zrksM=</latexit>

|↵i

<latexit sha1_base64="knq53R1seEvNS/Vz26TEYpG+oq4=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5L47EYounFZoS9oQplMJ+3QycOZG6GEuPFX3LhQxK1/4c6/cdpmoa0HLhzOuZd77/FiwRVY1rexsLi0vLJaWCuub2xubZs7u00VJZKyBo1EJNseUUzwkDWAg2DtWDISeIK1vOHN2G89MKl4FNZhFDM3IP2Q+5wS0FLX3Cf4CjvqXkLq+JLQtJKl9mk9y7pmySpbE+B5YuekhHLUuuaX04toErAQqCBKdWwrBjclEjgVLCs6iWIxoUPSZx1NQxIw5aaTDzJ8pJUe9iOpKwQ8UX9PpCRQahR4ujMgMFCz3lj8z+sk4FfclIdxAiyk00V+IjBEeBwH7nHJKIiRJoRKrm/FdEB0EKBDK+oQ7NmX50nzpGxflM/vzkrV6zyOAjpAh+gY2egSVdEtqqEGougRPaNX9GY8GS/Gu/ExbV0w8pk99AfG5w/CCZZ5</latexit>

a =

r
8

13T

<latexit sha1_base64="7gU4CBZvFe9EdwxxvSX79zuenhs="></latexit>����

r
2

13
↵

�����

r
9

26
↵

�����

r
9

26
↵

�����

r
2

13
↵

�

<latexit sha1_base64="hStBiCAaHXnvNBrqmvoapZHcIsw="></latexit>����

r
2

13
↵

�����
1

2

r
2

13
↵

�����
1

2

r
2

13
↵

�����

r
2

13
↵

�

<latexit sha1_base64="5nJtb/aR+3b8fWuMHtlUgonV85Y=">AAACsHicvVHJTsMwEHXCXrYCRy4WFRIHqJKy3xBcOBZBoVIdVRPXSU0dJ9gOUhXyfdy58Te4y4FNHHmSpac38zTjN2EmuDae9+64M7Nz8wuLS5XlldW19erG5r1Oc0VZi6YiVe0QNBNcspbhRrB2phgkoWAP4eBqVH94ZkrzVN6ZYcaCBGLJI07BWKlbfSUhj2P8gol+UqYgkQJaNMrCPyxLTPYJiKwPeNxEFMhYMPyb4/wfHH9u1a3WvLo3Bv5J/CmpoSma3eob6aU0T5g0VIDWHd/LTFCAMpwKVlZIrlkGdAAx61gqIWE6KMaBl3jXKj0cpco+afBY/ewoINF6mIS2MwHT199rI/G3Wic30VlQcJnlhkk6GRTlApsUj66He1wxasTQEqCK210x7YNNx9gbV2wI/vcv/yT3jbp/Uj++OapdXE7jWETbaAftIR+dogt0jZqohahz4Nw6xAnchtt2uy5MWl1n6tlCX+A+fgBb9NT2</latexit>����

r
2

13
↵

�����

r
9

13
↵

�����

r
9

13
↵

�����

r
2

13
↵

�

<latexit sha1_base64="DhKSHlI1Ey7RyvAl3mfSSkPn/+U="></latexit>����

r
2

13
↵

�����
1

2

r
5

13
↵

�����
1

2

r
5

13
↵

�����

r
2

13
↵

�

<latexit sha1_base64="xi4QS9rGJyCHBVq/kIA+6G9Ye7U="></latexit>

�(t) =

r
T

4


a�1(t) +

3a

2
�2(t) +

3a

2
�3(t) + a�4(t)

�Hint:

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="r0USVC2c58+LU1R6lgwo+lXoKBM=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmkPpZFNy4r9AVNKZPppB06mcSZiVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufceP+ZMacf5tgpr6xubW8Xt0s7u3v6BfVhuqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacef3M78ziOVikWiqacx7Yd4JFjACNZGGthlTz1InXqBxCStZWkzywZ2xak6c6BV4uakAjkaA/vLG0YkCanQhGOleq4T636KpWaE06zkJYrGmEzwiPYMFTikqp/Ob8/QqVGGKIikKaHRXP09keJQqWnom84Q67Fa9mbif14v0cF1P2UiTjQVZLEoSDjSEZoFgYZMUqL51BBMJDO3IjLGJgZt4iqZENzll1dJ+7zqXlYv7muV+k0eRxGO4QTOwIUrqMMdNKAFBJ7gGV7hzcqsF+vd+li0Fqx85gj+wPr8AdPXlPc=</latexit>r
4

T

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="r0USVC2c58+LU1R6lgwo+lXoKBM=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmkPpZFNy4r9AVNKZPppB06mcSZiVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufceP+ZMacf5tgpr6xubW8Xt0s7u3v6BfVhuqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacef3M78ziOVikWiqacx7Yd4JFjACNZGGthlTz1InXqBxCStZWkzywZ2xak6c6BV4uakAjkaA/vLG0YkCanQhGOleq4T636KpWaE06zkJYrGmEzwiPYMFTikqp/Ob8/QqVGGKIikKaHRXP09keJQqWnom84Q67Fa9mbif14v0cF1P2UiTjQVZLEoSDjSEZoFgYZMUqL51BBMJDO3IjLGJgZt4iqZENzll1dJ+7zqXlYv7muV+k0eRxGO4QTOwIUrqMMdNKAFBJ7gGV7hzcqsF+vd+li0Fqx85gj+wPr8AdPXlPc=</latexit>r
4

T

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="r0USVC2c58+LU1R6lgwo+lXoKBM=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmkPpZFNy4r9AVNKZPppB06mcSZiVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufceP+ZMacf5tgpr6xubW8Xt0s7u3v6BfVhuqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacef3M78ziOVikWiqacx7Yd4JFjACNZGGthlTz1InXqBxCStZWkzywZ2xak6c6BV4uakAjkaA/vLG0YkCanQhGOleq4T636KpWaE06zkJYrGmEzwiPYMFTikqp/Ob8/QqVGGKIikKaHRXP09keJQqWnom84Q67Fa9mbif14v0cF1P2UiTjQVZLEoSDjSEZoFgYZMUqL51BBMJDO3IjLGJgZt4iqZENzll1dJ+7zqXlYv7muV+k0eRxGO4QTOwIUrqMMdNKAFBJ7gGV7hzcqsF+vd+li0Fqx85gj+wPr8AdPXlPc=</latexit>r
4

T

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="r0USVC2c58+LU1R6lgwo+lXoKBM=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmkPpZFNy4r9AVNKZPppB06mcSZiVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufceP+ZMacf5tgpr6xubW8Xt0s7u3v6BfVhuqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacef3M78ziOVikWiqacx7Yd4JFjACNZGGthlTz1InXqBxCStZWkzywZ2xak6c6BV4uakAjkaA/vLG0YkCanQhGOleq4T636KpWaE06zkJYrGmEzwiPYMFTikqp/Ob8/QqVGGKIikKaHRXP09keJQqWnom84Q67Fa9mbif14v0cF1P2UiTjQVZLEoSDjSEZoFgYZMUqL51BBMJDO3IjLGJgZt4iqZENzll1dJ+7zqXlYv7muV+k0eRxGO4QTOwIUrqMMdNKAFBJ7gGV7hzcqsF+vd+li0Fqx85gj+wPr8AdPXlPc=</latexit>r
4

T

<latexit sha1_base64="iyQK8d1TYm/PpXgrlmEGlSxw9Ro=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoMQL2FXfB2DXjxGMA9JljA7mSRDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBbcoOd9O7mV1bX1jfxmYWt7Z3evuH/QMFGiKavTSES6FRLDBFesjhwFa8WaERkK1gxHt1O/+cS04ZF6wHHMAkkGivc5JWilx0485F2/jKfdYsmreDO4y8TPSAky1LrFr04voolkCqkgxrR9L8YgJRo5FWxS6CSGxYSOyIC1LVVEMhOks4Mn7olVem4/0rYUujP190RKpDFjGdpOSXBoFr2p+J/XTrB/HaRcxQkyReeL+olwMXKn37s9rhlFMbaEUM3trS4dEk0o2owKNgR/8eVl0jir+JeVi/vzUvUmiyMPR3AMZfDhCqpwBzWoAwUJz/AKb452Xpx352PemnOymUP4A+fzB99Ej9A=</latexit>

�1(t)

<latexit sha1_base64="wp5X087mGSPI9++okmW7YzILPJo=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhDiJewGX8egF48RzEOSJcxOZpMhM7PLTK8QQr7CiwdFvPo53vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZm4rv72zu7dfODhsmDjVlNVpLGLdColhgitWR46CtRLNiAwFa4bD26nffGLa8Fg94ChhgSR9xSNOCVrpsZMMeLdSwrNuoeiVvRncZeJnpAgZat3CV6cX01QyhVQQY9q+l2AwJho5FWyS76SGJYQOSZ+1LVVEMhOMZwdP3FOr9Nwo1rYUujP198SYSGNGMrSdkuDALHpT8T+vnWJ0HYy5SlJkis4XRalwMXan37s9rhlFMbKEUM3trS4dEE0o2ozyNgR/8eVl0qiU/cvyxf15sXqTxZGDYziBEvhwBVW4gxrUgYKEZ3iFN0c7L8678zFvXXGymSP4A+fzB+DLj9E=</latexit>

�2(t)

<latexit sha1_base64="TGXXM/epdiSfuUCM6gVfO9nhTwA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhDiJez6Pga9eIxgHpIsYXYySYbMzC4zvUJY8hVePCji1c/x5t84SfagiQUNRVU33V1hLLhBz/t2lpZXVtfWcxv5za3tnd3C3n7dRImmrEYjEelmSAwTXLEachSsGWtGZChYIxzeTvzGE9OGR+oBRzELJOkr3uOUoJUe2/GAd85KeNIpFL2yN4W7SPyMFCFDtVP4ancjmkimkApiTMv3YgxSopFTwcb5dmJYTOiQ9FnLUkUkM0E6PXjsHlul6/YibUuhO1V/T6REGjOSoe2UBAdm3puI/3mtBHvXQcpVnCBTdLaolwgXI3fyvdvlmlEUI0sI1dze6tIB0YSizShvQ/DnX14k9dOyf1m+uD8vVm6yOHJwCEdQAh+uoAJ3UIUaUJDwDK/w5mjnxXl3PmatS042cwB/4Hz+AOJSj9I=</latexit>

�3(t)

<latexit sha1_base64="1IY7r5+mdVWtfAHvVw9SQBopkJg=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhDiJexKfByDXjxGMA9JljA7mU2GzMwuM71CCPkKLx4U8ernePNvnCR70MSChqKqm+6uMBHcoOd9Oyura+sbm7mt/PbO7t5+4eCwYeJUU1ansYh1KySGCa5YHTkK1ko0IzIUrBkOb6d+84lpw2P1gKOEBZL0FY84JWilx04y4N1KCc+6haJX9mZwl4mfkSJkqHULX51eTFPJFFJBjGn7XoLBmGjkVLBJvpMalhA6JH3WtlQRyUwwnh08cU+t0nOjWNtS6M7U3xNjIo0ZydB2SoIDs+hNxf+8dorRdTDmKkmRKTpfFKXCxdidfu/2uGYUxcgSQjW3t7p0QDShaDPK2xD8xZeXSeO87F+WL+4rxepNFkcOjuEESuDDFVThDmpQBwoSnuEV3hztvDjvzse8dcXJZo7gD5zPH+PZj9M=</latexit>

�4(t)
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Exercise 2B: Changing the mode basis 
• Represent coherent state       of the shown mode         in, 


• The Walsh-Hadamard basis:


• A.


• B.


• C.


• D.

<latexit sha1_base64="ynR40wJ2Ijnm38GL2MYM9JOw15I=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKfByDXjxGyEuSJcxOZpMhM7PLzKwQlnyFFw+KePVzvPk3ziZ70MSChqKqm+6uIOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCoraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wucv8zhNVmkWyaaYx9QUeSRYygo2VHvuhwiRtzmqDcsWtunOgVeLlpAI5GoPyV38YkURQaQjHWvc8NzZ+ipVhhNNZqZ9oGmMywSPas1RiQbWfzg+eoTOrDFEYKVvSoLn6eyLFQuupCGynwGasl71M/M/rJSa88VMm48RQSRaLwoQjE6HsezRkihLDp5Zgopi9FZExthkYm1HJhuAtv7xK2hdV76p6+VCr1G/zOIpwAqdwDh5cQx3uoQEtICDgGV7hzVHOi/PufCxaC04+cwx/4Hz+AKuIkFY=</latexit>

T

4

<latexit sha1_base64="/l/lct4tC3GS2uB8FDs9v9sUugE=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8egF48R8pJkCbOT2WTIzOwyMyuEJV/hxYMiXv0cb/6Ns8keNLGgoajqprsriDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6yhRhLZIxCPVDbCmnEnaMsxw2o0VxSLgtBNM7jK/80SVZpFsmmlMfYFHkoWMYGOlx36oMEmbs9qgXHGr7hxolXg5qUCOxqD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n84Nn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQlv/JTJODFUksWiMOHIRCj7Hg2ZosTwqSWYKGZvRWSMbQbGZlSyIXjLL6+Sdq3qXVUvHy4q9ds8jiKcwCmcgwfXUId7aEALCAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/qICQVA==</latexit>

T

2

<latexit sha1_base64="0vSXmxfExAO51lA0BFDXNMTyWA8=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexqfByDXjxGyAuTEGYns8mQ2dllplcIS/7CiwdFvPo33vwbJ8keNFrQUFR1093lx1IYdN0vJ7eyura+kd8sbG3v7O4V9w+aJko04w0WyUi3fWq4FIo3UKDk7VhzGvqSt/zx7cxvPXJtRKTqOIl5L6RDJQLBKFrpoRtoytLz+rTSL5bcsjsH+Uu8jJQgQ61f/OwOIpaEXCGT1JiO58bYS6lGwSSfFrqJ4TFlYzrkHUsVDbnppfOLp+TEKgMSRNqWQjJXf06kNDRmEvq2M6Q4MsveTPzP6yQYXPdSoeIEuWKLRUEiCUZk9j4ZCM0ZyokllGlhbyVsRG0IaEMq2BC85Zf/kuZZ2bssX9xXStWbLI48HMExnIIHV1CFO6hBAxgoeIIXeHWM8+y8Oe+L1pyTzRzCLzgf3yDjkJM=</latexit>

3T

4

<latexit sha1_base64="EqeA+mbLkNRXGR722P9vRZdlcXk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cE8oJkCbOT3mTM7OwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vJ7e2vrG5ld8u7Ozu7R8UD4+aOk4VwwaLRazaAdUouMSG4UZgO1FIo0BgKxjdz/zWEyrNY1k34wT9iA4kDzmjxkq1eq9YcsvuHGSVeBkpQYZqr/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5oVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDWn3CZpAYlWywKU0FMTGZfkz5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf88ippXpS96/JV7bJUucviyMMJnMI5eHADFXiAKjSAAcIzvMKb8+i8OO/Ox6I152Qzx/AHzucPsumM4g==</latexit>

T
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0

<latexit sha1_base64="KWzY2bLzO31lK/gWLvxnXW12sCk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVaa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwBxp2M7w==</latexit>a

<latexit sha1_base64="xcS5xQRcpB5bAm3L3gHxTcSc1Pk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxhLvE15HoxSNGeSSwIbNDAxNmZzczsyZkwyd48aAxXv0ib/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SjGcfoh3QgeZ8zaqz0QM8q3WLJLbszkGXiZaQEGWrd4lenF7EkRGmYoFq3PTc2fkqV4UzgpNBJNMaUjegA25ZKGqL209mpE3JilR7pR8qWNGSm/p5Iaaj1OAxsZ0jNUC96U/E/r52Y/rWfchknBiWbL+ongpiITP8mPa6QGTG2hDLF7a2EDamizNh0CjYEb/HlZdKolL3L8sX9eal6k8WRhyM4hlPw4AqqcAc1qAODATzDK7w5wnlx3p2PeWvOyWYO4Q+czx+ka41k</latexit>

a/2

<latexit sha1_base64="vfdT8GPmCfCqP9FgIxd74HYqHsM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhDiJeyKr2PQi8cI5gHJEmYns8mQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrVIIb9LxvZ2V1bX1js7BV3N7Z3dsvHRw2TZJqyho0EYluh8QwwSVrIEfB2kozEoeCtcLR3dRvPTFteCIfcaxYEJOB5BGnBK3U6qohr+BZr1T2qt4M7jLxc1KGHPVe6avbT2gaM4lUEGM6vqcwyIhGTgWbFLupYYrQERmwjqWSxMwE2ezciXtqlb4bJdqWRHem/p7ISGzMOA5tZ0xwaBa9qfif10kxugkyLlWKTNL5oigVLibu9He3zzWjKMaWEKq5vdWlQ6IJRZtQ0YbgL768TJrnVf+qevlwUa7d5nEU4BhOoAI+XEMN7qEODaAwgmd4hTdHOS/Ou/Mxb11x8pkj+APn8we1yo8s</latexit>

�(t)

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="vfdT8GPmCfCqP9FgIxd74HYqHsM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhDiJeyKr2PQi8cI5gHJEmYns8mQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrVIIb9LxvZ2V1bX1js7BV3N7Z3dsvHRw2TZJqyho0EYluh8QwwSVrIEfB2kozEoeCtcLR3dRvPTFteCIfcaxYEJOB5BGnBK3U6qohr+BZr1T2qt4M7jLxc1KGHPVe6avbT2gaM4lUEGM6vqcwyIhGTgWbFLupYYrQERmwjqWSxMwE2ezciXtqlb4bJdqWRHem/p7ISGzMOA5tZ0xwaBa9qfif10kxugkyLlWKTNL5oigVLibu9He3zzWjKMaWEKq5vdWlQ6IJRZtQ0YbgL768TJrnVf+qevlwUa7d5nEU4BhOoAI+XEMN7qEODaAwgmd4hTdHOS/Ou/Mxb11x8pkj+APn8we1yo8s</latexit>

�(t)
<latexit sha1_base64="dNmGy26AwXCOBui8wkecdj8KXpI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMF+wFNLJPtpl262YTdjVJi/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmFpeWV1rbhe2tjc2t4p7+41VZxKQhsk5rFsB6goZ4I2NNOcthNJMQo4bQXD64nfeqBSsVjc6VFC/Qj7goWMoDbS/ZOHPBmgJ1H0Oe2WK07VmcJeJG5OKpCj3i1/eb2YpBEVmnBUquM6ifYzlJoRTsclL1U0QTLEPu0YKjCiys+mV4/tI6P07DCWpoS2p+rviQwjpUZRYDoj1AM1703E/7xOqsNLP2MiSTUVZLYoTLmtY3sSgd1jkhLNR4YgkczcapMBSiTaBFUyIbjzLy+S5knVPa+e3Z5Wald5HEU4gEM4BhcuoAY3UIcGEJDwDK/wZj1aL9a79TFrLVj5zD78gfX5A9zrksM=</latexit>

|↵i

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t
<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="BwOFCPna1Ueo0rLCSHI05kdAmto=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4Kon4WhbduKzQFzShTKaTduhkEmcmYgn5FTcuFHHrj7jzb5y2WWjrgQuHc+7l3nuChDOlHefbWlldW9/YLG2Vt3d29/btg0pbxakktEViHstugBXlTNCWZprTbiIpjgJOO8H4dup3HqlULBZNPUmoH+GhYCEjWBupb1c89SB15oUSk8zNs2ae9+2qU3NmQMvELUgVCjT69pc3iEkaUaEJx0r1XCfRfoalZoTTvOyliiaYjPGQ9gwVOKLKz2a35+jEKAMUxtKU0Gim/p7IcKTUJApMZ4T1SC16U/E/r5fq8NrPmEhSTQWZLwpTjnSMpkGgAZOUaD4xBBPJzK2IjLCJQZu4yiYEd/HlZdI+q7mXtYv782r9poijBEdwDKfgwhXU4Q4a0AICT/AMr/Bm5daL9W59zFtXrGLmEP7A+vwBzzyU9A==</latexit>r
1

T

<latexit sha1_base64="BwOFCPna1Ueo0rLCSHI05kdAmto=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4Kon4WhbduKzQFzShTKaTduhkEmcmYgn5FTcuFHHrj7jzb5y2WWjrgQuHc+7l3nuChDOlHefbWlldW9/YLG2Vt3d29/btg0pbxakktEViHstugBXlTNCWZprTbiIpjgJOO8H4dup3HqlULBZNPUmoH+GhYCEjWBupb1c89SB15oUSk8zNs2ae9+2qU3NmQMvELUgVCjT69pc3iEkaUaEJx0r1XCfRfoalZoTTvOyliiaYjPGQ9gwVOKLKz2a35+jEKAMUxtKU0Gim/p7IcKTUJApMZ4T1SC16U/E/r5fq8NrPmEhSTQWZLwpTjnSMpkGgAZOUaD4xBBPJzK2IjLCJQZu4yiYEd/HlZdI+q7mXtYv782r9poijBEdwDKfgwhXU4Q4a0AICT/AMr/Bm5daL9W59zFtXrGLmEP7A+vwBzzyU9A==</latexit>r
1

T

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="BwOFCPna1Ueo0rLCSHI05kdAmto=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4Kon4WhbduKzQFzShTKaTduhkEmcmYgn5FTcuFHHrj7jzb5y2WWjrgQuHc+7l3nuChDOlHefbWlldW9/YLG2Vt3d29/btg0pbxakktEViHstugBXlTNCWZprTbiIpjgJOO8H4dup3HqlULBZNPUmoH+GhYCEjWBupb1c89SB15oUSk8zNs2ae9+2qU3NmQMvELUgVCjT69pc3iEkaUaEJx0r1XCfRfoalZoTTvOyliiaYjPGQ9gwVOKLKz2a35+jEKAMUxtKU0Gim/p7IcKTUJApMZ4T1SC16U/E/r5fq8NrPmEhSTQWZLwpTjnSMpkGgAZOUaD4xBBPJzK2IjLCJQZu4yiYEd/HlZdI+q7mXtYv782r9poijBEdwDKfgwhXU4Q4a0AICT/AMr/Bm5daL9W59zFtXrGLmEP7A+vwBzzyU9A==</latexit>r
1

T

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="BwOFCPna1Ueo0rLCSHI05kdAmto=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4Kon4WhbduKzQFzShTKaTduhkEmcmYgn5FTcuFHHrj7jzb5y2WWjrgQuHc+7l3nuChDOlHefbWlldW9/YLG2Vt3d29/btg0pbxakktEViHstugBXlTNCWZprTbiIpjgJOO8H4dup3HqlULBZNPUmoH+GhYCEjWBupb1c89SB15oUSk8zNs2ae9+2qU3NmQMvELUgVCjT69pc3iEkaUaEJx0r1XCfRfoalZoTTvOyliiaYjPGQ9gwVOKLKz2a35+jEKAMUxtKU0Gim/p7IcKTUJApMZ4T1SC16U/E/r5fq8NrPmEhSTQWZLwpTjnSMpkGgAZOUaD4xBBPJzK2IjLCJQZu4yiYEd/HlZdI+q7mXtYv782r9poijBEdwDKfgwhXU4Q4a0AICT/AMr/Bm5daL9W59zFtXrGLmEP7A+vwBzzyU9A==</latexit>r
1

T

<latexit sha1_base64="MQs83cXQDYkLBuaqMlYJ1uL95ik=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGMA9JljA7mSRDZnaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpQh5HQVK3oo1pyqQvBmMbqd+84lrI6LwAccx9xUdhKIvGEUrPXZiI7peGU+7xZJbcWcgy8TLSAky1LrFr04vYoniITJJjWl7box+SjUKJvmk0EkMjykb0QFvWxpSxY2fzg6ekBOr9Eg/0rZCJDP190RKlTFjFdhORXFoFr2p+J/XTrB/7acijBPkIZsv6ieSYESm35Oe0JyhHFtCmRb2VsKGVFOGNqOCDcFbfHmZNM4q3mXl4v68VL3J4sjDERxDGTy4gircQQ3qwEDBM7zCm6OdF+fd+Zi35pxs5hD+wPn8AfAyj9s=</latexit>

 1(t)

<latexit sha1_base64="DbcLYrj90MJkP8m8TdC0o9FYfac=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhDiJewGX8egF48RzEOSJcxOZpMhM7PLTK8QQr7CiwdFvPo53vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZm4rv72zu7dfODhsmDjVlNVpLGLdColhgitWR46CtRLNiAwFa4bD26nffGLa8Fg94ChhgSR9xSNOCVrpsZMY3q2U8KxbKHplbwZ3mfgZKUKGWrfw1enFNJVMIRXEmLbvJRiMiUZOBZvkO6lhCaFD0mdtSxWRzATj2cET99QqPTeKtS2F7kz9PTEm0piRDG2nJDgwi95U/M9rpxhdB2OukhSZovNFUSpcjN3p926Pa0ZRjCwhVHN7q0sHRBOKNqO8DcFffHmZNCpl/7J8cX9erN5kceTgGE6gBD5cQRXuoAZ1oCDhGV7hzdHOi/PufMxbV5xs5gj+wPn8AfG5j9w=</latexit>

 2(t)

<latexit sha1_base64="THIOXTTllRv9vAm1JkCU1t12P0Y=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJez6Pga9eIxgHpIsYXYySYbMzi4zvUJY8hVePCji1c/x5t84SfagiQUNRVU33V1BLIVB1/12lpZXVtfWcxv5za3tnd3C3n7dRIlmvMYiGelmQA2XQvEaCpS8GWtOw0DyRjC8nfiNJ66NiNQDjmLuh7SvRE8wilZ6bMdGdM5KeNIpFN2yOwVZJF5GipCh2il8tbsRS0KukElqTMtzY/RTqlEwycf5dmJ4TNmQ9nnLUkVDbvx0evCYHFulS3qRtqWQTNXfEykNjRmFge0MKQ7MvDcR//NaCfau/VSoOEGu2GxRL5EEIzL5nnSF5gzlyBLKtLC3EjagmjK0GeVtCN78y4ukflr2LssX9+fFyk0WRw4O4QhK4MEVVOAOqlADBiE8wyu8Odp5cd6dj1nrkpPNHMAfOJ8/80CP3Q==</latexit>

 3(t)

<latexit sha1_base64="ASSB7Fh/u7QxVf6oc/Cn3gKd7ks=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKfByDXjxGMA9JljA7mU2GzOwuM71CCPkKLx4U8ernePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGSxHxOgqUvJVoTlUgeTMY3k795hPXRsTRA44S7ivaj0QoGEUrPXYSI7qVEp51C0W37M5AlomXkSJkqHULX51ezFLFI2SSGtP23AT9MdUomOSTfCc1PKFsSPu8bWlEFTf+eHbwhJxapUfCWNuKkMzU3xNjqowZqcB2KooDs+hNxf+8dorhtT8WUZIij9h8UZhKgjGZfk96QnOGcmQJZVrYWwkbUE0Z2ozyNgRv8eVl0jgve5fli/tKsXqTxZGDYziBEnhwBVW4gxrUgYGCZ3iFN0c7L8678zFvXXGymSP4A+fzB/THj94=</latexit>

 4(t)

<latexit sha1_base64="7M7VaXO3eZC8Jw+/iODHU8FZGyk=">AAACKXicbZDLSsNAFIYnXmu9RV26GSxCRShJrZeNUHTjsoK9QBLCZDpph06SYWYilNDXceOruFFQ1K0v4jTtorb+MPDxn3M4c/6AMyqVZX0ZS8srq2vrhY3i5tb2zq65t9+SSSowaeKEJaITIEkYjUlTUcVIhwuCooCRdjC4Hdfbj0RImsQPasiJF6FeTEOKkdKWb9Zd3qe+XVYn124oELarjsvlxIGnMOfqDJ/NcE2z55slq2LlgotgT6EEpmr45pvbTXAakVhhhqR0bIsrL0NCUczIqOimknCEB6hHHI0xioj0svzSETzWTheGidAvVjB3ZycyFEk5jALdGSHVl/O1sflfzUlVeOVlNOapIjGeLApTBlUCx7HBLhUEKzbUgLCg+q8Q95EOTOlwizoEe/7kRWhVK/ZF5fy+VqrfTOMogENwBMrABpegDu5AAzQBBk/gBbyDD+PZeDU+je9J65IxnTkAf2T8/ALZ7KKy</latexit>

�1(t) =
1

2
[ 1(t) +  2(t) +  3(t) +  4(t)]

<latexit sha1_base64="DywOWigiOK9TXQN8sC9izvvFWto=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKmJJar1shKIblxXsBZIQJtNJO3RyYWYilNDXceOruFFQ1K0v4iTtorYeGPj4/3M4c34vZlRIw/jSCkvLK6trxfXSxubW9o6+u9cWUcIxaeGIRbzrIUEYDUlLUslIN+YEBR4jHW94m/mdR8IFjcIHOYqJE6B+SH2KkVSSqzfseEDdWkUeX9s+R9isWXYsqGsqBZ7CnDMXnkz4bEavK3ZcvWxUjbzgIphTKINpNV39ze5FOAlIKDFDQlimEUsnRVxSzMi4ZCeCxAgPUZ9YCkMUEOGk+aVjeKSUHvQjrl4oYa7OTqQoEGIUeKozQHIg5r1M/M+zEulfOSkN40SSEE8W+QmDMoJZbLBHOcGSjRQgzKn6K8QDpAKTKtySCsGcP3kR2rWqeVE9v6+XGzfTOIrgAByCCjDBJWiAO9AELYDBE3gB7+BDe9ZetU/te9Ja0KYz++BPaT+/4haitw==</latexit>

�2(t) =
1

2
[ 1(t)�  2(t) +  3(t)�  4(t)]

<latexit sha1_base64="UKktyb/kB9r2umILh7ZjgT289N4=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKmJJ2nrZCEU3LivYCyQhTKaTdujkwsxEKKGv48ZXcaOgqFtfxEnaRa3+MPDxn3M4c34vZlRIw/jUCkvLK6trxfXSxubW9o6+u9cRUcIxaeOIRbznIUEYDUlbUslIL+YEBR4jXW90k9W7D4QLGoX3chwTJ0CDkPoUI6ksV2/a8ZC69Yo8vrJ9jrBZs+xYUNdUDjyBOdcyPp1yfY4bih1XLxtVIxf8C+YMymCmlqu/2v0IJwEJJWZICMs0YumkiEuKGZmU7ESQGOERGhBLYYgCIpw0v3QCj5TTh37E1QslzN35iRQFQowDT3UGSA7FYi0z/6tZifQvnZSGcSJJiKeL/IRBGcEsNtinnGDJxgoQ5lT9FeIhUoFJFW5JhWAunvwXOrWqeV49u2uUm9ezOIrgAByCCjDBBWiCW9ACbYDBI3gGb+Bde9JetA/ta9pa0GYz++CXtO8f47yiuA==</latexit>

�3(t) =
1

2
[ 1(t) +  2(t)�  3(t)�  4(t)]

<latexit sha1_base64="xRXt/jCWMmTVELm17loaliusHI8=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKmJJar1shKIblxXsBZIQJtNJO3RyYWYilNDXceOruFFQ1K0v4iTtorb+MPDxn3M4c34vZlRIw/jSCkvLK6trxfXSxubW9o6+u9cWUcIxaeGIRbzrIUEYDUlLUslIN+YEBR4jHW94m9U7j4QLGoUPchQTJ0D9kPoUI6ksV2/Y8YC69Yo8vrZ9jrBZs+xYUNdUDjyFOddm+CzjkwlnU46rl42qkQsugjmFMpiq6epvdi/CSUBCiRkSwjKNWDop4pJiRsYlOxEkRniI+sRSGKKACCfNLx3DI+X0oB9x9UIJc3d2IkWBEKPAU50BkgMxX8vM/2pWIv0rJ6VhnEgS4skiP2FQRjCLDfYoJ1iykQKEOVV/hXiAVGBShVtSIZjzJy9Cu1Y1L6rn9/Vy42YaRxEcgENQASa4BA1wB5qgBTB4Ai/gHXxoz9qr9ql9T1oL2nRmH/yR9vML5aqiuQ==</latexit>

�4(t) =
1

2
[ 1(t)�  2(t)�  3(t) +  4(t)]

Hint:
<latexit sha1_base64="7RwpH36e4ekiOVXcfRlqU12eAaI=">AAACL3icbZDJSgNBEIZ7XGPcoh69NAYhHgwzIYlehKAgHiOYBTIh9HR6kiY9i901Qhjmjbz4KrmIKOLVt7CzHLJY0PDzf1VU1++EgiswzQ9jbX1jc2s7tZPe3ds/OMwcHddVEEnKajQQgWw6RDHBfVYDDoI1Q8mI5wjWcAZ3Y954YVLxwH+CYcjaHun53OWUgLY6mXs77PMcXOAbbKtnCbHtSkLjQimJC+UksUPFO9aYXy5waw4XNe5ksmbenBReFdZMZNGsqp3MyO4GNPKYD1QQpVqWGUI7JhI4FSxJ25FiIaED0mMtLX3iMdWOJ/cm+Fw7XewGUj8f8MSdn4iJp9TQc3SnR6CvltnY/I+1InCv2zH3wwiYT6eL3EhgCPA4PNzlklEQQy0IlVz/FdM+0YGAjjitQ7CWT14V9ULeKudLj8Vs5XYWRwqdojOUQxa6QhX0gKqohih6RSP0ib6MN+Pd+DZ+pq1rxmzmBC2U8fsHiGyoLg==</latexit>

�(t) =

r
25

26
 1(t)�

r
1

26
 4(t)

<latexit sha1_base64="xi4QS9rGJyCHBVq/kIA+6G9Ye7U="></latexit>

�(t) =

r
T

4


a�1(t) +

3a

2
�2(t) +

3a

2
�3(t) + a�4(t)

�

<latexit sha1_base64="TtP4KpoJ6bIUl63CtdqtBfkSX0c=">AAACXHicdVHPS8MwGE3r1P1wOhW8eAkOwdNoh1OPohePCs4N1jK+ZmkXlqY1SYVR+0968+K/otnsQTd9EHi8733fl7wEKWdKO867ZW9UNre2q7V6Y6e5u9faP3hSSSYJ7ZOEJ3IYgKKcCdrXTHM6TCWFOOB0EMxuF/XBC5WKJeJRz1PqxxAJFjIC2kjjlvICFkX4FXvqWercCyWQvNsr8u5FUWAPeDoFvPR4EkTEKX511thfM9z/R4xbbafjLIHXiVuSNipxP269eZOEZDEVmnBQauQ6qfZzkJoRTou6lymaAplBREeGCoip8vNlOAU+NcoEh4k0R2i8VH925BArNY8D44xBT9VqbSH+VRtlOrzycybSTFNBvheFGcc6wYuk8YRJSjSfGwJEMnNXTKZgstHmP+omBHf1yevkqdtxLzq9h/P29U0ZRxUdoxN0hlx0ia7RHbpHfUTQO/q0qlbN+rArdsNuflttq+w5RL9gH30BM4y2KQ==</latexit>����

r
25

26
↵

�
|0i|0i

����

r
1

26
↵

�

<latexit sha1_base64="SH07Q5DCyrRGIIvnJoD85COg+bY="></latexit>�����
r

25

26
↵

�
|0i|0i

����

r
1

26
↵

�

<latexit sha1_base64="oyKPe1J9OHL0sxSFoPZ464Jg6kg="></latexit>����

r
25

26
↵

�
|0i|0i

�����
r

1

26
↵

�

<latexit sha1_base64="D5GQ6+SaFwSTL5mx1UWsD3vleKw=">AAACXnicdVHPS8MwGE3rr9mpm3oRvASH4MXRDjc9Dr14nOB0sJbxNUu7YJrWJBVG13/Sm3jxTzGbO6jTB4HH+973fclLmHGmtOu+Wfba+sbmVmXbqe7s7tXq+wcPKs0loX2S8lQOQlCUM0H7mmlOB5mkkIScPoZPN/P64wuViqXiXk8zGiQQCxYxAtpIo3ruhyyO8Qyf++pZ6sKPJJCi1S6LVqcssQ88mwBemHwJIuYUz9wV9ucQ7/8Zo3rDbboL4FXiLUkDLdEb1V/9cUryhApNOCg19NxMBwVIzQinpePnimZAniCmQ0MFJFQFxSKeEp8aZYyjVJojNF6o3zsKSJSaJqFxJqAn6ndtLv5VG+Y6ugoKJrJcU0G+FkU5xzrF86zxmElKNJ8aAkQyc1dMJmCy0eZHHBOC9/vJq+Sh1fQ6zfbdRaN7vYyjgo7RCTpDHrpEXXSLeqiPCHq3LMuxqtaHvWnv2rUvq20tew7RD9hHnxNutZg=</latexit>�����
r

25

26
↵

�
|0i|0i

�����
r

1

26
↵

�
15



Mode sorting
• Unitary mode transformation from a chosen mode basis to the pixel basis:


• Examples of hardware for sorting polarization, spatial, and temporal modes


• Hologram, Prism, Quantum Pulse Gate (QPG), Multi-plane light conversion (MPLC), 
Engineered “meta material” (numerically computed refractive-index distribution)


• We will study the MPLC in a little more detail

Mode 
Sorter

<latexit sha1_base64="RQOP3UdAOTfmXnTcEMNr4HBw3v0="></latexit>

Ein(t) = a1 1(t) + a2 2(t) + a3 3(t) + a4 4(t)
<latexit sha1_base64="M3QhqpJlr6PstTVm4K3PMK0Wl8w="></latexit>

Eout(t) = a1�1(t) + a2�2(t) + a3�3(t) + a4�4(t)

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t
<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="BwOFCPna1Ueo0rLCSHI05kdAmto=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4Kon4WhbduKzQFzShTKaTduhkEmcmYgn5FTcuFHHrj7jzb5y2WWjrgQuHc+7l3nuChDOlHefbWlldW9/YLG2Vt3d29/btg0pbxakktEViHstugBXlTNCWZprTbiIpjgJOO8H4dup3HqlULBZNPUmoH+GhYCEjWBupb1c89SB15oUSk8zNs2ae9+2qU3NmQMvELUgVCjT69pc3iEkaUaEJx0r1XCfRfoalZoTTvOyliiaYjPGQ9gwVOKLKz2a35+jEKAMUxtKU0Gim/p7IcKTUJApMZ4T1SC16U/E/r5fq8NrPmEhSTQWZLwpTjnSMpkGgAZOUaD4xBBPJzK2IjLCJQZu4yiYEd/HlZdI+q7mXtYv782r9poijBEdwDKfgwhXU4Q4a0AICT/AMr/Bm5daL9W59zFtXrGLmEP7A+vwBzzyU9A==</latexit>r
1

T

<latexit sha1_base64="BwOFCPna1Ueo0rLCSHI05kdAmto=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4Kon4WhbduKzQFzShTKaTduhkEmcmYgn5FTcuFHHrj7jzb5y2WWjrgQuHc+7l3nuChDOlHefbWlldW9/YLG2Vt3d29/btg0pbxakktEViHstugBXlTNCWZprTbiIpjgJOO8H4dup3HqlULBZNPUmoH+GhYCEjWBupb1c89SB15oUSk8zNs2ae9+2qU3NmQMvELUgVCjT69pc3iEkaUaEJx0r1XCfRfoalZoTTvOyliiaYjPGQ9gwVOKLKz2a35+jEKAMUxtKU0Gim/p7IcKTUJApMZ4T1SC16U/E/r5fq8NrPmEhSTQWZLwpTjnSMpkGgAZOUaD4xBBPJzK2IjLCJQZu4yiYEd/HlZdI+q7mXtYv782r9poijBEdwDKfgwhXU4Q4a0AICT/AMr/Bm5daL9W59zFtXrGLmEP7A+vwBzzyU9A==</latexit>r
1

T

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="BwOFCPna1Ueo0rLCSHI05kdAmto=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4Kon4WhbduKzQFzShTKaTduhkEmcmYgn5FTcuFHHrj7jzb5y2WWjrgQuHc+7l3nuChDOlHefbWlldW9/YLG2Vt3d29/btg0pbxakktEViHstugBXlTNCWZprTbiIpjgJOO8H4dup3HqlULBZNPUmoH+GhYCEjWBupb1c89SB15oUSk8zNs2ae9+2qU3NmQMvELUgVCjT69pc3iEkaUaEJx0r1XCfRfoalZoTTvOyliiaYjPGQ9gwVOKLKz2a35+jEKAMUxtKU0Gim/p7IcKTUJApMZ4T1SC16U/E/r5fq8NrPmEhSTQWZLwpTjnSMpkGgAZOUaD4xBBPJzK2IjLCJQZu4yiYEd/HlZdI+q7mXtYv782r9poijBEdwDKfgwhXU4Q4a0AICT/AMr/Bm5daL9W59zFtXrGLmEP7A+vwBzzyU9A==</latexit>r
1

T

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="BwOFCPna1Ueo0rLCSHI05kdAmto=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4Kon4WhbduKzQFzShTKaTduhkEmcmYgn5FTcuFHHrj7jzb5y2WWjrgQuHc+7l3nuChDOlHefbWlldW9/YLG2Vt3d29/btg0pbxakktEViHstugBXlTNCWZprTbiIpjgJOO8H4dup3HqlULBZNPUmoH+GhYCEjWBupb1c89SB15oUSk8zNs2ae9+2qU3NmQMvELUgVCjT69pc3iEkaUaEJx0r1XCfRfoalZoTTvOyliiaYjPGQ9gwVOKLKz2a35+jEKAMUxtKU0Gim/p7IcKTUJApMZ4T1SC16U/E/r5fq8NrPmEhSTQWZLwpTjnSMpkGgAZOUaD4xBBPJzK2IjLCJQZu4yiYEd/HlZdI+q7mXtYv782r9poijBEdwDKfgwhXU4Q4a0AICT/AMr/Bm5daL9W59zFtXrGLmEP7A+vwBzzyU9A==</latexit>r
1

T

<latexit sha1_base64="MQs83cXQDYkLBuaqMlYJ1uL95ik=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGMA9JljA7mSRDZnaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpQh5HQVK3oo1pyqQvBmMbqd+84lrI6LwAccx9xUdhKIvGEUrPXZiI7peGU+7xZJbcWcgy8TLSAky1LrFr04vYoniITJJjWl7box+SjUKJvmk0EkMjykb0QFvWxpSxY2fzg6ekBOr9Eg/0rZCJDP190RKlTFjFdhORXFoFr2p+J/XTrB/7acijBPkIZsv6ieSYESm35Oe0JyhHFtCmRb2VsKGVFOGNqOCDcFbfHmZNM4q3mXl4v68VL3J4sjDERxDGTy4gircQQ3qwEDBM7zCm6OdF+fd+Zi35pxs5hD+wPn8AfAyj9s=</latexit>

 1(t)
<latexit sha1_base64="DbcLYrj90MJkP8m8TdC0o9FYfac=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhDiJewGX8egF48RzEOSJcxOZpMhM7PLTK8QQr7CiwdFvPo53vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZm4rv72zu7dfODhsmDjVlNVpLGLdColhgitWR46CtRLNiAwFa4bD26nffGLa8Fg94ChhgSR9xSNOCVrpsZMY3q2U8KxbKHplbwZ3mfgZKUKGWrfw1enFNJVMIRXEmLbvJRiMiUZOBZvkO6lhCaFD0mdtSxWRzATj2cET99QqPTeKtS2F7kz9PTEm0piRDG2nJDgwi95U/M9rpxhdB2OukhSZovNFUSpcjN3p926Pa0ZRjCwhVHN7q0sHRBOKNqO8DcFffHmZNCpl/7J8cX9erN5kceTgGE6gBD5cQRXuoAZ1oCDhGV7hzdHOi/PufMxbV5xs5gj+wPn8AfG5j9w=</latexit>

 2(t)

<latexit sha1_base64="THIOXTTllRv9vAm1JkCU1t12P0Y=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJez6Pga9eIxgHpIsYXYySYbMzi4zvUJY8hVePCji1c/x5t84SfagiQUNRVU33V1BLIVB1/12lpZXVtfWcxv5za3tnd3C3n7dRIlmvMYiGelmQA2XQvEaCpS8GWtOw0DyRjC8nfiNJ66NiNQDjmLuh7SvRE8wilZ6bMdGdM5KeNIpFN2yOwVZJF5GipCh2il8tbsRS0KukElqTMtzY/RTqlEwycf5dmJ4TNmQ9nnLUkVDbvx0evCYHFulS3qRtqWQTNXfEykNjRmFge0MKQ7MvDcR//NaCfau/VSoOEGu2GxRL5EEIzL5nnSF5gzlyBLKtLC3EjagmjK0GeVtCN78y4ukflr2LssX9+fFyk0WRw4O4QhK4MEVVOAOqlADBiE8wyu8Odp5cd6dj1nrkpPNHMAfOJ8/80CP3Q==</latexit>

 3(t)

<latexit sha1_base64="ASSB7Fh/u7QxVf6oc/Cn3gKd7ks=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKfByDXjxGMA9JljA7mU2GzOwuM71CCPkKLx4U8ernePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGSxHxOgqUvJVoTlUgeTMY3k795hPXRsTRA44S7ivaj0QoGEUrPXYSI7qVEp51C0W37M5AlomXkSJkqHULX51ezFLFI2SSGtP23AT9MdUomOSTfCc1PKFsSPu8bWlEFTf+eHbwhJxapUfCWNuKkMzU3xNjqowZqcB2KooDs+hNxf+8dorhtT8WUZIij9h8UZhKgjGZfk96QnOGcmQJZVrYWwkbUE0Z2ozyNgRv8eVl0jgve5fli/tKsXqTxZGDYziBEnhwBVW4gxrUgYGCZ3iFN0c7L8678zFvXXGymSP4A+fzB/THj94=</latexit>

 4(t)

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="r0USVC2c58+LU1R6lgwo+lXoKBM=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmkPpZFNy4r9AVNKZPppB06mcSZiVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufceP+ZMacf5tgpr6xubW8Xt0s7u3v6BfVhuqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacef3M78ziOVikWiqacx7Yd4JFjACNZGGthlTz1InXqBxCStZWkzywZ2xak6c6BV4uakAjkaA/vLG0YkCanQhGOleq4T636KpWaE06zkJYrGmEzwiPYMFTikqp/Ob8/QqVGGKIikKaHRXP09keJQqWnom84Q67Fa9mbif14v0cF1P2UiTjQVZLEoSDjSEZoFgYZMUqL51BBMJDO3IjLGJgZt4iqZENzll1dJ+7zqXlYv7muV+k0eRxGO4QTOwIUrqMMdNKAFBJ7gGV7hzcqsF+vd+li0Fqx85gj+wPr8AdPXlPc=</latexit>r
4

T

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="r0USVC2c58+LU1R6lgwo+lXoKBM=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmkPpZFNy4r9AVNKZPppB06mcSZiVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufceP+ZMacf5tgpr6xubW8Xt0s7u3v6BfVhuqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacef3M78ziOVikWiqacx7Yd4JFjACNZGGthlTz1InXqBxCStZWkzywZ2xak6c6BV4uakAjkaA/vLG0YkCanQhGOleq4T636KpWaE06zkJYrGmEzwiPYMFTikqp/Ob8/QqVGGKIikKaHRXP09keJQqWnom84Q67Fa9mbif14v0cF1P2UiTjQVZLEoSDjSEZoFgYZMUqL51BBMJDO3IjLGJgZt4iqZENzll1dJ+7zqXlYv7muV+k0eRxGO4QTOwIUrqMMdNKAFBJ7gGV7hzcqsF+vd+li0Fqx85gj+wPr8AdPXlPc=</latexit>r
4

T

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="r0USVC2c58+LU1R6lgwo+lXoKBM=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmkPpZFNy4r9AVNKZPppB06mcSZiVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufceP+ZMacf5tgpr6xubW8Xt0s7u3v6BfVhuqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacef3M78ziOVikWiqacx7Yd4JFjACNZGGthlTz1InXqBxCStZWkzywZ2xak6c6BV4uakAjkaA/vLG0YkCanQhGOleq4T636KpWaE06zkJYrGmEzwiPYMFTikqp/Ob8/QqVGGKIikKaHRXP09keJQqWnom84Q67Fa9mbif14v0cF1P2UiTjQVZLEoSDjSEZoFgYZMUqL51BBMJDO3IjLGJgZt4iqZENzll1dJ+7zqXlYv7muV+k0eRxGO4QTOwIUrqMMdNKAFBJ7gGV7hzcqsF+vd+li0Fqx85gj+wPr8AdPXlPc=</latexit>r
4

T

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="r0USVC2c58+LU1R6lgwo+lXoKBM=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmkPpZFNy4r9AVNKZPppB06mcSZiVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufceP+ZMacf5tgpr6xubW8Xt0s7u3v6BfVhuqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacef3M78ziOVikWiqacx7Yd4JFjACNZGGthlTz1InXqBxCStZWkzywZ2xak6c6BV4uakAjkaA/vLG0YkCanQhGOleq4T636KpWaE06zkJYrGmEzwiPYMFTikqp/Ob8/QqVGGKIikKaHRXP09keJQqWnom84Q67Fa9mbif14v0cF1P2UiTjQVZLEoSDjSEZoFgYZMUqL51BBMJDO3IjLGJgZt4iqZENzll1dJ+7zqXlYv7muV+k0eRxGO4QTOwIUrqMMdNKAFBJ7gGV7hzcqsF+vd+li0Fqx85gj+wPr8AdPXlPc=</latexit>r
4

T

<latexit sha1_base64="iyQK8d1TYm/PpXgrlmEGlSxw9Ro=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoMQL2FXfB2DXjxGMA9JljA7mSRDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBbcoOd9O7mV1bX1jfxmYWt7Z3evuH/QMFGiKavTSES6FRLDBFesjhwFa8WaERkK1gxHt1O/+cS04ZF6wHHMAkkGivc5JWilx0485F2/jKfdYsmreDO4y8TPSAky1LrFr04voolkCqkgxrR9L8YgJRo5FWxS6CSGxYSOyIC1LVVEMhOks4Mn7olVem4/0rYUujP190RKpDFjGdpOSXBoFr2p+J/XTrB/HaRcxQkyReeL+olwMXKn37s9rhlFMbaEUM3trS4dEk0o2owKNgR/8eVl0jir+JeVi/vzUvUmiyMPR3AMZfDhCqpwBzWoAwUJz/AKb452Xpx352PemnOymUP4A+fzB99Ej9A=</latexit>

�1(t)

<latexit sha1_base64="wp5X087mGSPI9++okmW7YzILPJo=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhDiJewGX8egF48RzEOSJcxOZpMhM7PLTK8QQr7CiwdFvPo53vwbJ8keNLGgoajqprsrTAQ36Hnfzsrq2vrGZm4rv72zu7dfODhsmDjVlNVpLGLdColhgitWR46CtRLNiAwFa4bD26nffGLa8Fg94ChhgSR9xSNOCVrpsZMMeLdSwrNuoeiVvRncZeJnpAgZat3CV6cX01QyhVQQY9q+l2AwJho5FWyS76SGJYQOSZ+1LVVEMhOMZwdP3FOr9Nwo1rYUujP198SYSGNGMrSdkuDALHpT8T+vnWJ0HYy5SlJkis4XRalwMXan37s9rhlFMbKEUM3trS4dEE0o2ozyNgR/8eVl0qiU/cvyxf15sXqTxZGDYziBEvhwBVW4gxrUgYKEZ3iFN0c7L8678zFvXXGymSP4A+fzB+DLj9E=</latexit>

�2(t)

<latexit sha1_base64="TGXXM/epdiSfuUCM6gVfO9nhTwA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhDiJez6Pga9eIxgHpIsYXYySYbMzC4zvUJY8hVePCji1c/x5t84SfagiQUNRVU33V1hLLhBz/t2lpZXVtfWcxv5za3tnd3C3n7dRImmrEYjEelmSAwTXLEachSsGWtGZChYIxzeTvzGE9OGR+oBRzELJOkr3uOUoJUe2/GAd85KeNIpFL2yN4W7SPyMFCFDtVP4ancjmkimkApiTMv3YgxSopFTwcb5dmJYTOiQ9FnLUkUkM0E6PXjsHlul6/YibUuhO1V/T6REGjOSoe2UBAdm3puI/3mtBHvXQcpVnCBTdLaolwgXI3fyvdvlmlEUI0sI1dze6tIB0YSizShvQ/DnX14k9dOyf1m+uD8vVm6yOHJwCEdQAh+uoAJ3UIUaUJDwDK/w5mjnxXl3PmatS042cwB/4Hz+AOJSj9I=</latexit>

�3(t)

<latexit sha1_base64="1IY7r5+mdVWtfAHvVw9SQBopkJg=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhDiJexKfByDXjxGMA9JljA7mU2GzMwuM71CCPkKLx4U8ernePNvnCR70MSChqKqm+6uMBHcoOd9Oyura+sbm7mt/PbO7t5+4eCwYeJUU1ansYh1KySGCa5YHTkK1ko0IzIUrBkOb6d+84lpw2P1gKOEBZL0FY84JWilx04y4N1KCc+6haJX9mZwl4mfkSJkqHULX51eTFPJFFJBjGn7XoLBmGjkVLBJvpMalhA6JH3WtlQRyUwwnh08cU+t0nOjWNtS6M7U3xNjIo0ZydB2SoIDs+hNxf+8dorRdTDmKkmRKTpfFKXCxdidfu/2uGYUxcgSQjW3t7p0QDShaDPK2xD8xZeXSeO87F+WL+4rxepNFkcOjuEESuDDFVThDmpQBwoSnuEV3hztvDjvzse8dcXJZo7gD5zPH+PZj9M=</latexit>

�4(t)

16



Multi Plane Light Conversion (MPLC)

Apply a spatially-varying phase             : spatial-light modulator (SLM)
<latexit sha1_base64="x1AA3/LQPAS2ChVPFAbCzEbfBiY=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBAiSNgVX8egF48RzAM2IcxOZpMhszPLTK+4LPkMLx4U8erXePNvnCR70MSChqKqm+6uIBbcgOt+O0vLK6tr64WN4ubW9s5uaW+/aVSiKWtQJZRuB8QwwSVrAAfB2rFmJAoEawWj24nfemTacCUfII1ZNyIDyUNOCVjJ78CQAak8naYnvVLZrbpT4EXi5aSMctR7pa9OX9EkYhKoIMb4nhtDNyMaOBVsXOwkhsWEjsiA+ZZKEjHTzaYnj/GxVfo4VNqWBDxVf09kJDImjQLbGREYmnlvIv7n+QmE192MyzgBJulsUZgIDApP/sd9rhkFkVpCqOb2VkyHRBMKNqWiDcGbf3mRNM+q3mX14v68XLvJ4yigQ3SEKshDV6iG7lAdNRBFCj2jV/TmgPPivDsfs9YlJ585QH/gfP4AmemQ0g==</latexit>

✓(x, y)

<latexit sha1_base64="uPpMan7Jptp0quVfbKFzBahlikw=">AAACO3icbVDLSgMxFM34tr6qLt0Ei6AgZUZ8bQTRjUsVq0Knlkx6a0OTzJDcEcsw/+XGn3Dnxo0LRdy6N32AzwMh5557D8k9USKFRd9/9IaGR0bHxicmC1PTM7NzxfmFcxunhkOFxzI2lxGzIIWGCgqUcJkYYCqScBG1D7v9ixswVsT6DDsJ1BS71qIpOEMn1YunoU1VPdPrKmfuUnmYWNGvV2/XO2sUrjIRYguQ9eqc7tEvS/ SfpV4s+WW/B/qXBANSIgMc14sPYSPmqQKNXDJrq4GfYC1jBgWXkBfC1ELCeJtdQ9VRzRTYWtbbPacrTmnQZmzc0Uh76ndHxpS1HRW5ScWwZX/3uuJ/vWqKzd1aJnSSImjef6iZSoox7QZJG8IAR9lxhHEj3F8pbzHDOLq4Cy6E4PfKf8n5RjnYLm+dbJb2DwZxTJAlskxWSUB2yD45IsekQji5I0/khbx6996z9+a990eHvIFnkfyA9/EJIfiutw==</latexit>X

n,m

anm n,m(x, y)ei✓(x,y) =
X

n,m

bnm n,m(x, y)

<latexit sha1_base64="H6WyHcZ4baX8zjsOU9YToKP8qOQ=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdRGCXjxGMA9IljA7mU2GzM6uM71CWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJ34zSeujYjVA44S7ke0r0QoGEUrta5J0M2Gctwtld2KOwVZJF5OypCj1i19dXoxSyOukElqTNtzE/QzqlEwycfFTmp4QtmQ9nnbUkUjbvxseu+YHFulR8JY21JIpurviYxGxoyiwHZGFAdm3puI/3ntFMMrPxMqSZErNlsUppJgTCbPk57QnKEcWUKZFvZWwgZUU4Y2oqINwZt/eZE0TiveReX8/qxcvcnjKMAhHMEJeHAJVbiDGtSBgYRneIU359F5cd6dj1nrkpPPHMAfOJ8/rgKPwQ==</latexit>

= bkl

<latexit sha1_base64="8r/i28Cf6jj7+j3vFtp5l6ZN3K8="></latexit>X

n,m

anm

Z 1

�1

Z 1

�1
 n,m(x, y) ⇤

k,l(x, y)e
i✓(x,y)dxdy =

Z 1

�1

Z 1

�1

X

n,m

bnm n,m(x, y) ⇤
k,l(x, y)dxdy

<latexit sha1_base64="fCD3meV8ccTOO7XLbNE9WHjEUaU=">AAAB9HicbVDJSgNBEO1xjXGLevTSGARPw4y4HYNePEYwC2SG0NOpSZr0LHbXBMKQ7/DiQRGvfow3/8ZOMgdNfFDweK+KqnpBKoVGx/m2VlbX1jc2S1vl7Z3dvf3KwWFTJ5ni0OCJTFQ7YBqkiKGBAiW0UwUsCiS0guHd1G+NQGmRxI84TsGPWD8WoeAMjeR7EkLseEr0B2h3K1XHdmagy8QtSJUUqHcrX14v4VkEMXLJtO64Top+zhQKLmFS9jINKeND1oeOoTGLQPv57OgJPTVKj4aJMhUjnam/J3IWaT2OAtMZMRzoRW8q/ud1Mgxv/FzEaYYQ8/miMJMUEzpNgPaEAo5ybAjjSphbKR8wxTianMomBHfx5WXSPLfdK/vy4aJauy3iKJFjckLOiEuuSY3ckzppEE6eyDN5JW/WyHqx3q2PeeuKVcwckT+wPn8AsZSSEA==</latexit>

[
<latexit sha1_base64="/8SvvHOaFCfhWznN56Vee4ONLN4=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBE8hUT8Oha9eKxgP6AJZbPdtEs3m7g7KZTQ3+HFgyJe/THe/Ddu2xy09cHA470ZZuaFqeAaXffbWlldW9/YLG2Vt3d29/YrB4dNnWSKsgZNRKLaIdFMcMkayFGwdqoYiUPBWuHwbuq3RkxpnshHHKcsiElf8ohTgkYKfMEidHzF+wMMupWq67gz2MvEK0gVCtS7lS+/l9AsZhKpIFp3PDfFICcKORVsUvYzzVJCh6TPOoZKEjMd5LOjJ/apUXp2lChTEu2Z+nsiJ7HW4zg0nTHBgV70puJ/XifD6CbIuUwzZJLOF0WZsDGxpwnYPa4YRTE2hFDFza02HRBFKJqcyiYEb/HlZdI8d7wr5/Lholq7LeIowTGcwBl4cA01uIc6NIDCEzzDK7xZI+vFerc+5q0rVjFzBH9gff4As2GSEg==</latexit>

]

<latexit sha1_base64="CeJBRNm8N2AcuLlPdsXCWGAyeEo=">AAACEnicbVDLSgMxFM3UV62vqks3wSK0IGVGfC2LblxWsA/olJJJb9vQzMPkTrEM/QY3/oobF4q4deXOvzF9LLT1QMjJOfeSe48XSaHRtr+t1NLyyupaej2zsbm1vZPd3avqMFYcKjyUoap7TIMUAVRQoIR6pID5noSa178e+7UBKC3C4A6HETR91g1ER3CGRmplC4nrhbKth765aOJiD5CNRtSF+1gM6PSdfzgeFlrZnF20J6CLxJmRHJmh3Mp+ue2Qxz4EyCXTuuHYETYTplBwCaOMG2uIGO+zLjQMDZgPuplMVhrRI6O0aSdU5gRIJ+rvjoT5ejy0qfQZ9vS8Nxb/8xoxdi6biQiiGCHg0486saQY0nE+tC0UcJRDQxhXwsxKeY8pxtGkmDEhOPMrL5LqSdE5L57dnuZKV7M40uSAHJI8ccgFKZEbUiYVwskjeSav5M16sl6sd+tjWpqyZj375A+szx+Ztp4K</latexit>

✓ ⌘ ✓(x, y)

<latexit sha1_base64="Gkqs/4AKgsB/zwCQG7Y52LOGkRI=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEfC2LblxWsA9oQplMJu3QyYOZG6HELPwVNy4UcetvuPNvnLRZaOuBYQ7n3MucOV4iuALL+jYqS8srq2vV9drG5tb2jrm711FxKilr01jEsucRxQSPWBs4CNZLJCOhJ1jXG98UfveBScXj6B4mCXNDMox4wCkBLQ3Mg8zxYuGrSagvnDkwYkDyfGDWrYY1BV4kdknqqERrYH45fkzTkEVABVGqb1sJuBmRwKlgec1JFUsIHZMh62sakZApN5vmz/GxVnwcxFKfCPBU/b2RkVAVCfVkSGCk5r1C/M/rpxBcuRmPkhRYRGcPBanAEOOiDOxzySiIiSaESq6zYjoiklDQldV0Cfb8lxdJ57RhXzTO787qzeuyjio6REfoBNnoEjXRLWqhNqLoET2jV/RmPBkvxrvxMRutGOXOPvoD4/MH1/2Wpg==</latexit>

✓

<latexit sha1_base64="vtDHlRNTN/4Wkx3RrE6nwIAYoEA=">AAACJHicbVDLSsNAFJ34rPUVdelmsAgupCTiC0QounFZwT6gKWUynbZDJ5MwcyOUkI9x46+4ceEDF278FidtFrb1wDCHc+7l3nv8SHANjvNtLSwuLa+sFtaK6xubW9v2zm5dh7GirEZDEaqmTzQTXLIacBCsGSlGAl+whj+8zfzGI1Oah/IBRhFrB6QveY9TAkbq2FeJ54eiq0eB+bCf4mtc60xpiQcDBiRNveMpnaQdu+SUnTHwPHFzUkI5qh37w+uGNA6YBCqI1i3XiaCdEAWcCpYWvViziNAh6bOWoZIETLeT8ZEpPjRKF/dCZZ4EPFb/diQk0NlqpjIgMNCzXib+57Vi6F22Ey6jGJikk0G9WGAIcZYY7nLFKIiRIYQqbnbFdEAUoWByLZoQ3NmT50n9pOyel8/uT0uVmzyOAtpHB+gIuegCVdAdqqIaougJvaA39G49W6/Wp/U1KV2w8p49NAXr5xdk5KXq</latexit>

b = U✓ a

<latexit sha1_base64="sRZ2Euc7MkuNOWpjRGfoCidDBa8=">AAACGHicbVC7TsMwFHXKq5RXgJHFokIqqCoJ4jVWsDAWiT6ktlSO47RWHSeyHdQoymew8CssDCDE2o2/wW06QMuRbB2fc69873FCRqWyrG8jt7S8srqWXy9sbG5t75i7ew0ZRAKTOg5YIFoOkoRRTuqKKkZaoSDIdxhpOsPbid98IkLSgD+oOCRdH/U59ShGSks987RDuYLZFUraS3jZTx9PSqNyfJwJwzJLp0/ojty4ZxatijUFXCT2jBTBDLWeOe64AY58whVmSMq2bYWqmyChKGYkLXQiSUKEh6hP2ppy5BPZTaaLpfBIKy70AqGPnnCq/u5IkC9l7Du60kdqIOe9ifif146Ud91NKA8jRTjOPvIiBlUAJylBlwqCFYs1QVhQPSvEAyQQVjrLgg7Bnl95kTTOKvZl5eL+vFi9mcWRBwfgEJSADa5AFdyBGqgDDJ7BK3gHH8aL8WZ8Gl9Zac6Y9eyDPzDGP2GBn14=</latexit>Z Z
 ⇤
n,m(x, y) k,l(x, y)dxdy

<latexit sha1_base64="356Oemiu2ZXPVQBYn25ynnM1t3k=">AAACDXicbZC7SgNBFIZn4y3G26qlzWAULELYFW9NIGhjGcFcIBvC7OwkGTI7u86cFcOSF7DxVWwsFLG1t/NtnFwKTfxh4OM/53Dm/H4suAbH+bYyC4tLyyvZ1dza+sbmlr29U9NRoiir0khEquETzQSXrAocBGvEipHQF6zu969G9fo9U5pH8hYGMWuFpCt5h1MCxmrbByXsFrB3l5AAy1LfYCH1gD1ASmQwHHoFHJZE2847RWcsPA/uFPJoqkrb/vKCiCYhk0AF0brpOjG0UqKAU8GGOS/RLCa0T7qsaVCSkOlWOr5miA+NE+BOpMyTgMfu74mUhFoPQt90hgR6erY2Mv+rNRPoXLRSLuMEmKSTRZ1EYIjwKBoccMUoiIEBQhU3f8W0RxShYALMmRDc2ZPnoXZcdM+Kpzcn+fLlNI4s2kP76Ai56ByV0TWqoCqi6BE9o1f0Zj1ZL9a79TFpzVjTmV30R9bnD5Oamgo=</latexit>

= 1, n = k, andm = l
<latexit sha1_base64="i775il/u2Dtt2LCJF0OsxcMG6wc=">AAACBnicbVDJSgNBEO1xjXGLehShMQgeJMyI20UIevEYwSyQCaGnU0ma9Cx216hhmJMXf8WLB0W8+g3e/Bs7y0ETHxQ83quiqp4XSaHRtr+tmdm5+YXFzFJ2eWV1bT23sVnRYaw4lHkoQ1XzmAYpAiijQAm1SAHzPQlVr3c58Kt3oLQIgxvsR9DwWScQbcEZGqmZ2zmn9gF1b2PWoomL8IBJiF1Q90JDmjZzebtgD0GniTMmeTJGqZn7clshj30IkEumdd2xI2wkTKHgEtKsG2uIGO+xDtQNDZgPupEM30jpnlFatB0qUwHSofp7ImG+1n3fM50+w66e9Abif149xvZZIxFBFCMEfLSoHUuKIR1kQltCAUfZN4RxJcytlHeZYhxNclkTgjP58jSpHBack8Lx9VG+eDGOI0O2yS7ZJw45JUVyRUqkTDh5JM/klbxZT9aL9W59jFpnrPHMFvkD6/MHzBSYwg==</latexit>

= 0, otherwise

<latexit sha1_base64="JXSQ6AbGfh07uaaKXO7Vwf9hxZ8=">AAAB+HicbVDJSgNBEK1xjXHJqEcvjUHwFGbE7Rj04jGCWSAzhJ5OT9KkZ6G7RohDvsSLB0W8+ine/Bs7yRw08UHB470qquoFqRQaHefbWlldW9/YLG2Vt3d29yr2/kFLJ5livMkSmahOQDWXIuZNFCh5J1WcRoHk7WB0O/Xbj1xpkcQPOE65H9FBLELBKBqpZ1c8yUP0cuIpMRhirWdXnZozA1kmbkGqUKDRs7+8fsKyiMfIJNW66zop+jlVKJjkk7KXaZ5SNqID3jU0phHXfj47fEJOjNInYaJMxUhm6u+JnEZaj6PAdEYUh3rRm4r/ed0Mw2s/F3GaIY/ZfFGYSYIJmaZA+kJxhnJsCGVKmFsJG1JFGZqsyiYEd/HlZdI6q7mXtYv782r9poijBEdwDKfgwhXU4Q4a0AQGGTzDK7xZT9aL9W59zFtXrGLmEP7A+vwBaVaS8Q==</latexit>

{, with
<latexit sha1_base64="QXmfR7PL1BdeaC7Nueg2GKHzbos="></latexit>

E0(x, y) =
∑

n,m

an,mωn,m(x, y)

<latexit sha1_base64="joAr3SfRZiQN3IGFiEWpuDH5fHE="></latexit>

E1(x, y) = E0(x, y)e
iω(x,y)

<latexit sha1_base64="joAr3SfRZiQN3IGFiEWpuDH5fHE="></latexit>

E1(x, y) = E0(x, y)e
iω(x,y)

<latexit sha1_base64="joAr3SfRZiQN3IGFiEWpuDH5fHE="></latexit>

E1(x, y) = E0(x, y)e
iω(x,y)

(Represent it again in 
the chosen basis)

<latexit sha1_base64="ELtYxYzeh9Pjgvs81EJUC+V2kvg=">AAACFHicbZDLSgMxFIYz9VbrrerChZtgESqUMiNS3QhFNy4r2Au0w5BJM21okhmSjDgM8xq+gFt9A3fi1r0v4HOYXha29YfAx3/O4Zz8fsSo0rb9beVWVtfWN/Kbha3tnd294v5BS4WxxKSJQxbKjo8UYVSQpqaakU4kCeI+I21/dDuutx+JVDQUDzqJiMvRQNCAYqSN5RWPrn0vFTyDvUhRQxWelZ8qyZlXLNlVeyK4DM4MSmCmhlf86fVDHHMiNGZIqa5jR9pNkdQUM5IVerEiEcIjNCBdgwJxotx08oEMnhqnD4NQmic0nLh/J1LElUq4bzo50kO1WBub/9W6sQ6u3JSKKNZE4OmiIGZQh3CcBuxTSbBmiQGEJTW3QjxEEmFtMpvb4ks0IjormGCcxRiWoXVedWrV2v1FqX4ziygPjsEJKAMHXII6uAMN0AQYZOAFvII369l6tz6sz2lrzprNHII5WV+/rSieaQ==</latexit>

= bnmωn,m(x, y)

Coherent state pulse represented in (spatial) orthonormal basis
<latexit sha1_base64="ZtYZDbyDzPSn7xrYklD3xOADSY4=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxChVIS8bUsunFZwT6gDWEynbRDZyZhZiLG0C9x40IRt36KO//GaZuFth64cDjnXu69J4gZVdpxvq3Cyura+kZxs7S1vbNbtvf22ypKJCYtHLFIdgOkCKOCtDTVjHRjSRAPGOkE45up33kgUtFI3Os0Jh5HQ0FDipE2km+X+7GifiZqfFJ9rKUnvl1x6s4McJm4OamAHE3f/uoPIpxwIjRmSKme68Tay5DUFDMyKfUTRWKEx2hIeoYKxInystnhE3hslAEMI2lKaDhTf09kiCuV8sB0cqRHatGbiv95vUSHV15GRZxoIvB8UZgwqCM4TQEOqCRYs9QQhCU1t0I8QhJhbbIqmRDcxZeXSfu07l7Uz+/OKo3rPI4iOARHoApccAka4BY0QQtgkIBn8ArerCfrxXq3PuatBSufOQB/YH3+AB4Vkr8=</latexit>

 n,m(x, y)

• Multiplication by spatial phase is a mode transformation:

<latexit sha1_base64="/f0ApjU9oqW0gGJPLG5f9THNfkg=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5RdqR/HohePFdy20i4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/0NRxqgj1Scxj1Q6xppxJ6htmOG0nimIRctoKR7dTv/VElWaxfDDjhAYCDySLGMHGSo9+L5PibMQnvXLFrbozoGXi5aQCORq98le3H5NUUGkIx1p3PDcxQYaVYYTTSambappgMsID2rFUYkF1kM0OnqATq/RRFCtb0qCZ+nsiw0LrsQhtp8BmqBe9qfif10lNdB1kTCapoZLMF0UpRyZG0+9RnylKDB9bgoli9lZEhlhhYmxGJRuCt/jyMmmeV73L6sV9rVK/yeMowhEcwyl4cAV1uIMG+EBAwDO8wpujnBfn3fmYtxacfOYQ/sD5/AHGNpBo</latexit>

Unm,kl
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Multi Plane Light Conversion (MPLC) -contd.

<latexit sha1_base64="AsbXIYrVf9/m4JDLjnMeFt8Oq4o=">AAACHnicbVDLSgMxFM3UV62vqks3wSK0UMqMWHUjFN24rGAf0BlLJk3b0CQzJBlxGPolbvwVNy4UEVzp35i2s9DWAyEn59zLzT1+yKjStv1tZZaWV1bXsuu5jc2t7Z387l5TBZHEpIEDFsi2jxRhVJCGppqRdigJ4j4jLX90NfFb90QqGohbHYfE42ggaJ9ipI3UzVcvoKsi3k1EmY+xufjYDRWdvYsPd24oKSflOCUlt6yKutTNF+yKPQVcJE5KCiBFvZv/dHsBjjgRGjOkVMexQ+0lSGqKGRnn3EiREOERGpCOoQJxorxkut4YHhmlB/uBNEdoOFV/dySIKxVz31RypIdq3puI/3mdSPfPvYSKMNJE4NmgfsSgDuAkK9ijkmDNYkMQltT8FeIhkghrk2jOhODMr7xImscV57RSvTkp1C7TOLLgAByCInDAGaiBa1AHDYDBI3gGr+DNerJerHfrY1aasdKeffAH1tcPcRmiqg==</latexit>

=
X

n,m

cnm n,m(x0, y0) s(t) (Represent it again in the 
chosen basis)

<latexit sha1_base64="5ncbZVNP/uP7yIzhK+qRFhFDmj8="></latexit>

a(out) = U✓NV . . . V U✓3V U✓2V U✓1a
(in)

<latexit sha1_base64="l9JRV0RztiNTa4GYfkIIoNauSZ4=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICURXxuh6MZlBfuAJpbJZNIOnUzCzEQoIWs3/oobF4q49Qvc+TdO2iy0emCYwzn3cu89XsyoVJb1ZZTm5hcWl8rLlZXVtfUNc3OrLaNEYNLCEYtE10OSMMpJS1HFSDcWBIUeIx1vdJX7nXsiJI34rRrHxA3RgNOAYqS01Dd3L2ALOoep40XMl+NQfxBld6kjwrRG+UGW9c2qVbcmgH+JXZAqKNDsm5+OH+EkJFxhhqTs2Vas3BQJRTEjWcVJJIkRHqEB6WnKUUikm05OyeC+VnwYREI/ruBE/dmRolDma+rKEKmhnPVy8T+vl6jg3E0pjxNFOJ4OChIGVQTzXKBPBcGKjTVBWFC9K8RDJBBWOr2KDsGePfkvaR/V7dP6yc1xtXFZxFEGO2AP1IANzkADXIMmaAEMHsATeAGvxqPxbLwZ79PSklH0bINfMD6+AVf/mhY=</latexit>

= U a(in) Any unitary  can be approximated arbitrarily accurately 
by using a large enough number ( ) of SLMs

U
N

<latexit sha1_base64="joAr3SfRZiQN3IGFiEWpuDH5fHE="></latexit>

E1(x, y) = E0(x, y)e
iω(x,y)

Propagate the pulse                 through a “4f system”: a Fourier Transform
<latexit sha1_base64="tezpAutdP5j8L2Y1LUrZ4AjcfP0=">AAACA3icbVDLSsNAFJ3UV62vqks3g0WoICURqS6LIrisYB/QhjKZTtqhk0mYuRFD6NIfcKt/4E7c+iH+gN/htM3Cth64cDjnXu69x4sE12Db31ZuZXVtfSO/Wdja3tndK+4fNHUYK8oaNBShantEM8ElawAHwdqRYiTwBGt5o5uJ33pkSvNQPkASMTcgA8l9TgkYqX3bc8pPZ8lpr1iyK/YUeJk4GSmhDPVe8afbD2kcMAlUEK07jh2BmxIFnAo2LnRjzSJCR2TAOoZKEjDtptN7x/jEKH3sh8qUBDxV/06kJNA6CTzTGRAY6kVvIv7ndWLwr9yUyygGJulskR8LDCGePI/7XDEKIjGEUMXNrZgOiSIUTERzWzxFRgzGBROMsxjDMmmeV5xqpXp/UapdZxHl0RE6RmXkoEtUQ3eojhqIIoFe0Ct6s56td+vD+py15qxs5hDNwfr6Bec5l4A=</latexit>

E1(x, y)
<latexit sha1_base64="tezpAutdP5j8L2Y1LUrZ4AjcfP0=">AAACA3icbVDLSsNAFJ3UV62vqks3g0WoICURqS6LIrisYB/QhjKZTtqhk0mYuRFD6NIfcKt/4E7c+iH+gN/htM3Cth64cDjnXu69x4sE12Db31ZuZXVtfSO/Wdja3tndK+4fNHUYK8oaNBShantEM8ElawAHwdqRYiTwBGt5o5uJ33pkSvNQPkASMTcgA8l9TgkYqX3bc8pPZ8lpr1iyK/YUeJk4GSmhDPVe8afbD2kcMAlUEK07jh2BmxIFnAo2LnRjzSJCR2TAOoZKEjDtptN7x/jEKH3sh8qUBDxV/06kJNA6CTzTGRAY6kVvIv7ndWLwr9yUyygGJulskR8LDCGePI/7XDEKIjGEUMXNrZgOiSIUTERzWzxFRgzGBROMsxjDMmmeV5xqpXp/UapdZxHl0RE6RmXkoEtUQ3eojhqIIoFe0Ct6s56td+vD+py15qxs5hDNwfr6Bec5l4A=</latexit>

E1(x, y)
<latexit sha1_base64="vcLTua6cPX9HUp29BY1g+VUMyY0=">AAACBXicbVDLSsNAFJ3UV62vqks3wSKtICUpUl0WRXBZwT6wDWUyvWmHTiZhZiKG0LU/4Fb/wJ249Tv8Ab/DaZuFbT1w4XDOvdx7jxsyKpVlfRuZldW19Y3sZm5re2d3L79/0JRBJAg0SMAC0XaxBEY5NBRVDNqhAOy7DFru6Hritx5BSBrwexWH4Ph4wKlHCVZaerjpVUpPxbO4eNrLF6yyNYW5TOyUFFCKei//0+0HJPKBK8KwlB3bCpWTYKEoYTDOdSMJISYjPICOphz7IJ1kevHYPNFK3/QCoYsrc6r+nUiwL2Xsu7rTx2ooF72J+J/XiZR36SSUh5ECTmaLvIiZKjAn75t9KoAoFmuCiaD6VpMMscBE6ZDmtrgCj0CNczoYezGGZdKslO1quXp3XqhdpRFl0RE6RiVkowtUQ7eojhqIII5e0Ct6M56Nd+PD+Jy1Zox05hDNwfj6BbOXl+M=</latexit>

E2(x
→, y→)

<latexit sha1_base64="ImG0EClt1QGAM3ce+6Sw86GeUC8="></latexit>

E2(x
→, y→) =

∫ ↑

↓↑

∫ ↑

↓↑
E1(x, y)e

↓i2ω(xx→+yy→) dx dy

<latexit sha1_base64="+0lqJ2IObtrJXZCIIrJEkWMBZhk="></latexit>

E(out)(x→, y→) =
∑

n,m

a(out)nm ωn,m(x→, y→)
<latexit sha1_base64="HUp8fNyLQoF445gtnBFyY/pAVvM="></latexit>

E(in)(x, y) =
∑

n,m

a(in)nmωn,m(x, y) <latexit sha1_base64="FZPo9C6dZHReNplEtIM3DR5XESw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdkWk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+AL9fj0I=</latexit>. . .

<latexit sha1_base64="bFpZLDdZfAoXC5sUrpkd1/dCCDc=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEfC2LblxWsA9oQphMJ+3QyYOZG6GEuPFX3LhQxK1/4c6/cdJmoa0Hhjmccy/33uMngiuwrG+jsrS8srpWXa9tbG5t75i7ex0Vp5KyNo1FLHs+UUzwiLWBg2C9RDIS+oJ1/fFN4XcfmFQ8ju5hkjA3JMOIB5wS0JJnHmSOH4uBmoT6w5kDIwbEs/PcM+tWw5oCLxK7JHVUouWZX84gpmnIIqCCKNW3rQTcjEjgVLC85qSKJYSOyZD1NY1IyJSbTS/I8bFWBjiIpX4R4Kn6uyMjoSp21JUhgZGa9wrxP6+fQnDlZjxKUmARnQ0KUoEhxkUceMAloyAmmhAqud4V0xGRhIIOraZDsOdPXiSd04Z90Ti/O6s3r8s4qugQHaETZKNL1ES3qIXaiKJH9Ixe0ZvxZLwY78bHrLRilD376A+Mzx8ObJdK</latexit>

✓1
<latexit sha1_base64="Tc6Gsd9T+UkzObjkqglny/4+Vow=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5IUX8uiG5cV7AOaECaTSTt08mDmRiihbvwVNy4UcetfuPNvnLRZaOuBYQ7n3Mu99/ip4Aos69tYWl5ZXVuvbFQ3t7Z3ds29/Y5KMklZmyYikT2fKCZ4zNrAQbBeKhmJfMG6/uim8LsPTCqexPcwTpkbkUHMQ04JaMkzD3PHT0SgxpH+cO7AkAHxGpOJZ9asujUFXiR2SWqoRMszv5wgoVnEYqCCKNW3rRTcnEjgVLBJ1ckUSwkdkQHraxqTiCk3n14wwSdaCXCYSP1iwFP1d0dOIlXsqCsjAkM17xXif14/g/DKzXmcZsBiOhsUZgJDgos4cMAloyDGmhAqud4V0yGRhIIOrapDsOdPXiSdRt2+qJ/fndWa12UcFXSEjtEpstElaqJb1EJtRNEjekav6M14Ml6Md+NjVrpklD0H6A+Mzx8P8pdL</latexit>

✓2
<latexit sha1_base64="5hl4yzoOw7bnJwTblzw30fMiFlc=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5L4XhbduKxgH9CEMJlM26GTBzM3Qglx46+4caGIW//CnX/jpM1CWw8MczjnXu69x08EV2BZ38bC4tLyymplrbq+sbm1be7stlWcSspaNBax7PpEMcEj1gIOgnUTyUjoC9bxRzeF33lgUvE4uodxwtyQDCLe55SAljxzP3P8WARqHOoPZw4MGRDvNM89s2bVrQnwPLFLUkMlmp755QQxTUMWARVEqZ5tJeBmRAKnguVVJ1UsIXREBqynaURCptxsckGOj7QS4H4s9YsAT9TfHRkJVbGjrgwJDNWsV4j/eb0U+lduxqMkBRbR6aB+KjDEuIgDB1wyCmKsCaGS610xHRJJKOjQqjoEe/bkedI+qdsX9fO7s1rjuoyjgg7QITpGNrpEDXSLmqiFKHpEz+gVvRlPxovxbnxMSxeMsmcP/YHx+QMReJdM</latexit>

✓3
<latexit sha1_base64="yWymRjssR4UP+zOuUnwA+YnLSHI=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KIr2XRjSupYB/QhDCZTNuhkwczN0IJceOvuHGhiFv/wp1/46TNQlsPDHM4517uvcdPBFdgWd/GwuLS8spqZa26vrG5tW3u7LZVnErKWjQWsez6RDHBI9YCDoJ1E8lI6AvW8UfXhd95YFLxOLqHccLckAwi3ueUgJY8cz9z/FgEahzqD2cODBkQ7zbPPbNm1a0J8DyxS1JDJZqe+eUEMU1DFgEVRKmebSXgZkQCp4LlVSdVLCF0RAasp2lEQqbcbHJBjo+0EuB+LPWLAE/U3x0ZCVWxo64MCQzVrFeI/3m9FPqXbsajJAUW0emgfiowxLiIAwdcMgpirAmhkutdMR0SSSjo0Ko6BHv25HnSPqnb5/Wzu9Na46qMo4IO0CE6Rja6QA10g5qohSh6RM/oFb0ZT8aL8W58TEsXjLJnD/2B8fkDOpqXZw==</latexit>

✓N

<latexit sha1_base64="jhnzIoYZXWLECNQAQ2i05okaF9k=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2NQEI8R8oLNEmYnk2TI7Mwy0yuGZT/DiwdFvPo13vwbJ8keNLGgoajqprsrjAU34LrfTmFldW19o7hZ2tre2d0r7x+0jEo0ZU2qhNKdkBgmuGRN4CBYJ9aMRKFg7XB8O/Xbj0wbrmQDJjELIjKUfMApASv5aRfYE6R3jSzrlStu1Z0BLxMvJxWUo94rf3X7iiYRk0AFMcb33BiClGjgVLCs1E0MiwkdkyHzLZUkYiZIZydn+MQqfTxQ2pYEPFN/T6QkMmYShbYzIjAyi95U/M/zExhcBymXcQJM0vmiQSIwKDz9H/e5ZhTExBJCNbe3YjoimlCwKZVsCN7iy8ukdVb1LqsXD+eV2k0eRxEdoWN0ijx0hWroHtVRE1Gk0DN6RW8OOC/Ou/Mxby04+cwh+gPn8wfP45Gd</latexit>

FT
<latexit sha1_base64="jhnzIoYZXWLECNQAQ2i05okaF9k=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2NQEI8R8oLNEmYnk2TI7Mwy0yuGZT/DiwdFvPo13vwbJ8keNLGgoajqprsrjAU34LrfTmFldW19o7hZ2tre2d0r7x+0jEo0ZU2qhNKdkBgmuGRN4CBYJ9aMRKFg7XB8O/Xbj0wbrmQDJjELIjKUfMApASv5aRfYE6R3jSzrlStu1Z0BLxMvJxWUo94rf3X7iiYRk0AFMcb33BiClGjgVLCs1E0MiwkdkyHzLZUkYiZIZydn+MQqfTxQ2pYEPFN/T6QkMmYShbYzIjAyi95U/M/zExhcBymXcQJM0vmiQSIwKDz9H/e5ZhTExBJCNbe3YjoimlCwKZVsCN7iy8ukdVb1LqsXD+eV2k0eRxEdoWN0ijx0hWroHtVRE1Gk0DN6RW8OOC/Ou/Mxby04+cwh+gPn8wfP45Gd</latexit>

FT

Recall:

<latexit sha1_base64="uIMjoT+HP47K+gMEFFOv5spYYVI=">AAACD3icbVC7TsMwFHV4lvIKMLJYVCAGVCWI14JUwcJYJPqQmqhyHLe16tiR7SBVUf6AhV9hYQAhVlY2/ganzUBbjmT56Jx7de89Qcyo0o7zYy0sLi2vrJbWyusbm1vb9s5uU4lEYtLAggnZDpAijHLS0FQz0o4lQVHASCsY3uZ+65FIRQV/0KOY+BHqc9qjGGkjde2j1AsEC9UoMh/EGbyGTeidwCk5yLp2xak6Y8B54hakAgrUu/a3FwqcRIRrzJBSHdeJtZ8iqSlmJCt7iSIxwkPUJx1DOYqI8tPxPRk8NEoIe0KaxzUcq387UhSpfDVTGSE9ULNeLv7ndRLdu/JTyuNEE44ng3oJg1rAPBwYUkmwZiNDEJbU7ArxAEmEtYmwbEJwZ0+eJ83TqntRPb8/q9RuijhKYB8cgGPggktQA3egDhoAgyfwAt7Au/VsvVof1uekdMEqevbAFKyvX9GOm+c=</latexit>

c = V bFourier propagation is a (fixed) mode transformation,

Repeating it many times…
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Hadamard Coded Spatial Modes 
Recall: Hadamard code words 

we had encountered when 
talking about temporal modes

The spatial Hadamard modes are similarly defined
<latexit sha1_base64="VBiVKYQwsImvTlp8oSMos62+TxM="></latexit>

ωn,m(x, y) = ω̃n(x)→ ω̃m(y)

Hadamard mode 
function in the x 

axis variable

Hadamard mode 
function in the y 

axis variable

As an example, let 
us conside the first 

four spatial 
Hadamard  modes

<latexit sha1_base64="3V/ymDBPvTMefjqOsCaLIlBFuBU="></latexit>

ω̃1(x)

<latexit sha1_base64="/tm4tK+quzD5KpU83nYGx7LpB4M="></latexit>

ω̃1(y)

<latexit sha1_base64="OGXRzW4qd7iF7+vuH74wGhnksUo="></latexit>

ω̃2(y)

<latexit sha1_base64="C2RIJZdkyIw5pEaWCCQu2oFXOH8="></latexit>

ω̃2(x)

19



Multi Plane Light Conversion (MPLC) - contd.
• Recall: Separating orthogonal modes                is a unitary mode transformation 

(from the chosen mode basis to the pixel basis)


• Example:

<latexit sha1_base64="ZtYZDbyDzPSn7xrYklD3xOADSY4=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxChVIS8bUsunFZwT6gDWEynbRDZyZhZiLG0C9x40IRt36KO//GaZuFth64cDjnXu69J4gZVdpxvq3Cyura+kZxs7S1vbNbtvf22ypKJCYtHLFIdgOkCKOCtDTVjHRjSRAPGOkE45up33kgUtFI3Os0Jh5HQ0FDipE2km+X+7GifiZqfFJ9rKUnvl1x6s4McJm4OamAHE3f/uoPIpxwIjRmSKme68Tay5DUFDMyKfUTRWKEx2hIeoYKxInystnhE3hslAEMI2lKaDhTf09kiCuV8sB0cqRHatGbiv95vUSHV15GRZxoIvB8UZgwqCM4TQEOqCRYs9QQhCU1t0I8QhJhbbIqmRDcxZeXSfu07l7Uz+/OKo3rPI4iOARHoApccAka4BY0QQtgkIBn8ArerCfrxXq3PuatBSufOQB/YH3+AB4Vkr8=</latexit>

 n,m(x, y)

Ozer, Grace and Guha, CLEO 2022

Ozer, Grace, Blanche, and Guha, arXiv:2409.04323 (2024)
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Exercise 3: Sorting spatial modes using MPLC
• MPLC to sort 4 of the 16 Hadamard-coded binary-phase spatial modes, shown:

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

A

B

Which one (A or B) is the correct matching 
between the input field and the output 
intensity pattern at the output of the MPLC?
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Applications of spatial mode transformations
• Super-resolution imaging (astronomy, biology)


• Generation of multi-spatial-mode entanglement from squeezed light, for high 
resolution beam-deflection measurements (atomic force microscopy, lasercom)


• Laser communications on multi-mode optical fiber

X and Y Angular 
lengths (of Field 
of View) in units of 
“Rayleigh 
Length”,

<latexit sha1_base64="gPocQsEmb3Ow+ALVKHyHf5ned7o=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqs6Ir2VRFy4r2Ie0Q8lkMm1okhmSjFCGfoUbF4q49XPc+Tem7Sy09UDgcM655N4TJJxp47rfTmFpeWV1rbhe2tjc2t4p7+41dZwqQhsk5rFqB1hTziRtGGY4bSeKYhFw2gqGNxO/9USVZrF8MKOE+gL3JYsYwcZKj11uoyE+ue2VK27VnQItEi8nFchR75W/umFMUkGlIRxr3fHcxPgZVoYRTselbqppgskQ92nHUokF1X42XXiMjqwSoihW9kmDpurviQwLrUcisEmBzUDPexPxP6+TmujKz5hMUkMlmX0UpRyZGE2uRyFTlBg+sgQTxeyuiAywwsTYjkq2BG/+5EXSPK16F9Xz+7NK7TqvowgHcAjH4MEl1OAO6tAAAgKe4RXeHOW8OO/OxyxacPKZffgD5/MHPeuQDg==</latexit>

�/D

Lee, Gagatsos, Guha, Ashok, COSI 2022, IEEE JSTSP Vol 17, Issue 2 (2023)

He, Gagatsos, Wilson, Guha, Phys. Rev. Applied 22, L041004, 2024; arXiv:2509.11457

Alan E Willner, Light: Science & Applications volume 7, page 18002 (2018)
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Ideal photon detection on a coherent state

<latexit sha1_base64="emv6OUhyuwpLYCUiYkoLoO1rB8g=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6nfqtJ1SaJ/LBjFMMYjqQPOKMGiv5XSGI16vW3Lo7A1kmXkFqUKDZq351+wnLYpSGCap1x3NTE+RUGc4ETirdTGNK2YgOsGOppDHqIJ8dOyEnVumTKFG2pCEz9fdETmOtx3FoO2NqhnrRm4r/eZ3MRNdBzmWaGZRsvijKBDEJmX5O+lwhM2JsCWWK21sJG1JFmbH5VGwI3uLLy+TxrO5d1i/uz2uNmyKOMhzBMZyCB1fQgDtogg8MODzDK7w50nlx3p2PeWvJKWYO4Q+czx8Yoo47</latexit>⌧ 1

<latexit sha1_base64="zz/ISwvw5iXswQ/PmGXgD8H/ti0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQixchgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VWvekOxgQr1euuFV3BrJMvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJS6qcaEshEdYMdSSSPUfjY7d0JOrNInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCa/9jMskNSjZfFGYCmJiMv2d9LlCZsTYEsoUt7cSNqSKMmMTKtkQvMWXl0nzrOpdVi8eziu1mzyOIhzBMZyCB1dQgzuoQwMYjOAZXuHNSZwX5935mLcWnHzmEP7A+fwB+t2Osg==</latexit>

M � 1

<latexit sha1_base64="dNmGy26AwXCOBui8wkecdj8KXpI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMF+wFNLJPtpl262YTdjVJi/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmFpeWV1rbhe2tjc2t4p7+41VZxKQhsk5rFsB6goZ4I2NNOcthNJMQo4bQXD64nfeqBSsVjc6VFC/Qj7goWMoDbS/ZOHPBmgJ1H0Oe2WK07VmcJeJG5OKpCj3i1/eb2YpBEVmnBUquM6ifYzlJoRTsclL1U0QTLEPu0YKjCiys+mV4/tI6P07DCWpoS2p+rviQwjpUZRYDoj1AM1703E/7xOqsNLP2MiSTUVZLYoTLmtY3sSgd1jkhLNR4YgkczcapMBSiTaBFUyIbjzLy+S5knVPa+e3Z5Wald5HEU4gEM4BhcuoAY3UIcGEJDwDK/wZj1aL9a79TFrLVj5zD78gfX5A9zrksM=</latexit>

|↵i Recall: Probability of 
detecting k photons,

<latexit sha1_base64="8zvx14mXKhKqhBQf1nh+u5gvwYk=">AAACA3icbVDLSsNAFJ3UV62vqDvdjBbBjSURXxuh6MZVqWAf0KZhMp20QyaTMDMRSgi48VfcuFDErT/hzr9x2mah1QMXDufcy733eDGjUlnWl1GYm19YXCoul1ZW19Y3zM2tpowSgUkDRywSbQ9JwignDUUVI+1YEBR6jLS84Hrst+6JkDTid2oUEydEA059ipHSkmvuxG4AL2HXFwinpJce1bJaL8jSYC9zzbJVsSaAf4mdkzLIUXfNz24/wklIuMIMSdmxrVg5KRKKYkayUjeRJEY4QAPS0ZSjkEgnnfyQwQOt9KEfCV1cwYn6cyJFoZSj0NOdIVJDOeuNxf+8TqL8CyelPE4U4Xi6yE8YVBEcBwL7VBCs2EgThAXVt0I8RDoOpWMr6RDs2Zf/kuZxxT6rnN6elKtXeRxFsAv2wSGwwTmoghtQBw2AwQN4Ai/g1Xg0no03433aWjDymW3wC8bHNxYelzE=</latexit>

pk =
e�NNk

k!

<latexit sha1_base64="d/RhcRSMbEv4ivpbAndL8To6sfA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVR71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH1cWM+Q==</latexit>

k
<latexit sha1_base64="j7bisG4iGf7I/WZhLk4I18ZlFtg=">AAAB9XicbVDJSgNBEK1xjXGLevTSGARPYSa4XYSgF08SwSyQTEJNpydp0rPQ3aOEJP/hxYMiXv0Xb/6NnWQOmvig4PFeFVX1vFhwpW3721paXlldW89sZDe3tnd2c3v7VRUlkrIKjUQk6x4qJnjIKpprweqxZBh4gtW8/s3Erz0yqXgUPuhBzNwAuyH3OUVtpNYduSKjJoq4h6NWsZ3L2wV7CrJInJTkIUW5nftqdiKaBCzUVKBSDceOtTtEqTkVbJxtJorFSPvYZQ1DQwyYcofTq8fk2Cgd4kfSVKjJVP09McRAqUHgmc4AdU/NexPxP6+RaP/SHfIwTjQL6WyRnwiiIzKJgHS4ZFSLgSFIJTe3EtpDiVSboLImBGf+5UVSLRac88LZ/Wm+dJ3GkYFDOIITcOACSnALZagABQnP8Apv1pP1Yr1bH7PWJSudOYA/sD5/AFKtkcU=</latexit>

N = |↵|2

Probability of detecting k photons on coherent 
state      of mode

<latexit sha1_base64="udFSsTSre0wKxozc22EjHEWzWsE=">AAAB9XicbVDLTsMwEHTKq5RXgSMXiwqJU5UgXscKLhyLRB9SG6qN66RWbSeyHVAV+h9cOIAQV/6FG3+D2+YALSOtNJrZ1e5OkHCmjet+O4Wl5ZXVteJ6aWNza3unvLvX1HGqCG2QmMeqHYCmnEnaMMxw2k4UBRFw2gqG1xO/9UCVZrG8M6OE+gIiyUJGwFjp/qkbgRDQVSAjTnvlilt1p8CLxMtJBeWo98pf3X5MUkGlIRy07nhuYvwMlGGE03Gpm2qaABlCRDuWShBU+9n06jE+skofh7GyJQ2eqr8nMhBaj0RgOwWYgZ73JuJ/Xic14aWfMZmkhkoyWxSmHJsYTyLAfaYoMXxkCRDF7K2YDEABMTaokg3Bm395kTRPqt559ez2tFK7yuMoogN0iI6Rhy5QDd2gOmogghR6Rq/ozXl0Xpx352PWWnDymX30B87nD9hAksA=</latexit>

|�i
<latexit sha1_base64="6za00jjLko2oDKCzPzak53yYwbM=">AAACB3icbVDJSgNBEO1xjXGLehSkMQgRhjAT3C5C0IsXIYJZIDOEnk5P0qRneuiuEULIzYu/4sWDIl79BW/+jZ3loIkPCh7vVVFVL0gE1+A439bC4tLyympmLbu+sbm1ndvZrWmZKsqqVAqpGgHRTPCYVYGDYI1EMRIFgtWD3vXIrz8wpbmM76GfMD8inZiHnBIwUit34CWat3gBjm3M8SV2bVyysSfaErSNb1u5vFN0xsDzxJ2SPJqi0sp9eW1J04jFQAXRuuk6CfgDooBTwYZZL9UsIbRHOqxpaEwipv3B+I8hPjJKG4dSmYoBj9XfEwMSad2PAtMZEejqWW8k/uc1Uwgv/AGPkxRYTCeLwlRgkHgUCm5zxSiIviGEKm5uxbRLFKFgosuaENzZl+dJrVR0z4qndyf58tU0jgzaR4eogFx0jsroBlVQFVH0iJ7RK3qznqwX6936mLQuWNOZPfQH1ucPPIaWXg==</latexit>

 i(t), i = 1, 2, . . . ,M
<latexit sha1_base64="D18TkOZPLfi/7eu67ia0+TeQEzg=">AAACCXicbVC7TsMwFHV4lvIKMLIYKqQyUBLEa0GqYGEBFYk+pDatHNdprThOZDtIVZSVhV9hYQAhVv6Ajb/BbTNAy5Hu1dE598q+x40Ylcqyvo2Z2bn5hcXcUn55ZXVt3dzYrMkwFphUcchC0XCRJIxyUlVUMdKIBEGBy0jd9a+Gfv2BCElDfq8GEXEC1OPUoxgpLXVMGHV8eAFbnkA4Ie3k4PbwJi3qtt/208TfSTtmwSpZI8BpYmekADJUOuZXqxviOCBcYYakbNpWpJwECUUxI2m+FUsSIeyjHmlqylFApJOMLknhnla60AuFLq7gSP29kaBAykHg6skAqb6c9Ibif14zVt65k1AexYpwPH7IixlUIRzGArtUEKzYQBOEBdV/hbiPdChKh5fXIdiTJ0+T2lHJPi2d3B0XypdZHDmwDXZBEdjgDJTBNaiAKsDgETyDV/BmPBkvxrvxMR6dMbKdLfAHxucPG9yYtg==</latexit>

pk =
e�N/M (N/M)k

k!

<latexit sha1_base64="4iWY/YiLieWIYkm/wtjInUJZ32I=">AAACD3icbVDJSgNBEO1xjXGLevTSGBQFjTPidgkEvXhRIhgVkhh6OpWkSU/P0F0jhiF/4MVf8eJBEa9evfk3dpaD24MqHu9V0V3Pj6Qw6Lqfzsjo2PjEZGoqPT0zOzefWVi8NGGsOZR4KEN97TMDUigooUAJ15EGFvgSrvz2cc+/ugVtRKgusBNBNWBNJRqCM7RSLbOWp3CTbJ1tn3Y3aWWTtvOu7RWEO0zWVUi5FLy90a1lsm7O7YP+Jd6QZMkQxVrmo1IPeRyAQi6ZMWXPjbCaMI2CS+imK7GBiPE2a0LZUsUCMNWkf0+XrlqlThuhtqWQ9tXvGwkLjOkEvp0MGLbMb68n/ueVY2wcVhOhohhB8cFDjVhSDGkvHFoXGjjKjiWMa2H/SnmLacbRRpi2IXi/T/5LLndy3n5u73w3WzgaxpEiy2SFrBOPHJACOSFFUiKc3JNH8kxenAfnyXl13gajI85wZ4n8gPP+Be6ZmiE=</latexit>

= e�N/M , k = 0 (no click)

<latexit sha1_base64="kiTQvShoMY95e/h96BMHZNB7XG0=">AAACGnicbVDLSgMxFM34tr6qLt0Ei6CgdUZ8bQpFN24UBatCp5ZMequhmWRI7ohl6He48VfcuFDEnbjxb0xrF74O3MvhnHtJ7okSKSz6/oc3MDg0PDI6Np6bmJyansnPzp1ZnRoOFa6lNhcRsyCFggoKlHCRGGBxJOE8au13/fMbMFZodYrtBGoxu1KiKThDJ9XzQciSxOhbGtAShcts7Wj9sLNKw1XaKgWuhwi3mC1rBZRLwVsrnXq+4Bf9HuhfEvRJgfRxXM+/hQ3N0xgUcsmsrQZ+grWMGRRcQicXphYSxlvsCqqOKhaDrWW90zp0ySkN2tTGlULaU79vZCy2th1HbjJmeG1/e13xP6+aYnO3lgmVpAiKfz3UTCVFTbs50YYwwFG2HWHcCPdXyq+ZYRxdmjkXQvD75L/kbKMYbBe3TjYL5b1+HGNkgSySZRKQHVImB+SYVAgnd+SBPJFn79579F6816/RAa+/M09+wHv/BO9Ynlw=</latexit>

⇡ 1 = e�N/M , k = 1 (one click)
<latexit sha1_base64="zz/ISwvw5iXswQ/PmGXgD8H/ti0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQixchgnlAsoTZSW8yZHZ2mZkVwpKP8OJBEa9+jzf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VWvekOxgQr1euuFV3BrJMvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJS6qcaEshEdYMdSSSPUfjY7d0JOrNInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCa/9jMskNSjZfFGYCmJiMv2d9LlCZsTYEsoUt7cSNqSKMmMTKtkQvMWXl0nzrOpdVi8eziu1mzyOIhzBMZyCB1dQgzuoQwMYjOAZXuHNSZwX5935mLcWnHzmEP7A+fwB+t2Osg==</latexit>

M � 1

<latexit sha1_base64="Q/VMMYZaLYeL316Qm4Ge8dnwKNY="></latexit>

� ⌘ �2

⌧
=

N

M⌧
=

N

T
= E2

Arrival rate (photons per second):


Poisson Point Process: Memoryless arrival process

<latexit sha1_base64="gWkzD8bhc7vV9JB7iItd96zo5HI=">AAACAHicbVC7TsNAEDyHVwgvAwUFjUWERBVsxKuMoKEMEnlIsRWdL5fklPOduVsjIssNv0JDAUK0fAYdf8MlcQEJI600mtnV7k4Yc6bBdb+twsLi0vJKcbW0tr6xuWVv7zS0TBShdSK5VK0Qa8qZoHVgwGkrVhRHIafNcHg99psPVGkmxR2MYhpEuC9YjxEMRurYe76+V5D6QB8hjQcSpNDHOss6dtmtuBM488TLSRnlqHXsL78rSRJRAYRjrdueG0OQYgWMcJqV/ETTGJMh7tO2oQJHVAfp5IHMOTRK1+lJZUqAM1F/T6Q40noUhaYzwjDQs95Y/M9rJ9C7DFIm4gSoINNFvYQ7IJ1xGk6XKUqAjwzBRDFzq0MGWGECJrOSCcGbfXmeNE4q3nnl7Pa0XL3K4yiifXSAjpCHLlAV3aAaqiOCMvSMXtGb9WS9WO/Wx7S1YOUzu+gPrM8fRViXfw==</latexit>p
photons/s

<latexit sha1_base64="qrPoydPyANEwEAsRz25QyGdXk9I=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0VwUWsStLoRim5clQr2AW0aJpNpO3TyYGYilNA/ceOvuHGhiLjr3zhpA2r1wsB53Mude9yIUSENY6rllpZXVtfy64WNza3tHX13rynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7ugm9VsPhAsaBvdyHBHbR4OA9ilGUkmOXokcA15B0ktOapMSjBxTsdo3tVLas+bCqVWCXeaFUjh60Sgbs4J/gZmBIsiq7uifXS/EsU8CiRkSomMakbQTxCXFjEwK3ViQCOERGpCOggHyibCT2X0TeKQUD/ZDrl4g4Uz9OZEgX4ix76pOH8mhWPRS8T+vE8v+pZ3QIIolCfB8UT9mUIYwDQt6lBMs2VgBhDlVf4V4iDjCUkVaUCGYiyf/BU2rbFbK53dnxep1FkceHIBDcAxMcAGq4BbUQQNg8AiewSt40560F+1d+5i35rRsZh/8Km36BU2Ont0=</latexit>

p0 = e�N , p1 = Ne�N , p2 = N2e�N/2, . . .

<latexit sha1_base64="U5rt7auWkTt0imNqh8DJq5Y84Us=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4Kon4WhbduKxgH9CGMpnctkMnD2YmYgn9FTcuFHHrj7jzb5ymWWjrgYHDOfc1x08EV9pxvq2V1bX1jc3SVnl7Z3dv3z6otFScSoZNFotYdnyqUPAIm5prgZ1EIg19gW1/fDvz248oFY+jBz1J0AvpMOIDzqg2Ut+u9PIZmcRgWu5pHqLq21Wn5uQgy8QtSBUKNPr2Vy+IWRpipJmgSnVdJ9FeRqXmTKAZmypMKBvTIXYNjahZ4mX53ik5MUpABrE0L9IkV393ZDRUahL6pjKkeqQWvZn4n9dN9eDay3iUpBojNl80SAXRMZkFQQIukWkxMYQyyc2thI2opEybuMomBHfxy8ukdVZzL2sX9+fV+k0RRwmO4BhOwYUrqMMdNKAJDJ7gGV7hzZpaL9a79TEvXbGKnkP4A+vzB0xglJ8=</latexit>⇥<latexit sha1_base64="U5rt7auWkTt0imNqh8DJq5Y84Us=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4Kon4WhbduKxgH9CGMpnctkMnD2YmYgn9FTcuFHHrj7jzb5ymWWjrgYHDOfc1x08EV9pxvq2V1bX1jc3SVnl7Z3dv3z6otFScSoZNFotYdnyqUPAIm5prgZ1EIg19gW1/fDvz248oFY+jBz1J0AvpMOIDzqg2Ut+u9PIZmcRgWu5pHqLq21Wn5uQgy8QtSBUKNPr2Vy+IWRpipJmgSnVdJ9FeRqXmTKAZmypMKBvTIXYNjahZ4mX53ik5MUpABrE0L9IkV393ZDRUahL6pjKkeqQWvZn4n9dN9eDay3iUpBojNl80SAXRMZkFQQIukWkxMYQyyc2thI2opEybuMomBHfxy8ukdVZzL2sX9+fV+k0RRwmO4BhOwYUrqMMdNKAJDJ7gGV7hzZpaL9a79TEvXbGKnkP4A+vzB0xglJ8=</latexit>⇥ <latexit sha1_base64="U5rt7auWkTt0imNqh8DJq5Y84Us=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4Kon4WhbduKxgH9CGMpnctkMnD2YmYgn9FTcuFHHrj7jzb5ymWWjrgYHDOfc1x08EV9pxvq2V1bX1jc3SVnl7Z3dv3z6otFScSoZNFotYdnyqUPAIm5prgZ1EIg19gW1/fDvz248oFY+jBz1J0AvpMOIDzqg2Ut+u9PIZmcRgWu5pHqLq21Wn5uQgy8QtSBUKNPr2Vy+IWRpipJmgSnVdJ9FeRqXmTKAZmypMKBvTIXYNjahZ4mX53ik5MUpABrE0L9IkV393ZDRUahL6pjKkeqQWvZn4n9dN9eDay3iUpBojNl80SAXRMZkFQQIukWkxMYQyyc2thI2opEybuMomBHfxy8ukdVZzL2sX9+fV+k0RRwmO4BhOwYUrqMMdNKAJDJ7gGV7hzZpaL9a79TEvXbGKnkP4A+vzB0xglJ8=</latexit>⇥ <latexit sha1_base64="U5rt7auWkTt0imNqh8DJq5Y84Us=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4Kon4WhbduKxgH9CGMpnctkMnD2YmYgn9FTcuFHHrj7jzb5ymWWjrgYHDOfc1x08EV9pxvq2V1bX1jc3SVnl7Z3dv3z6otFScSoZNFotYdnyqUPAIm5prgZ1EIg19gW1/fDvz248oFY+jBz1J0AvpMOIDzqg2Ut+u9PIZmcRgWu5pHqLq21Wn5uQgy8QtSBUKNPr2Vy+IWRpipJmgSnVdJ9FeRqXmTKAZmypMKBvTIXYNjahZ4mX53ik5MUpABrE0L9IkV393ZDRUahL6pjKkeqQWvZn4n9dN9eDay3iUpBojNl80SAXRMZkFQQIukWkxMYQyyc2thI2opEybuMomBHfxy8ukdVZzL2sX9+fV+k0RRwmO4BhOwYUrqMMdNKAJDJ7gGV7hzZpaL9a79TEvXbGKnkP4A+vzB0xglJ8=</latexit>⇥<latexit sha1_base64="U5rt7auWkTt0imNqh8DJq5Y84Us=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4Kon4WhbduKxgH9CGMpnctkMnD2YmYgn9FTcuFHHrj7jzb5ymWWjrgYHDOfc1x08EV9pxvq2V1bX1jc3SVnl7Z3dv3z6otFScSoZNFotYdnyqUPAIm5prgZ1EIg19gW1/fDvz248oFY+jBz1J0AvpMOIDzqg2Ut+u9PIZmcRgWu5pHqLq21Wn5uQgy8QtSBUKNPr2Vy+IWRpipJmgSnVdJ9FeRqXmTKAZmypMKBvTIXYNjahZ4mX53ik5MUpABrE0L9IkV393ZDRUahL6pjKkeqQWvZn4n9dN9eDay3iUpBojNl80SAXRMZkFQQIukWkxMYQyyc2thI2opEybuMomBHfxy8ukdVZzL2sX9+fV+k0RRwmO4BhOwYUrqMMdNKAJDJ7gGV7hzZpaL9a79TEvXbGKnkP4A+vzB0xglJ8=</latexit>⇥ <latexit sha1_base64="U5rt7auWkTt0imNqh8DJq5Y84Us=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4Kon4WhbduKxgH9CGMpnctkMnD2YmYgn9FTcuFHHrj7jzb5ymWWjrgYHDOfc1x08EV9pxvq2V1bX1jc3SVnl7Z3dv3z6otFScSoZNFotYdnyqUPAIm5prgZ1EIg19gW1/fDvz248oFY+jBz1J0AvpMOIDzqg2Ut+u9PIZmcRgWu5pHqLq21Wn5uQgy8QtSBUKNPr2Vy+IWRpipJmgSnVdJ9FeRqXmTKAZmypMKBvTIXYNjahZ4mX53ik5MUpABrE0L9IkV393ZDRUahL6pjKkeqQWvZn4n9dN9eDay3iUpBojNl80SAXRMZkFQQIukWkxMYQyyc2thI2opEybuMomBHfxy8ukdVZzL2sX9+fV+k0RRwmO4BhOwYUrqMMdNKAJDJ7gGV7hzZpaL9a79TEvXbGKnkP4A+vzB0xglJ8=</latexit>⇥
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Beamsplitters and interference
• Interfering two coherent states in a beamsplitter


• The Mach-Zehnder Interferometer (MZI)

<latexit sha1_base64="NVF11ElCJOPM6dGlJVbxFrYGRoo=">AAACDnicbZDLSsNAFIYnXmu9RV26GSwFF1oS8bYRim5cVrAXaEKZTCft0MnFmROhhD6BG1/FjQtF3Lp259s4TYNo6w8DP985hzPn92LBFVjWlzE3v7C4tFxYKa6urW9smlvbDRUlkrI6jUQkWx5RTPCQ1YGDYK1YMhJ4gjW9wdW43rxnUvEovIVhzNyA9ELuc0pAo45ZdoAk+AI76k5C6jAgowMsf4B9mKGOWbIqViY8a+zclFCuWsf8dLoRTQIWAhVEqbZtxeCmRAKngo2KTqJYTOiA9Fhb25AETLlpds4IlzXpYj+S+oWAM/p7IiWBUsPA050Bgb6aro3hf7V2Av65m/IwToCFdLLITwSGCI+zwV0uGQUx1IZQyfVfMe0TSSjoBIs6BHv65FnTOKrYp5WTm+NS9TKPo4B20R7aRzY6Q1V0jWqojih6QE/oBb0aj8az8Wa8T1rnjHxmB/2R8fENuWObSw==</latexit>

⌧ =
p
⌘, r =

p
1� ⌘

Reck et al., PRL 73, 1 (1994)

Clements et al., Optica 3 (12), 1460-1465 (2016)

<latexit sha1_base64="vOzMu3M0YAhHuheb2DFFusXaGZI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kon4dSx68diCaQttKJvtpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjhs6CRTDH2WiES1QqpRcIm+4UZgK1VI41BgMxzeTf3mEyrNE/lgRikGMe1LHnFGjZXqfrdUdivuDGSZeDkpQ45at/TV6SUsi1EaJqjWbc9NTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZoRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmegmGHOZZgYlmy+KMkFMQqZfkx5XyIwYWUKZ4vZWwgZUUWZsNkUbgrf48jJpnFe8q8pl/aJcvc3jKMAxnMAZeHANVbiHGvjAAOEZXuHNeXRenHfnY9664uQzR/AHzucPtG2M4w==</latexit>

U

<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1
<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2

<latexit sha1_base64="zrAoX5WZl/tVsNb6yPWAMQONjzc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVZa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB2lGM/A==</latexit>n

<latexit sha1_base64="FZPo9C6dZHReNplEtIM3DR5XESw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdkWk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+AL9fj0I=</latexit> ..
.

<latexit sha1_base64="pl5VFvmPfkO1sBVYFYrtpHG4jeY=">AAACCnicbVDLSsNAFJ3UV62vqks30SJUqCUpvpZFN7oQKtgHNqVMppN26GQSZm7EErJ246+4caGIW7/AnX/j9LHQ1gMXDufcy733uCFnCizr20jNzS8sLqWXMyura+sb2c2tmgoiSWiVBDyQDRcrypmgVWDAaSOUFPsup3W3fzH06/dUKhaIWxiEtOXjrmAeIxi01M7uOp7EJBZ5cWgfJHEpcQpOIXaAPkB8fXelkqSdzVlFawRzltgTkkMTVNrZL6cTkMinAgjHSjVtK4RWjCUwwmmScSJFQ0z6uEubmgrsU9WKR68k5r5WOqYXSF0CzJH6eyLGvlID39WdPoaemvaG4n9eMwLvrBUzEUZABRkv8iJuQmAOczE7TFICfKAJJpLpW03Swzob0OlldAj29MuzpFYq2ifF45ujXPl8Ekca7aA9lEc2OkVldIkqqIoIekTP6BW9GU/Gi/FufIxbU8ZkZhv9gfH5A3l6mig=</latexit>

n(n� 1)

2
MZIs
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Exercise 4: Reading phase-coded information

• What is the probability of error for choosing between the two phase patterns (0, 0) versus (   , 0)?


• A.  Zero


• B.


• C.


• D.

Consider a 50-50 Beamsplitter:

<latexit sha1_base64="j7bisG4iGf7I/WZhLk4I18ZlFtg=">AAAB9XicbVDJSgNBEK1xjXGLevTSGARPYSa4XYSgF08SwSyQTEJNpydp0rPQ3aOEJP/hxYMiXv0Xb/6NnWQOmvig4PFeFVX1vFhwpW3721paXlldW89sZDe3tnd2c3v7VRUlkrIKjUQk6x4qJnjIKpprweqxZBh4gtW8/s3Erz0yqXgUPuhBzNwAuyH3OUVtpNYduSKjJoq4h6NWsZ3L2wV7CrJInJTkIUW5nftqdiKaBCzUVKBSDceOtTtEqTkVbJxtJorFSPvYZQ1DQwyYcofTq8fk2Cgd4kfSVKjJVP09McRAqUHgmc4AdU/NexPxP6+RaP/SHfIwTjQL6WyRnwiiIzKJgHS4ZFSLgSFIJTe3EtpDiVSboLImBGf+5UVSLRac88LZ/Wm+dJ3GkYFDOIITcOACSnALZagABQnP8Apv1pP1Yr1bH7PWJSudOYA/sD5/AFKtkcU=</latexit>

N = |↵|2

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="tGj8b0/YBBeVuMwCUipmXUgpc8g=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgxbArvo5BL54kgnlAsobZSScZMzuzzMwKYck/ePGgiFf/x5t/4yTZg0YLGoqqbrq7wpgzbTzvy8ktLC4tr+RXC2vrG5tbxe2dupaJolijkkvVDIlGzgTWDDMcm7FCEoUcG+HwauI3HlFpJsWdGcUYRKQvWI9RYqxUx/v06GbcKZa8sjeF+5f4GSlBhmqn+NnuSppEKAzlROuW78UmSIkyjHIcF9qJxpjQIeljy1JBItRBOr127B5Ypev2pLIljDtVf06kJNJ6FIW2MyJmoOe9ifif10pM7yJImYgTg4LOFvUS7hrpTl53u0whNXxkCaGK2VtdOiCKUGMDKtgQ/PmX/5L6cdk/K5/enpQql1kcediDfTgEH86hAtdQhRpQeIAneIFXRzrPzpvzPmvNOdnMLvyC8/ENS7+O9g==</latexit>

e�N

<latexit sha1_base64="jJkjRHTMq/swgARqHZvZRVN14Ks=">AAAB9XicbVDJSgNBEK1xjXGLevTSGAQvhpngdgx68SQRzALJJPR0apImPQvdPUoY8h9ePCji1X/x5t/YSeagiQ8KHu9VUVXPiwVX2ra/raXlldW19dxGfnNre2e3sLdfV1EiGdZYJCLZ9KhCwUOsaa4FNmOJNPAENrzhzcRvPKJUPAof9ChGN6D9kPucUW2kTtuXlDllgp309G7cLRTtkj0FWSRORoqQodotfLV7EUsCDDUTVKmWY8faTanUnAkc59uJwpiyIe1jy9CQBqjcdHr1mBwbpUf8SJoKNZmqvydSGig1CjzTGVA9UPPeRPzPayXav3JTHsaJxpDNFvmJIDoikwhIj0tkWowMoUxycythA2qC0CaovAnBmX95kdTLJeeidH5/VqxcZ3Hk4BCO4AQcuIQK3EIVasBAwjO8wpv1ZL1Y79bHrHXJymYO4A+szx9PY5HB</latexit>

1

2
e�N

<latexit sha1_base64="WXzDTTZfEhG7E2sujOJFGVJlXYI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgpSURv45FL56kgv2ANpbNdtIu3Wzi7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zM82POlHacbyu3tLyyupZfL2xsbm3vFHf3GipKJMU6jXgkWz5RyJnAumaaYyuWSEKfY9MfXk/85hNKxSJxr0cxeiHpCxYwSrSRWm4ZH9Ly7bhbLDkVZwp7kbgZKUGGWrf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2oYKEqLx0eu/YPjJKzw4iaUpoe6r+nkhJqNQo9E1nSPRAzXsT8T+vnejg0kuZiBONgs4WBQm3dWRPnrd7TCLVfGQIoZKZW206IJJQbSIqmBDc+ZcXSeOk4p5Xzu5OS9WrLI48HMAhHIMLF1CFG6hBHShweIZXeLMerRfr3fqYteasbGYf/sD6/AEmiY9o</latexit>

1� e�N

Let us assume that the prior probability (abbreviated “prior”) of each of the phase patterns 0,0 and pi,0 (let us call them 
“codewords”) is 1/2, i.e., the occurrence of each pattern is equally likely.


Then, the average probability of error is calculated using:


[Probability of error given the phase pattern 0,0 actually occurred] X [Prior probability that 0,0 occurred, which is 1/2]

+ 

[Probability of error given the phase pattern pi,0 actually occurred] X [Prior probability that pi,0 occurred, which is 1/2]


<latexit sha1_base64="Zo2foo2EskdMimN8sjvsk0we3UE=">AAACK3icbVDLSsNAFJ3UV62vqEs3g0WoSEtSfC1L3biSCvYBSSyT6aQdOnkwMxFK6P+48Vdc6MIHbv0Pp0kW2npg4HDOudy5x40YFdIwPrTC0vLK6lpxvbSxubW9o+/udUQYc0zaOGQh77lIEEYD0pZUMtKLOEG+y0jXHV/N/O4D4YKGwZ2cRMTx0TCgHsVIKqmvN22XDodWxayS+6R6Mz22JfWJgEaqO/AEZoHMhblrexxhs55l+nrZqBkp4CIxc1IGOVp9/cUehDj2SSAxQ0JYphFJJ0FcUszItGTHgkQIj9GQWIoGSK10kvTWKTxSygB6IVcvkDBVf08kyBdi4rsq6SM5EvPeTPzPs2LpXToJDaJYkgBni7yYQRnCWXFwQDnBkk0UQZhT9VeIR0j1IFW9JVWCOX/yIunUa+Z57ez2tNxo5nUUwQE4BBVgggvQANegBdoAg0fwDN7Au/akvWqf2lcWLWj5zD74A+37B12Bpfo=</latexit>
(1� e�N )⇥ 0

�
+


e�N ⇥ 1

2

�
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Exercise 5: Receiver for optical communication
• Symbols of the on off keying (OOK) modulation “alphabet”:


• Assuming equal priors, what is the (average) probability of error of choosing 
between the two OOK symbols using ideal photon detection (direct detection)?


• “Displace before detect”:


• Probability of error,

<latexit sha1_base64="l+KSeketSDA81NkuoP9ni4vTV8M="></latexit>

A. Zero, B. e�N , C. 1� e�N D.
1

2
e�N

<latexit sha1_base64="QK0vqjYWe03b84fP2Ng9XlCP0jU="></latexit>

{|0i, |↵i} , N = |↵|2

<latexit sha1_base64="+Ujr8tO652MNkkxasigtTVooIHk=">AAACDXicbVA9SwNBEN3z2/gVtbRZjIKFhDvxqxRtrCSCSYQkhL3NXLJkb/fYnRPDkT9g41+xsVDE1t7Of+Pmo9Dog4HHezPMzAsTKSz6/pc3NT0zOze/sJhbWl5ZXcuvb1SsTg2HMtdSm9uQWZBCQRkFSrhNDLA4lFANuxcDv3oHxgqtbrCXQCNmbSUiwRk6qZnfyeoI95hdpXEIhuqIJh2NWlEuBe/afdrv024zX/CL/hD0LwnGpEDGKDXzn/WW5mkMCrlk1tYCP8FGxgwKLqGfq6cWEsa7rA01RxWLwTay4Td9uuuUFo20caWQDtWfExmLre3FoeuMGXbspDcQ//NqKUanjUyoJEVQfLQoSiVFTQfR0JYwwFH2HGHcCHcr5R1mGEcXYM6FEEy+/JdUDorBcfHo+rBwdj6OY4FskW2yRwJyQs7IJSmRMuHkgTyRF/LqPXrP3pv3Pmqd8sYzm+QXvI9vUK6btA==</latexit>

Number of photon clicks, k

Pe = P (H1)P (H2|H1) + P (H2)P (H1|H2)

=
1

2
P (k > 0|H1) +

1

2
⇥ P (k = 0|H2) =

1

2

⇣
1� e��2

⌘
+

1

2
e�(↵+�)2

<latexit sha1_base64="MCMtBPi/WOP0bly5NcarUohlg5A=">AAACDnicbVA9SwNBEN3zM8avU0ubxRCwkHAnfmEVtEkZwaiQC2FvM0mW7O0du3NiOPMLbPwrNhaK2Frb+W/cxBSa+GDg8d4MM/PCRAqDnvflzMzOzS8s5pbyyyura+vuxuaViVPNocZjGeubkBmQQkENBUq4STSwKJRwHfbOh/71LWgjYnWJ/QQaEeso0RacoZWabjELEO4wq/STGLtghKGDAa00/dNgj957gWaqI6HpFrySNwKdJv6YFMgY1ab7GbRinkagkEtmTN33EmxkTKPgEgb5IDWQMN5jHahbqlgEppGN3hnQolVatB1rWwrpSP09kbHImH4U2s6IYddMekPxP6+eYvukkQmVpAiK/yxqp5JiTIfZ0JbQwFH2LWFcC3sr5V2mGUebYN6G4E++PE2u9kv+Uenw4qBQPhvHkSPbZIfsEp8ckzKpkCqpEU4eyBN5Ia/Oo/PsvDnvP60zznhmi/yB8/ENudSb4w==</latexit>

Hypothesis H1 : |0i
<latexit sha1_base64="IXM16nOdvoXosalL3iqVTTrvBXY=">AAACE3icbVDLSgNBEJz1bXxFPXoZDIKIhF3xhSfRS44KRoVsCL2TTjI4O7vM9IphzT948Ve8eFDEqxdv/o2TmIOvgoaiqpvurihV0pLvf3gjo2PjE5NT04WZ2bn5heLi0rlNMiOwKhKVmMsILCqpsUqSFF6mBiGOFF5EV8d9/+IajZWJPqNuivUY2lq2pAByUqO4kYeEN5RXumlCHbTS8l6PVxpbB+Emvw1BpR0IDei2wkax5Jf9AfhfEgxJiQ1x0ii+h81EZDFqEgqsrQV+SvUcDEmhsFcIM4spiCtoY81RDTHaej74qcfXnNLkrcS40sQH6veJHGJru3HkOmOgjv3t9cX/vFpGrf16LnWaEWrxtaiVKU4J7wfEm9KgINV1BISR7lYuOmBAkIux4EIIfr/8l5xvlYPd8s7pdunwaBjHFFthq2ydBWyPHbIKO2FVJtgde2BP7Nm79x69F+/1q3XEG84ssx/w3j4BFNWeSA==</latexit>

Hypothesis H2 : |↵i

Kennedy’s Receiver (1973)
26



Break

• Resume at 5:10 pm EST
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Part C
Quantum States of Light 
Introduction to Field Quantization

28



Maxwell’s Equations
Source-free Maxwell’s equations in vacuum

<latexit sha1_base64="sdVA8s0DnovoeSeKaiE1dYktnzo=">AAACL3icbVDLSgMxFM3UV62vqks3waK4KjMi1Y1Q6oMuK9gHdIYhk2ba0GRmSDKFMswfufFXuhFRxK1/Yfrw1XogcDjnXHLv8SJGpTLNZyOztLyyupZdz21sbm3v5Hf3GjKMBSZ1HLJQtDwkCaMBqSuqGGlFgiDuMdL0+ldjvzkgQtIwuFfDiDgcdQPqU4yUltz87bHNkep5flJJ4aXNY9eEX0o1te3ct3+tfWgPkCCRpEzP/gRvUjdfMIvmBHCRWDNSADPU3PzI7oQ45iRQmCEp25YZKSdBQlHMSJqzY0kihPuoS9qaBogT6SSTe1N4pJUO9EOhX6DgRP09kSAu5ZB7OjneUM57Y/E/rx0r/8JJaBDFigR4+pEfM6hCOC4PdqggWLGhJggLqneFuIcEwkpXnNMlWPMnL5LGadEqFUt3Z4VyZVZHFhyAQ3ACLHAOyqAKaqAOMHgAI/ACXo1H48l4M96n0Ywxm9kHf2B8fAJtuajA</latexit>

B = µ0H

D = ω0E

<latexit sha1_base64="uzc5DjyZI1i/HP2LiMQB01o27mo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRPEU9OIxgnlAsoTZyWwyZGZ2mYcQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlHKmje9/e4W19Y3NreJ2aWd3b/+gfHjU0olVhDZJwhPVibCmnEnaNMxw2kkVxSLitB2N72Z++4kqzRL5aCYpDQUeShYzgo2T2j1h+/4N6pcrftWfA62SICcVyNHol796g4RYQaUhHGvdDfzUhBlWhhFOp6We1TTFZIyHtOuoxILqMJufO0VnThmgOFGupEFz9fdEhoXWExG5ToHNSC97M/E/r2tNfB1mTKbWUEkWi2LLkUnQ7Hc0YIoSwyeOYKKYuxWREVaYGJdQyYUQLL+8SloX1aBWrT1cVuq3eRxFOIFTOIcArqAO99CAJhAYwzO8wpuXei/eu/exaC14+cwx/IH3+QNcjY7y</latexit>µ0 :
<latexit sha1_base64="rTYGo1jnHtZcQ29Wvd7ORe5vt+k=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9gVieIp6MVjBPOAZAmzk95kyOyDmdlAXPIlXjwo4tVP8ebfOEn2oIkFDTVV3Ux3+YngSjvOt7W2vrG5tV3YKe7u7R+U7MOjpopTybDBYhHLtk8VCh5hQ3MtsJ1IpKEvsOWP7mZ+a4xS8Th61JMEvZAOIh5wRrWRenapO6YSE8WFeTk3pGeXnYozB1klbk7KkKPes7+6/ZilIUaaCapUx3US7WVUas4ETovdVGFC2YgOsGNoRENUXjZffErOjNInQSxNRZrM1d8TGQ2VmoS+6QypHqplbyb+53VSHVx7GY+SVGPEFh8FqSA6JrMUSJ9LZFpMDKFMcrMrYUMqKdMmq6IJwV0+eZU0LyputVJ9uCzXbvM4CnACp3AOLlxBDe6hDg1gkMIzvMKb9WS9WO/Wx6J1zcpnjuEPrM8fPoaS1A==</latexit>ω0 :

In vacuum (no magnetic or dielectric 
material), we have the constitutive relations

Permeability of free space
Permittivity of free space

<latexit sha1_base64="OvKN7310fpStXxJUu+xfQ6isQI4=">AAACD3icbVC7TsMwFHV4lvIKMLJYVCCmKkGosCBVsDAWiT6kJooc12mt2k6wnUpVlD9g4VdYGECIlZWNv8FtM0DLkSwdnXOuru8JE0aVdpxva2l5ZXVtvbRR3tza3tm19/ZbKk4lJk0cs1h2QqQIo4I0NdWMdBJJEA8ZaYfDm4nfHhGpaCzu9TghPkd9QSOKkTZSYJ/gK+hFEuHMzTNPPUideTwNHG+EJEkUZSbk5HlgV5yqMwVcJG5BKqBAI7C/vF6MU06Exgwp1XWdRPsZkppiRvKylyqSIDxEfdI1VCBOlJ9N78nhsVF6MIqleULDqfp7IkNcqTEPTZIjPVDz3kT8z+umOrr0MyqSVBOBZ4uilEEdw0k5sEclwZqNDUFYUvNXiAfItKNNhWVTgjt/8iJpnVXdWrV2d16pXxd1lMAhOAKnwAUXoA5uQQM0AQaP4Bm8gjfryXqx3q2PWXTJKmYOwB9Ynz+9Tp0k</latexit>

c =
1

→
µ0ω0

Permeability and 
permittivity define the 
speed of EM waves

Consider the frequency representation of an E-field
<latexit sha1_base64="aI+RzOoAPJkIYimGyhUdpjDEIJI="></latexit>

E(r, t) =

∫ →

0

dω

2ε
e↑iωtE(+)(r,ω) +

∫ →

0

dω

2ε
eiωtE(↑)(r,ω)

Amplitude Mode function

(“Modes”)

Mode sum

Mode index (label):  <latexit sha1_base64="eEyk8RWTTxTzkEenlXlDEIw4cQY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF27m4TdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8N/PbT6g0j6MHM0nQl3QY8ZAzaqzUkP1S2a24c5BV4uWkDDnq/dJXbxCzVGJkmKBadz03MX5GleFM4LTYSzUmlI3pELuWRlSi9rP5oVNybpUBCWNlKzJkrv6eyKjUeiID2ympGellbyb+53VTE974GY+S1GDEFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwB2R+M/A==</latexit>m

Modes : ortho-normal set of functions 
dictated by the geometry 

<latexit sha1_base64="rabLSpbAsTJ+8nn1X8dDzO24k/s="></latexit>∫
d3r u(m)→(r,ω)u(k)(r,ω) = εm,k

We may write a mode expansion 
for each frequency component

<latexit sha1_base64="KtWLDsVfy/lScT2mXIEgUe5nl0I="></latexit>

E(+)(r,ω) =
∑

m

E a(m)(ω)u(m)(r,ω)

Scale factor: 
<latexit sha1_base64="czqcUsY0lBu3KXqoTUUpIorIoGc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WVRBJcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLa+sbmVnm7srO7t39QPTzqGJVqytpUCaV7ITFMcMnawEGwXqIZiUPBuuHkNve7T0wbruQjTBMWxGQkecQpASv5/ZjAmBKR3c0G1Zpbd+fAq8QrSA0VaA2qX/2homnMJFBBjPE9N4EgIxo4FWxW6aeGJYROyIj5lkoSMxNk88gzfGaVIY6Utk8Cnqu/NzISGzONQzuZRzTLXi7+5/kpRNdBxmWSApN08VGUCgwK5/fjIdeMgphaQqjmNiumY6IJBdtSxZbgLZ+8SjoXda9Rbzxc1po3RR1ldIJO0Tny0BVqonvUQm1EkULP6BW9OeC8OO/Ox2K05BQ7x+gPnM8fefSRZg==</latexit>

E

<latexit sha1_base64="J4cIg0249Ww3x6noW7mAn3AmW8s="></latexit>

1

c2
ω2E

ωt2
→↑2E = 0

1

c2
ω2B

ωt2
→↑2B = 0

E-field and B-field admit 
wave solutions

29

<latexit sha1_base64="f/CJbiIujQnrt4SL4sgSLTF/aMM="></latexit>→ ·B = 0

→↑E = ↓ωB

ωt
→ ·E = 0

→↑H =
ωD

ωt

29

<latexit sha1_base64="HS2jcwUJx43rWYGc93nPYPM86/o="></latexit>

r = (x, y, z)



Plane Wave Modes of Free Space

E (B) field plane wave polarized along 
 and propagating in the  directiony(z) x

Modes of Highly Reflective Cavities

 The allowed mode 
frequencies   are 
continuous 

<latexit sha1_base64="YhzdBLs49YfOG8ICJj2ZF9/D8RM=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1ekrQIe6LfrniV/050CoJclKBHI1++as3UCQVVFrCsTHdwE9smGFtGeF0WuqlhiaYjPGQdh2VWFATZvN7p+jMKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUciEEyy+vktZFNahVa/eXlfpNHkcRTuAUziGAK6jDHTSgCQQ4PMMrvHmP3ov37n0sWgtePnMMf+B9/gAYGJAG</latexit>ωm

 The allowed mode frequencies   are discrete<latexit sha1_base64="YhzdBLs49YfOG8ICJj2ZF9/D8RM=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1ekrQIe6LfrniV/050CoJclKBHI1++as3UCQVVFrCsTHdwE9smGFtGeF0WuqlhiaYjPGQdh2VWFATZvN7p+jMKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUciEEyy+vktZFNahVa/eXlfpNHkcRTuAUziGAK6jDHTSgCQQ4PMMrvHmP3ov37n0sWgtePnMMf+B9/gAYGJAG</latexit>ωm

Why?

<latexit sha1_base64="BVkACjBpZh1y7z02O/dUhkS1cjs="></latexit>

E(+)(r, t) =
∑

m

a(m)e→iωmtu(m)(r)

Form a 
discrete set

This is a toy model of a cavity 
30

https://commons.wikimedia.org/
wiki/File:EM-Wave.gif

<latexit sha1_base64="47OX61I8IqOBLivJJw8KkCtRgR8="></latexit>

E(+)(r, t) = em e→iωmt eik
(m)·r

Where 
<latexit sha1_base64="FlROlWCaDUe5wrTpI7s2bg41Jbo="></latexit>

k(m) · r = k(m)
x x+ k(m)

y y + k(m)
z z

This is single plane wave with

Frequency: 

Field polarization direction: 

Propagation direction: 

<latexit sha1_base64="YhzdBLs49YfOG8ICJj2ZF9/D8RM=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyd1ekrQIe6LfrniV/050CoJclKBHI1++as3UCQVVFrCsTHdwE9smGFtGeF0WuqlhiaYjPGQdh2VWFATZvN7p+jMKQMUK+1KWjRXf09kWBgzEZHrFNiOzLI3E//zuqmNr8OMySS1VJLFojjlyCo0ex4NmKbE8okjmGjmbkVkhDUm1kVUciEEyy+vktZFNahVa/eXlfpNHkcRTuAUziGAK6jDHTSgCQQ4PMMrvHmP3ov37n0sWgtePnMMf+B9/gAYGJAG</latexit>ωm

<latexit sha1_base64="DTKit4PFMVr11KSrjR1nQ6NkWC4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi1WXRjcsK9gFNKZPpTTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy0emDgcM693DMnSATXxnW/nNLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdR1Sax/LBzBIcRHQsecgZNVby/YiaSRBmOB9Gw2rNrbsLkL/EK0gNCrSG1U9/FLM0QmmYoFr3PTcxg4wqw5nAecVPNSaUTekY+5ZKGqEeZIvMc3JmlREJY2WfNGSh/tzIaKT1LArsZJ5Rr3q5+J/XT014Pci4TFKDki0PhakgJiZ5AWTEFTIjZpZQprjNStiEKsqMraliS/BWv/yXdC7qXqPeuL+sNW+KOspwAqdwDh5cQRPuoAVtYJDAE7zAq5M6z86b874cLTnFzjH8gvPxDWvdkfQ=</latexit>em
<latexit sha1_base64="WE9RLHu3NXqpCdnfpUQa5jNhQNk=">AAACG3icbZDLSsNAFIYn9VbrLerSzWARWpCSFKluhKIblxXsBdoYJtNJO3QyCTMTsYa+hxtfxY0LRVwJLnwbp20Ubf1h4OM/53Dm/F7EqFSW9WlkFhaXlleyq7m19Y3NLXN7pyHDWGBSxyELRctDkjDKSV1RxUgrEgQFHiNNb3A+rjdviJA05FdqGBEnQD1OfYqR0pZrljsBUn3PTwaj66QQFEfwFBYGU3RvD79p+EN3RdfMWyVrIjgPdgp5kKrmmu+dbojjgHCFGZKybVuRchIkFMWMjHKdWJII4QHqkbZGjgIinWRy2wgeaKcL/VDoxxWcuL8nEhRIOQw83Tm+RM7WxuZ/tXas/BMnoTyKFeF4usiPGVQhHAcFu1QQrNhQA8KC6r9C3EcCYaXjzOkQ7NmT56FRLtmVUuXyKF89S+PIgj2wDwrABsegCi5ADdQBBvfgETyDF+PBeDJejbdpa8ZIZ3bBHxkfX+0goBo=</latexit>

k(m) = (k(m)
x , k(m)

y , k(m)
z )

<latexit sha1_base64="BkZirS3xLJHdCVdDDlMDKbxoLwk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCnG4zb</latexit>

LIf a the cavity is a cube of side length
<latexit sha1_base64="2hn02cR4rN2FcZwzXtgt7i/NWWM="></latexit>

u(m)(r+ L x̂) = u(m)(r+ L ŷ) = u(m)(r+ L ẑ) = u(m)(r)

Then we have the requirement for the wave vector 

<latexit sha1_base64="6+4e0hH7yjiVUz7EOdl326Wv//g=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVPFU9OKxgv2ANoTNdtMu3U3i7qYYQ3+HFw+KePXHePPfuG1z0NYHA4/3ZpiZ58ecKW3b39bS8srq2npho7i5tb2zW9rbb6ookYQ2SMQj2faxopyFtKGZ5rQdS4qFz2nLH95M/NaISsWi8F6nMXUF7ocsYARrI7nCezwVXmrqCV15pbJdsadAi8TJSRly1L3SV7cXkUTQUBOOleo4dqzdDEvNCKfjYjdRNMZkiPu0Y2iIBVVuNj16jI6N0kNBJE2FGk3V3xMZFkqlwjedAuuBmvcm4n9eJ9HBpZuxME40DclsUZBwpCM0SQD1mKRE89QQTCQztyIywBITbXIqmhCc+ZcXSfOs4lQr1bvzcu06j6MAh3AEJ+DABdTgFurQAAIP8Ayv8GaNrBfr3fqYtS5Z+cwB/IH1+QPgIJGI</latexit>mx,my,mz : Integers that determine the 
overall mode index

<latexit sha1_base64="LYhH7gCso+QCZ8vFeIzRxiHdHCY=">AAACGHicbVDLSgMxFM3UV62vUZdugkVoQepMkepGKLpx4aKCfUCnDpk004YmM0OSEeswn+HGX3HjQhG33fk3po+Fth64cDjnXpJzvIhRqSzr28gsLa+srmXXcxubW9s75u5eQ4axwKSOQxaKlockYTQgdUUVI61IEMQ9Rpre4GrsNx+IkDQM7tQwIh2OegH1KUZKS6554nCk+p6fDNL7pMCLKbyAji8QTspORNPkJoUF7j4ec3eo56nomnmrZE0AF4k9I3kwQ801R043xDEngcIMSdm2rUh1EiQUxYykOSeWJEJ4gHqkrWmAOJGdZBIshUda6UI/FHoCBSfq74sEcSmH3NOb4xhy3huL/3ntWPnnnYQGUaxIgKcP+TGDKoTjlmCXCoIVG2qCsKD6rxD3ka5F6S5zugR7PvIiaZRLdqVUuT3NVy9ndWTBATgEBWCDM1AF16AG6gCDZ/AK3sGH8WK8GZ/G13Q1Y8xu9sEfGKMfnS+fgQ==</latexit>

k(m) =
2ω

L
(mx,my,mz)

The highly reflective walls of the cavity will impose boundary 
conditions

<latexit sha1_base64="2ZAFsMkDX2gq+D5eSsh3eZPfQRI="></latexit>

u(m)(r) = em exp

[
i2ω

L
(mxx+myy +mzz

]

<latexit sha1_base64="BkZirS3xLJHdCVdDDlMDKbxoLwk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCnG4zb</latexit>

L

<latexit sha1_base64="BkZirS3xLJHdCVdDDlMDKbxoLwk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCnG4zb</latexit>

L

<latexit sha1_base64="BkZirS3xLJHdCVdDDlMDKbxoLwk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCnG4zb</latexit>

L
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Modes for Realistic Cavities

Light is ‘not confined’ along all three directions

Longitudinal modes : different frequencies
Tranverse modes : orthogonal spatial 
functions (‘patterns’) 
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https://en.wikipedia.org/wiki/Longitudinal_mode#/media/
File:Longitudinal_mode_v2.svg https://www.rp-photonics.com/img/tem_modes.webp

<latexit sha1_base64="ccj8plL8G8h9PjujouivmjLkJ0g="></latexit>

u(m)(r,ω) = e(m)f (m)(x, y,ω) sin
[εmz

L

]

Tranverse mode
Longitudinal mode

Consider a plane-parallel cavity of length L

z

x
y

Highly reflective mirrors

<latexit sha1_base64="BkZirS3xLJHdCVdDDlMDKbxoLwk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCnG4zb</latexit>

L

Region where 
field is confined
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Mode spacing :
<latexit sha1_base64="pBcTnjhwvDo8zLlQHEnLHbw4fVw="></latexit>

ωm → ωm→1 =
εc

L

Hermite-Gauss tranverse 
modes

<latexit sha1_base64="Jyds5INEqtNrp1npBA4HgQW1p6g="></latexit>

f
(m)(x, y,ω) → Hm(x)e→x2

Hm(y)e→y2

Longitudinal modes

z

y

<latexit sha1_base64="fx6uzldhrxC5zD2M5cWGYBace/4="></latexit>

L m =



Quantization of the Electromagnetic Field
<latexit sha1_base64="D6QVm+7ZaLgvYZLaTDM0M3BzN1M="></latexit>

E(+)(r, t) =
∑

m

∫ →

0
Ema(m)(ω)e↑iωtu(m)(r,ω)

Classical field description

<latexit sha1_base64="eW1sdrCZk/NcTBxEl1ei3+ibejc="></latexit>

Ê(+)(r, t) =
∑

m

∫ →

0
Em(ω)âm(ω)e↑iωtu(m)(r,ω)

Quantized field description 

<latexit sha1_base64="Vx+KbBEIG4Mq4pd0XhOyLxQ+TqI="></latexit>

a(m)(ω) → âm(ω)

Quantization rules  
complex amplitude operators →

<latexit sha1_base64="iSzugm/H4vu9RVq0C/NvZg1sqww="></latexit>

a(m)→(ω) → â†m(ω)

<latexit sha1_base64="nXnK0jORYpmmJWdZTwO8yfHDPAQ="></latexit>

Em → Em(ω) =

√
⊋ω
2ε0c

Amplitude 

Canonical commutation rules
<latexit sha1_base64="vLEWioOdvd7+pKsk3hvDVXYodHA="></latexit>

[âm(ω), â†k(ω)] = âm(ω)â†k(ω)→ â†k(ω)âm(ω)

= εm,k

<latexit sha1_base64="0YCXRtPou3UR2isr5Q+f4a5YBIw="></latexit>

Ĥm = ⊋ωm

(
â
†
m(ω)âm(ω) +

1

2

)
Hamiltonian for the mode

Resembles the quantum harmonic 
oscillator Hamiltonian 

Defined as the ‘lowering operator’ (annihilation)

Defined as the ‘raising operator’ (creation)



Quantum States of Light
Eigenstates of the Hamiltonian operator 

Eigenstates of the annihilation operator : Coherent States

<latexit sha1_base64="eozsomu6aFirY5z384uTLq/X8Jw="></latexit>

[Ĥm, âm] = ⊋ωm[(â†mâm +
1

2
), âm]

= →⊋ωmâm

Dropping the frequency dependence from the operators for brevity

<latexit sha1_base64="ulc6TPveje5gvDmzHa4hMJo6s6Q="></latexit>

[Ĥm, â
†
m] = ⊋ωmâ

†
m

Noting the commutation relations of 
creation and annihilation operators 

with the Hamiltonian <latexit sha1_base64="TMZB7JSuAE+I61yzgp65fjnMNMI=">AAACJnicbZDLSgMxFIYz9VbrrerSTbAIuikzItWNUBShywr2Ap1hyKRpG5rJDMkZoQx9Bl/DF3Crb+BOxJ0rn8NM24Vt/SHw5z/ncJIviAXXYNtfVm5ldW19I79Z2Nre2d0r7h80dZQoyho0EpFqB0QzwSVrAAfB2rFiJAwEawXD26zeemRK80g+wChmXkj6kvc4JWAiv3jmDgiktbEfYnfIIHVjzbPLNb7z5VzkF0t22Z4ILxtnZkpoprpf/HG7EU1CJoEKonXHsWPwUqKAU8HGBTfRLCZ0SPqsY6wkIdNeOvnSGJ+YpIt7kTJHAp6kfydSEmo9CgPTGRIY6MVaFv5X6yTQu/JSLuMEmKTTRb1EYIhwxgd3uWIUxMgYQhU3b8V0QBShYCjObQkUMXjGBQPGWcSwbJrnZadSrtxflKo3M0R5dISO0Sly0CWqohqqowai6Am9oFf0Zj1b79aH9TltzVmzmUM0J+v7F4qipkQ=</latexit>

Ĥm |ω→m = En |ω→m

Hence, if we consider an eigenstate of the 
Hamiltonian operator

<latexit sha1_base64="jUXEq6cI6rZPchL3zxil6kfNTVM="></latexit>

Ĥmâ
†
m |ω→m = (En + ⊋εm)â†m |ω→m

<latexit sha1_base64="j1oavSPW2ZFtW6ZqQ3ST7TjKtP0="></latexit>

Ĥmâm |ω→m = (En ↑ ⊋εm)âm |ω→m

<latexit sha1_base64="eW1aYqt0UB6COxnQ+/nfkt87ETA=">AAACM3icbZBLSgNBEIZ7fBtfUZduGoPgQsKMSHQpunGpYIyQiaGmU0ma9DzorhHCkJt4DS/gVi8g7kTceQc7ySxMYkHD3/9fRXV/QaKkIdd9d+bmFxaXlldWC2vrG5tbxe2dOxOnWmBVxCrW9wEYVDLCKklSeJ9ohDBQWAt6l8O89ojayDi6pX6CjRA6kWxLAWStZrHid4EyGDRD7veQMj8x0l6OeO4/+C3odFBP5c1iyS27o+KzwstFieV13Sx++61YpCFGJBQYU/fchBoZaJJC4aDgpwYTED3oYN3KCEI0jWz0vwE/sE6Lt2NtT0R85P6dyCA0ph8GtjME6prpbGj+l9VTap81MhklKWEkxovaqeIU8yEs3pIaBam+FSC0tG/logsaBFmkE1sCDRbPoGDBeNMYZsXdcdmrlCs3J6XzixzRCttj++yQeeyUnbMrds2qTLAn9sJe2Zvz7Hw4n87XuHXOyWd22UQ5P7+JRKx+</latexit>

âm |ω→m , â†m |ω→m are eigenvectors as well - with 
lowered or raised eigenvalues

Fock (number) states 
<latexit sha1_base64="tJqIBBSKaDCPb6fKtjADOx+hq/c=">AAACIHicbVDLSgMxFM34rPVVdekmWARBKDMiVeim6MZlBfvAzlgyaaYNTTJDkhHKMB/gb/gDbvUP3IlL/QC/w0w7C9t6IHA451zuzfEjRpW27S9raXlldW29sFHc3Nre2S3t7bdUGEtMmjhkoez4SBFGBWlqqhnpRJIg7jPS9kfXmd9+JFLRUNzpcUQ8jgaCBhQjbaReqewm7ojoRKQ97qY16NagcKmALkd66PvJffpwalJ2xZ4ALhInJ2WQo9Er/bj9EMecCI0ZUqrr2JH2EiQ1xYykRTdWJEJ4hAaka6hAnCgvmXwmhcdG6cMglOYJDSfq34kEcaXG3DfJ7EY172Xif1431sGll1ARxZoIPF0UxAzqEGbNwD6VBGs2NgRhSc2tEA+RRFib/ma2+BKZztKiKcaZr2GRtM4qTrVSvT0v16/yigrgEByBE+CAC1AHN6ABmgCDJ/ACXsGb9Wy9Wx/W5zS6ZOUzB2AG1vcvPSejdg==</latexit>

{|n→m}; n ↑ Z+
<latexit sha1_base64="fvvvhfngKTj4P3oRumE1Vm2poco="></latexit>

âm |n→m =
↑
n |n↓ 1→m

â†m |n→m =
↑
n+ 1 |n+ 1→m

Lowering and raising operators

<latexit sha1_base64="o7AgG8nUB4yml8voc5ln+tQIvJE=">AAACLHicbZDLSgMxFIYz9VbrrerSTbAIruqMSHUjFN24rGAv0BnKmTRtQzMXkjNCGfoYvoYv4FbfwI2I2z6HaTsL2/pD4Mt/zuEkvx9LodG2v6zc2vrG5lZ+u7Czu7d/UDw8augoUYzXWSQj1fJBcylCXkeBkrdixSHwJW/6w/tpvfnMlRZR+ISjmHsB9EPREwzQWJ3ihTsATGHcCag75Ji6IOPB7HpL57xod4olu2zPRFfByaBEMtU6xYnbjVgS8BCZBK3bjh2jl4JCwSQfF9xE8xjYEPq8bTCEgGsvnX1sTM+M06W9SJkTIp25fydSCLQeBb7pDAAHerk2Nf+rtRPs3XipCOMEecjmi3qJpBjRaUq0KxRnKEcGgClh3krZABQwNFkubPEVmIDGBROMsxzDKjQuy06lXHm8KlXvsojy5IScknPikGtSJQ+kRuqEkRfyRt7Jh/VqfVrf1s+8NWdlM8dkQdbkFzTMqT0=</latexit>

âm |ω→m = ω |ω→m
<latexit sha1_base64="lZ7fZ/SLaGCp6toSputZq/Z6z+E="></latexit>

= e→|ω|2/2
↑∑

n=0

ωn

→
n!

|n↑m

Quantum description of 
classical laser light

Intuitively, these are quantum states of light 
where the annihilation operator and complex 

amplitude are ‘interchangeable’

33

We assume the ground state              satisfies
<latexit sha1_base64="JO+ny4zLoRAwqFMLfswLzXkUWso="></latexit>

|ω0→m
<latexit sha1_base64="ZcsaK1Ffs0kyDVBGWKmE3PvLzmw="></latexit>

âm |ω0→m = 0
<latexit sha1_base64="rbGfJaF4hb2WF8Ym+sY8ueSO478="></latexit>

|ω0→m ↑= 0

Energy difference: 
<latexit sha1_base64="zd3PyYiSP8/4pj6rmmbErWN25Xw="></latexit>

⊋ωm

<latexit sha1_base64="aAB0cU1u6dTdgTFBPLxnpeipi6A="></latexit>

Ĥm |ω0→m =
⊋εm

2

Eigenvalue:

Eigenvalue relation
<latexit sha1_base64="P3OUCduVZqhBXnq6zf0VENzpFM4="></latexit>

Ĥm |n→m = ⊋ωm(n+
1

2
) |n→m

<latexit sha1_base64="JO+ny4zLoRAwqFMLfswLzXkUWso="></latexit>

|ω0→m



• -photon Fock state of the above mode:


• Ideal photon detection will produce precisely  clicks


• Click arrival process is no longer “memoryless” (unlike the Poisson Point 
Process for coherent states). Why? 


• Arrival (or not) of one photon click in a time interval changes the probability 
distribution of the remaining clicks

n

n

Number (Fock) state of a mode

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="vfdT8GPmCfCqP9FgIxd74HYqHsM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhDiJeyKr2PQi8cI5gHJEmYns8mQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrVIIb9LxvZ2V1bX1js7BV3N7Z3dsvHRw2TZJqyho0EYluh8QwwSVrIEfB2kozEoeCtcLR3dRvPTFteCIfcaxYEJOB5BGnBK3U6qohr+BZr1T2qt4M7jLxc1KGHPVe6avbT2gaM4lUEGM6vqcwyIhGTgWbFLupYYrQERmwjqWSxMwE2ezciXtqlb4bJdqWRHem/p7ISGzMOA5tZ0xwaBa9qfif10kxugkyLlWKTNL5oigVLibu9He3zzWjKMaWEKq5vdWlQ6IJRZtQ0YbgL768TJrnVf+qevlwUa7d5nEU4BhOoAI+XEMN7qEODaAwgmd4hTdHOS/Ou/Mxb11x8pkj+APn8we1yo8s</latexit>

�(t)
<latexit sha1_base64="jqiMqnK2JK0R30FLPbjaWq1rxl4=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4ijPidgx68RghGyZD6On0JE16esbuGiEM+QsvHhTx6t9482/sLAeNPih4vFdFVb0gkcKg6345uaXlldW1/HphY3Nre6e4u9cwcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJn7zkWsjYlXDUcL9iPaVCAWjaKX7jnnQmHkntXG3WHLL7hTkL/HmpARzVLvFz04vZmnEFTJJjWl7boJ+RjUKJvm40EkNTygb0j5vW6poxI2fTS8ekyOr9EgYa1sKyVT9OZHRyJhRFNjOiOLALHoT8T+vnWJ45WdCJSlyxWaLwlQSjMnkfdITmjOUI0so08LeStiAasrQhlSwIXiLL/8ljdOyd1E+vzsrVa7nceThAA7hGDy4hArcQhXqwEDBE7zAq2OcZ+fNeZ+15pz5zD78gvPxDVyikLo=</latexit>p
1/T

<latexit sha1_base64="vfdT8GPmCfCqP9FgIxd74HYqHsM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhDiJeyKr2PQi8cI5gHJEmYns8mQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrVIIb9LxvZ2V1bX1js7BV3N7Z3dsvHRw2TZJqyho0EYluh8QwwSVrIEfB2kozEoeCtcLR3dRvPTFteCIfcaxYEJOB5BGnBK3U6qohr+BZr1T2qt4M7jLxc1KGHPVe6avbT2gaM4lUEGM6vqcwyIhGTgWbFLupYYrQERmwjqWSxMwE2ezciXtqlb4bJdqWRHem/p7ISGzMOA5tZ0xwaBa9qfif10kxugkyLlWKTNL5oigVLibu9He3zzWjKMaWEKq5vdWlQ6IJRZtQ0YbgL768TJrnVf+qevlwUa7d5nEU4BhOoAI+XEMN7qEODaAwgmd4hTdHOS/Ou/Mxb11x8pkj+APn8we1yo8s</latexit>

�(t)
<latexit sha1_base64="+pWVIrInkasaefAin77cu4PARio=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkWom5KIr2XRjcsK9gFNCJPpTTt0MgkzEyHE+ituXCji1g9x5984bbPQ1gMXDufcy733BAmjUtn2t1FaWV1b3yhvVra2d3b3zP2DjoxTQaBNYhaLXoAlMMqhrahi0EsE4Chg0A3GN1O/+wBC0pjfqywBL8JDTkNKsNKSb1YfHVdgPmTg524yonV1MvHNmt2wZ7CWiVOQGirQ8s0vdxCTNAKuCMNS9h07UV6OhaKEwaTiphISTMZ4CH1NOY5Aevns+Il1rJWBFcZCF1fWTP09keNIyiwKdGeE1UguelPxP6+fqvDKyylPUgWczBeFKbNUbE2TsAZUAFEs0wQTQfWtFhlhgYnSeVV0CM7iy8ukc9pwLhrnd2e15nURRxkdoiNURw66RE10i1qojQjK0DN6RW/Gk/FivBsf89aSUcxU0R8Ynz99f5Su</latexit>

|1i�(t)
Precisely a single click will be detected, at (a random) 
time     whose probability distribution<latexit sha1_base64="hnLXyj98SyWJxboWlxO2Ayd1ueI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpl26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVlLVoLGLdCYlhgivWQo6CdRLNiAwFa4fj29xvPzFteKwecJKwQJKh4hGnBHOphyTtV2te3ZvBXSZ+QWpQoNmvfvUGMU0lU0gFMabrewkGGdHIqWDTSi81LCF0TIasa6kikpkgm906dU+sMnCjWNtS6M7U3xMZkcZMZGg7JcGRWfRy8T+vm2J0HWRcJSkyReeLolS4GLv54+6Aa0ZRTCwhVHN7q0tHRBOKNp6KDcFffHmZPJ7V/cv6xf15rXFTxFGGIziGU/DhChpwB01oAYURPMMrvDnSeXHenY95a8kpZg7hD5zPHyRtjlI=</latexit>⌧

<latexit sha1_base64="nFUuw7KqVp3JN0eLayaaN+WxADw=">AAACAXicbVDLSgMxFM34rPU16kZwEyxC3ZSZ4msjFN24rGAf0BlLJs20oZlMSDJCmdaNv+LGhSJu/Qt3/o1pOwttPXDh5Jx7yb0nEIwq7Tjf1sLi0vLKam4tv76xubVt7+zWVZxITGo4ZrFsBkgRRjmpaaoZaQpJUBQw0gj612O/8UCkojG/0wNB/Ah1OQ0pRtpIbXtfFD2NkmN4CYee6NHpa3hfbtsFp+RMAOeJm5ECyFBt219eJ8ZJRLjGDCnVch2h/RRJTTEjo7yXKCIQ7qMuaRnKUUSUn04uGMEjo3RgGEtTXMOJ+nsiRZFSgygwnRHSPTXrjcX/vFaiwws/pVwkmnA8/ShMGNQxHMcBO1QSrNnAEIQlNbtC3EMSYW1Cy5sQ3NmT50m9XHLPSqe3J4XKVRZHDhyAQ1AELjgHFXADqqAGMHgEz+AVvFlP1ov1bn1MWxesbGYP/IH1+QN6k5Wl</latexit>

p(⌧) = |�(⌧)|2

<latexit sha1_base64="FfIKk4iattB16c5WB69GXjB5D/E=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkWom5KIr2XRjcsK9gFNCJPpTTt0MgkzEyHE+ituXCji1g9x5984bbPQ1gMXDufcy733BAmjUtn2t1FaWV1b3yhvVra2d3b3zP2DjoxTQaBNYhaLXoAlMMqhrahi0EsE4Chg0A3GN1O/+wBC0pjfqywBL8JDTkNKsNKSb1YfuSswHzLwczcZ0bo6mfhmzW7YM1jLxClIDRVo+eaXO4hJGgFXhGEp+46dKC/HQlHCYFJxUwkJJmM8hL6mHEcgvXx2/MQ61srACmOhiytrpv6eyHEkZRYFujPCaiQXvan4n9dPVXjl5ZQnqQJO5ovClFkqtqZJWAMqgCiWaYKJoPpWi4ywwETpvCo6BGfx5WXSOW04F43zu7Na87qIo4wO0RGqIwddoia6RS3URgRl6Bm9ojfjyXgx3o2PeWvJKGaq6A+Mzx/eAJTr</latexit>

|ni�(t)

34

<latexit sha1_base64="U5rt7auWkTt0imNqh8DJq5Y84Us=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4Kon4WhbduKxgH9CGMpnctkMnD2YmYgn9FTcuFHHrj7jzb5ymWWjrgYHDOfc1x08EV9pxvq2V1bX1jc3SVnl7Z3dv3z6otFScSoZNFotYdnyqUPAIm5prgZ1EIg19gW1/fDvz248oFY+jBz1J0AvpMOIDzqg2Ut+u9PIZmcRgWu5pHqLq21Wn5uQgy8QtSBUKNPr2Vy+IWRpipJmgSnVdJ9FeRqXmTKAZmypMKBvTIXYNjahZ4mX53ik5MUpABrE0L9IkV393ZDRUahL6pjKkeqQWvZn4n9dN9eDay3iUpBojNl80SAXRMZkFQQIukWkxMYQyyc2thI2opEybuMomBHfxy8ukdVZzL2sX9+fV+k0RRwmO4BhOwYUrqMMdNKAJDJ7gGV7hzZpaL9a79TEvXbGKnkP4A+vzB0xglJ8=</latexit>⇥
<latexit sha1_base64="/Fw02j3QD+CMzu5PhoB7brlVUOE="></latexit>ω

• Single photon (Fock) state of a mode        , detected by ideal photon detector



Interfering number states in a beamsplitter
• A beamsplitter transforms the annihilation and creation operators of the two 

interfering modes [“Heisenberg Picture” of QM]:


• Excite the input modes in number states      and      ; what is the output state?


• Examples:

<latexit sha1_base64="utbKA3+tPNEXR0dwaBMGDhbCo+w=">AAACFHicbVA9SwNBEN2L3/ErammzGARBDXfiVyOINpYKJgq5EOY2m2TJ3t65OyeES36EjX/FxkIRWws7/42beIUmPhh4vDfDzLwglsKg6345uYnJqemZ2bn8/MLi0nJhZbViokQzXmaRjPRtAIZLoXgZBUp+G2sOYSD5TdA5H/g391wbEalr7Ma8FkJLiaZggFaqF7ZTvw1IoU97ytegWpLTE+qbO42p6lN/p6d2vcyoF4puyR2CjhMvI0WS4bJe+PQbEUtCrpBJMKbquTHWUtAomOT9vJ8YHgPrQItXLVUQclNLh0/16aZVGrQZaVsK6VD9PZFCaEw3DGxnCNg2o95A/M+rJtg8rqVCxQlyxX4WNRNJMaKDhGhDaM5Qdi0BpoW9lbI2aGBoc8zbELzRl8dJZa/kHZYOrvaLp2dZHLNknWyQLeKRI3JKLsglKRNGHsgTeSGvzqPz7Lw57z+tOSebWSN/4Hx8A+5hniI=</latexit>

â|ni =
p
n |n� 1i

<latexit sha1_base64="QZGHgPANpD/CeY3SyV4Ed8WJZ+8="></latexit>

â†|ni =
p
n+ 1 |n+ 1i

<latexit sha1_base64="yNTGR6KH97Wofoe2/3rjeTYI+zc=">AAACR3icbVBJSwMxGM3Urdat6tFLsAgetMyI20UoetFbBdsK02n5Js1MQzMLSUYoQ/+dF6/e/AtePCji0bQdi7Y+CDzeQpLnxpxJZZovRm5ufmFxKb9cWFldW98obm7VZZQIQmsk4pG4d0FSzkJaU0xxeh8LCoHLacPtXQ39xgMVkkXhnerH1AnAD5nHCCgttYstO212QWEYHOAf1mp2wPepcPDFRJv28OFMfCJMajeDdrFkls0R8CyxMlJCGart4nOzE5EkoKEiHKS0LTNWTgpCMcLpoNBMJI2B9MCntqYhBFQ66WiHAd7TSgd7kdAnVHik/m6kEEjZD1ydDEB15bQ3FP/z7ER5507KwjhRNCTji7yEYxXh4ai4wwQlivc1ASKYfismXRBAlJ6+oEewpr88S+pHZeu0fHJ7XKpcZnPk0Q7aRfvIQmeogq5RFdUQQY/oFb2jD+PJeDM+ja9xNGdknW30BznjG+3IsL8=</latexit>

[â, â†] = ââ† � â†â = Î

<latexit sha1_base64="h8vDDHzyPDQlT57GITqV/aosPoc=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx68RjBPCRZwuykNxkyM7vMzAphzVd48aCIVz/Hm3/jJNmDJhY0FFXddHeFCWfaeN63s7S8srq2Xtgobm5t7+yW9vYbOk4VxTqNeaxaIdHImcS6YYZjK1FIRMixGQ5vJn7zEZVmsbw3owQDQfqSRYwSY6WHJ9lRRPY5dktlr+JN4S4SPydlyFHrlr46vZimAqWhnGjd9r3EBBlRhlGO42In1ZgQOiR9bFsqiUAdZNODx+6xVXpuFCtb0rhT9fdERoTWIxHaTkHMQM97E/E/r52a6CrImExSg5LOFkUpd03sTr53e0whNXxkCaGK2VtdOiCKUGMzKtoQ/PmXF0njtOJfVM7vzsrV6zyOAhzCEZyAD5dQhVuoQR0oCHiGV3hzlPPivDsfs9YlJ585gD9wPn8AGCKQnQ==</latexit>

|ni
<latexit sha1_base64="rPT3OR9qZpKqjICNb+s3ZyrrZWo=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx68RjBPCRZwuykNxkyM7vMzAphzVd48aCIVz/Hm3/jJNmDJhY0FFXddHeFCWfaeN63s7S8srq2Xtgobm5t7+yW9vYbOk4VxTqNeaxaIdHImcS6YYZjK1FIRMixGQ5vJn7zEZVmsbw3owQDQfqSRYwSY6WHJ9FRRPY5dktlr+JN4S4SPydlyFHrlr46vZimAqWhnGjd9r3EBBlRhlGO42In1ZgQOiR9bFsqiUAdZNODx+6xVXpuFCtb0rhT9fdERoTWIxHaTkHMQM97E/E/r52a6CrImExSg5LOFkUpd03sTr53e0whNXxkCaGK2VtdOiCKUGMzKtoQ/PmXF0njtOJfVM7vzsrV6zyOAhzCEZyAD5dQhVuoQR0oCHiGV3hzlPPivDsfs9YlJ585gD9wPn8AFpeQnA==</latexit>

|mi

<latexit sha1_base64="O+zk+RchQcAmCooU0CBd+ZTRIsg=">AAACF3icbVBNS8NAEN34bf2qevSyWoQKUhLx6yKIXjwq2FZoaplsp3Fxs4m7G6HE/gsv/hUvHhTxqjf/jduag1YfDDzem2FmXpAIro3rfjojo2PjE5NT04WZ2bn5heLiUk3HqWJYZbGI1UUAGgWXWDXcCLxIFEIUCKwH18d9v36LSvNYnptugs0IQsk7nIGxUqtYKcOl34YwRLVxKemd6yuQoUB6QH19o0wmV3v+5p3M5Vax5FbcAehf4uWkRHKctooffjtmaYTSMAFaNzw3Mc0MlOFMYK/gpxoTYNcQYsNSCRHqZjb4q0fXrdKmnVjZkoYO1J8TGURad6PAdkZgrvSw1xf/8xqp6ew3My6T1KBk34s6qaAmpv2QaJsrZEZ0LQGmuL2VsitQwIyNsmBD8IZf/ktqWxVvt7Jztl06PMrjmCIrZI2UiUf2yCE5IaekShi5J4/kmbw4D86T8+q8fbeOOPnMMvkF5/0L8bWfNQ==</latexit>

(a†)n|0i =
p
n! |ni

<latexit sha1_base64="pab0B+ndEPEcvTDhyP6kDC+uW6Q=">AAAB8nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8co5gGbJcxOZpMhszPLTK8SQj7DiwdFvPo13vwbJ8keNFrQUFR1090VpYIb9Lwvp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2RAwTXLIGchSsnWpGkkiwVjS8nvqtB6YNV/IeRykLE9KXPOaUoJWCzh3vD5BorR675YpX9WZw/xI/JxXIUe+WPzs9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cY+s0nNjpW1JdGfqz4kxSYwZJZHtTAgOzKI3Ff/zggzjy3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZf/kuZJ1T+vnt2eVmpXeRxFOIBDOAYfLqAGN1CHBlBQ8AQv8Oqg8+y8Oe/z1oKTz+zDLzgf35RbkXc=</latexit>)
Inverse Transform

<latexit sha1_base64="vT9hGJ1B98YVlnsuVPf/vBCqsoc=">AAACI3icbZDLSsNAFIYn9VbrrerSzWARBLUk4g1BKLpxqWBVaEI5mUzt0MnFmROhhLyLG1/FjQuluHHhuzi1Waj1wMDP95/DnPP7iRQabfvDKk1MTk3PlGcrc/MLi0vV5ZVrHaeK8SaLZaxufdBciog3UaDkt4niEPqS3/i9s6F/88CVFnF0hf2EeyHcRaIjGKBB7epx5nYBKeT0hLr6XmHmcoTc3R5xltOtgjs7v5wgb1drdt3+LjounELUSFEX7erADWKWhjxCJkHrlmMn6GWgUDDJ84qbap4A68EdbxkZQci1l33fmNMNQwLaiZV5kVlsSH9OZBBq3Q990xkCdvVfbwj/81opdo68TERJijxio486qaQY02FgNBCKM5R9I4ApYXalrAsKGJpYKyYE5+/J4+J6t+4c1Pcv92qN0yKOMlkj62STOOSQNMg5uSBNwsgjeSav5M16sl6sgfU+ai1Zxcwq+VXW5xcU0KPy</latexit>

â =
p
⌘ ĉ+

p
1� ⌘ d̂

<latexit sha1_base64="DmPFe3KzfvjELIaucf+iacmQF4o=">AAACI3icbVDLSgMxFM34rPVVdekmWAoubJkRXwhC0Y3LCvYBnaFkMmkbmnmY3BHKMP/ixl9x40Ipblz4L6btLGzrgcDhnFzuPceNBFdgmt/G0vLK6tp6biO/ubW9s1vY22+oMJaU1WkoQtlyiWKCB6wOHARrRZIR3xWs6Q7uxn7zmUnFw+ARhhFzfNILeJdTAlrqFK4Tu08Auym+wbZ6kpBYZZsBSe2TqUNTXM6cGd1LO4WiWTEnwIvEykgRZah1CiPbC2nsswCoIEq1LTMCJyESOBUszduxYhGhA9JjbU0D4jPlJJOMKS5pxcPdUOoX6LPG6t+JhPhKDX0dpOQT6Kt5byz+57Vj6F45CQ+iGFhAp4u6scAQ4nFh2OOSURBDTQiVXN+KaZ9IQkHXmtclWPORF0njtGJdVM4fzorV26yOHDpER+gYWegSVdE9qqE6ougFvaEP9Gm8Gu/GyPiafl0yspkDNAPj5xcRFaP1</latexit>

b̂ =
p
1� ⌘ ĉ�p

⌘ d̂

<latexit sha1_base64="dlBgdF2oFiaDuOtoMgj07+53csQ=">AAACI3icbZDLSgMxFIYz9VbrbdSlm2ARBKHMFG8IQtGNywr2Ap2hZNJMG5rJjElGKNN5Fze+ihsXSnHjwncxbYeirQcCH/9/TpLzexGjUlnWl5FbWl5ZXcuvFzY2t7Z3zN29ugxjgUkNhywUTQ9JwignNUUVI81IEBR4jDS8/u3YbzwRIWnIH9QgIm6Aupz6FCOlpbZ5dQ0dXyAMk6HtCMS7jAytDODJDGdmmjjyUaiknKZts2iVrEnBRbAzKIKsqm1z5HRCHAeEK8yQlC3bipSbIKEo1jcXnFiSCOE+6pKWRo4CIt1ksmMKj7TSgX4o9OEKTtTfEwkKpBwEnu4MkOrJeW8s/ue1YuVfugnlUawIx9OH/JhBFcJxYLBDBcGKDTQgLKj+K8Q9pCNTOtaCDsGeX3kR6uWSfV46uz8tVm6yOPLgAByCY2CDC1ABd6AKagCDZ/AK3sGH8WK8GSPjc9qaM7KZffCnjO8frwSk/w==</latexit>

=
|1i|0i+ |0i|1ip

2

<latexit sha1_base64="Yw4vG1Bh/v5YxtdWeZyCUA+A4hw=">AAACLnicbZDLSgMxFIYzXmu9VV26CRbBhZQZ8bYRiiK4rGBV6NRyJj2dhmYyQ5IRStsncuOr6EJQEbc+hmmt13og8PH/53By/iARXBvXfXTGxicmp6YzM9nZufmFxdzS8rmOU8WwzGIRq8sANAousWy4EXiZKIQoEHgRtI76/sU1Ks1jeWbaCVYjCCVvcAbGSrXccddPNPcVyFAgPaBd75O77rcKV34dwhAV9Td/GF9Uy+XdgjsoOgreEPJkWKVa7t6vxyyNUBomQOuK5yam2gFlOBPYy/qpxgRYC0KsWJQQoa52Buf26LpV6rQRK/ukoQP150QHIq3bUWA7IzBN/dfri/95ldQ09qsdLpPUoGQfixqpoCam/exonStkRrQtAFPc/pWyJihgxiactSF4f08ehfOtgrdb2DndzhcPh3FkyCpZIxvEI3ukSE5IiZQJIzfkjjyRZ+fWeXBenNeP1jFnOLNCfpXz9g4GMqfs</latexit>

| i = |1i|0i = a† |0i|0i
<latexit sha1_base64="qz64XhkrcuPIbxzWAqwk/j3xslo="></latexit>

=

✓
c† + d†p

2

◆
|0i|0i

<latexit sha1_base64="dvAZPSU+eIKIWTUwwQ9en+iz6RQ=">AAAB9XicbVDJSgNBEK1xjXGLevTSGARPYSa4XYSgF48RzAKZMfR0apImPQvdPUoY8h9ePCji1X/x5t/YSeagiQ8KHu9VUVXPTwRX2ra/raXlldW19cJGcXNre2e3tLffVHEqGTZYLGLZ9qlCwSNsaK4FthOJNPQFtvzhzcRvPaJUPI7u9ShBL6T9iAecUW2kBxc1JVfEDSRlTrVbKtsVewqySJyclCFHvVv6cnsxS0OMNBNUqY5jJ9rLqNScCRwX3VRhQtmQ9rFjaERDVF42vXpMjo3SI0EsTUWaTNXfExkNlRqFvukMqR6oeW8i/ud1Uh1cehmPklRjxGaLglQQHZNJBKTHJTItRoZQJrm5lbABNQloE1TRhODMv7xImtWKc145uzst167zOApwCEdwAg5cQA1uoQ4NYCDhGV7hzXqyXqx362PWumTlMwfwB9bnD+kXkX4=</latexit>

⌘ =
1

2

<latexit sha1_base64="qRlCxZoQuCRmwancHwD/jgV9QBk=">AAACI3icbZDLSgMxFIYz9VbrbdSlm2AR3FhmijcEoejGZQV7gc5QMmmmDc1kxiQjlOm8ixtfxY0Lpbhx4buYtkPR1gOBj/8/J8n5vYhRqSzry8gtLa+sruXXCxubW9s75u5eXYaxwKSGQxaKpockYZSTmqKKkWYkCAo8Rhpe/3bsN56IkDTkD2oQETdAXU59ipHSUtu8uoaOLxCGybDsCMS7jAytDODJDGdmmjjyUaiknKZts2iVrEnBRbAzKIKsqm1z5HRCHAeEK8yQlC3bipSbIKEo1jcXnFiSCOE+6pKWRo4CIt1ksmMKj7TSgX4o9OEKTtTfEwkKpBwEnu4MkOrJeW8s/ue1YuVfugnlUawIx9OH/JhBFcJxYLBDBcGKDTQgLKj+K8Q9pCNTOtaCDsGeX3kR6uWSfV46uz8tVm6yOPLgAByCY2CDC1ABd6AKagCDZ/AK3sGH8WK8GSPjc9qaM7KZffCnjO8ftY+lAw==</latexit>

=
|2i|0i � |0i|2ip

2

<latexit sha1_base64="sGpDRl1WdnGXJwPKHK8QL9qVoKY=">AAACOHicbZDLSgMxFIYzXmu9VV26CRbBhZQZ8bYpFN24U8FaoVPLmfR0DM1khiQjlLaP5cbHcCduXCji1icwrbVefwh8/OccTs4fJIJr47r3ztj4xOTUdGYmOzs3v7CYW1o+13GqGJZZLGJ1EYBGwSWWDTcCLxKFEAUCK0HrsF+vXKPSPJZnpp1gLYJQ8iZnYKxVzx13/URzX4EMBdIi7Xqf/EVFCpd+A8IQFQ1G5G/Srjtq/qR6Lu8W3IHoX/CGkCdDndRzd34jZmmE0jABWlc9NzG1DijDmcBe1k81JsBaEGLVooQIda0zOLxH163ToM1Y2ScNHbjfJzoQad2OAtsZgbnSv2t9879aNTXN/VqHyyQ1KNnHomYqqIlpP0Xa4AqZEW0LwBS3f6XsChQwY7PO2hC83yf/hfOtgrdb2DndzpcOhnFkyCpZIxvEI3ukRI7ICSkTRm7IA3kiz86t8+i8OK8frWPOcGaF/JDz9g4QhKv3</latexit>

| i = |1i|1i = a†b† |0i|0i
<latexit sha1_base64="MAc7+1ySCC89wjz+fE3DCn69nYc="></latexit>

=

✓
c† + d†p

2

◆✓
c† � d†p

2

◆
|0i|0i

<latexit sha1_base64="a3mW1lLEDERbl7XCJDHdqoBhU/Y="></latexit>

=
1

2

⇣
c†

2 � d†
2
⌘
|0i|0i

Quantum state of the (a, b) modes, 
<latexit sha1_base64="VTL0wwGai7ICdmsbOjpbDjbGaC0=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURX8uiG5cV7AOaECbTSTt0MgkzE6GkXfgrblwo4tbfcOffOG2z0NYDFw7n3Mu994QpZ0o7zre1tLyyurZe2ihvbm3v7Np7+02VZJLQBkl4ItshVpQzQRuaaU7bqaQ4DjlthYPbid96pFKxRDzoYUr9GPcEixjB2kiBfTjyUsU8iUWP0yD3ZJwzMR4HdsWpOlOgReIWpAIF6oH95XUTksVUaMKxUh3XSbWfY6kZ4XRc9jJFU0wGuEc7hgocU+Xn0/vH6MQoXRQl0pTQaKr+nshxrNQwDk1njHVfzXsT8T+vk+no2jcPpZmmgswWRRlHOkGTMFCXSUo0HxqCiWTmVkT6WGKiTWRlE4I7//IiaZ5V3cvqxf15pXZTxFGCIziGU3DhCmpwB3VoAIERPMMrvFlP1ov1bn3MWpesYuYA/sD6/AFCbJbr</latexit>

| iin Quantum state of the (c, d) modes,
<latexit sha1_base64="1LJ7+xXhCjfvPxhOgpZNmtzDoAs=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4Kok4mtZdOOygn1AE8pkOmmHziPMTIQSs/FX3LhQxK2f4c6/cdpmoa0HLhzOuZd774kSRrXxvG+ntLS8srpWXq9sbG5t77i7ey0tU4VJE0smVSdCmjAqSNNQw0gnUQTxiJF2NLqZ+O0HojSV4t6MExJyNBA0phgZK/Xcg8cg0TRQSAwY6WWB4plMTZ733KpX86aAi8QvSBUUaPTcr6AvccqJMJghrbu+l5gwQ8pQzEheCVJNEoRHaEC6lgrEiQ6z6QM5PLZKH8ZS2RIGTtXfExniWo95ZDs5MkM9703E/7xuauKrMKMiSQ0ReLYoThk0Ek7SgH2qCDZsbAnCitpbIR4ihbCxmVVsCP78y4ukdVrzL2rnd2fV+nURRxkcgiNwAnxwCergFjRAE2CQg2fwCt6cJ+fFeXc+Zq0lp5jZB3/gfP4ANKGXdg==</latexit>

| iout

35

“Entangled states”

<latexit sha1_base64="qI5cYVSu2+UZdMPzXsWD274Jw4g="></latexit>

=
(
→
ω ĉ† +

→
1↑ ω d̂†)n

→
n!

(
→
1↑ ω ĉ† ↑→

ω d̂†)m
→
m!

|0↓ |0↓

<latexit sha1_base64="2uwpUU+e8d+bvxwaiw8iTYU5yQM="></latexit>

|ω→ = |n→ |m→ = (â†)n↑
n!

(b̂†)m↑
m!

|0→ |0→

<latexit sha1_base64="dvAZPSU+eIKIWTUwwQ9en+iz6RQ=">AAAB9XicbVDJSgNBEK1xjXGLevTSGARPYSa4XYSgF48RzAKZMfR0apImPQvdPUoY8h9ePCji1X/x5t/YSeagiQ8KHu9VUVXPTwRX2ra/raXlldW19cJGcXNre2e3tLffVHEqGTZYLGLZ9qlCwSNsaK4FthOJNPQFtvzhzcRvPaJUPI7u9ShBL6T9iAecUW2kBxc1JVfEDSRlTrVbKtsVewqySJyclCFHvVv6cnsxS0OMNBNUqY5jJ9rLqNScCRwX3VRhQtmQ9rFjaERDVF42vXpMjo3SI0EsTUWaTNXfExkNlRqFvukMqR6oeW8i/ud1Uh1cehmPklRjxGaLglQQHZNJBKTHJTItRoZQJrm5lbABNQloE1TRhODMv7xImtWKc145uzst167zOApwCEdwAg5cQA1uoQ4NYCDhGV7hzXqyXqx362PWumTlMwfwB9bnD+kXkX4=</latexit>

⌘ =
1

2



• Splitting an  photon number state in a beamsplitter (with vacuum in other port)


• Note: multi-mode unitary transformation of a single mode number state generates 
entanglement across multiple orthogonal modes

n

Exercise 6: Interfering number states in a beamsplitter

<latexit sha1_base64="jcWcqNEduq7MgMo6c+wAS6ZmlY8="></latexit>

A. | iout =
|ni|0i+ |0i|nip

2
<latexit sha1_base64="xLiJLUy9em8y578nE+NX8KucZQ4="></latexit>

D. | iout =
|ni|0i � 0i|nip

2

36

<latexit sha1_base64="8ghaW8dh3ThzbpMruRhdb+/EBno="></latexit>

B. |ω→out =
n∑

k=0

√(
n

k

)
εk(1↑ ε)n→k |k→ |n↑ k→

<latexit sha1_base64="nlK4ZAEco7q6UJ+s8uimZZA1/iU="></latexit>

C. |ω→out =
n∑

k=0

√(
n

k

)
εk(1↑ ε)n→k |n↑ k→ |k→



Exercise 7: Reading phase-coded information using number state

• What is the probability of error for choosing between the two phase patterns (0, 0) versus (   , 0)?


• A.  Zero


• B.


• C.


• D.

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="tGj8b0/YBBeVuMwCUipmXUgpc8g=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgxbArvo5BL54kgnlAsobZSScZMzuzzMwKYck/ePGgiFf/x5t/4yTZg0YLGoqqbrq7wpgzbTzvy8ktLC4tr+RXC2vrG5tbxe2dupaJolijkkvVDIlGzgTWDDMcm7FCEoUcG+HwauI3HlFpJsWdGcUYRKQvWI9RYqxUx/v06GbcKZa8sjeF+5f4GSlBhmqn+NnuSppEKAzlROuW78UmSIkyjHIcF9qJxpjQIeljy1JBItRBOr127B5Ypev2pLIljDtVf06kJNJ6FIW2MyJmoOe9ifif10pM7yJImYgTg4LOFvUS7hrpTl53u0whNXxkCaGK2VtdOiCKUGMDKtgQ/PmX/5L6cdk/K5/enpQql1kcediDfTgEH86hAtdQhRpQeIAneIFXRzrPzpvzPmvNOdnMLvyC8/ENS7+O9g==</latexit>

e�N

<latexit sha1_base64="jJkjRHTMq/swgARqHZvZRVN14Ks=">AAAB9XicbVDJSgNBEK1xjXGLevTSGAQvhpngdgx68SQRzALJJPR0apImPQvdPUoY8h9ePCji1X/x5t/YSeagiQ8KHu9VUVXPiwVX2ra/raXlldW19dxGfnNre2e3sLdfV1EiGdZYJCLZ9KhCwUOsaa4FNmOJNPAENrzhzcRvPKJUPAof9ChGN6D9kPucUW2kTtuXlDllgp309G7cLRTtkj0FWSRORoqQodotfLV7EUsCDDUTVKmWY8faTanUnAkc59uJwpiyIe1jy9CQBqjcdHr1mBwbpUf8SJoKNZmqvydSGig1CjzTGVA9UPPeRPzPayXav3JTHsaJxpDNFvmJIDoikwhIj0tkWowMoUxycythA2qC0CaovAnBmX95kdTLJeeidH5/VqxcZ3Hk4BCO4AQcuIQK3EIVasBAwjO8wpv1ZL1Y79bHrHXJymYO4A+szx9PY5HB</latexit>

1

2
e�N

<latexit sha1_base64="WXzDTTZfEhG7E2sujOJFGVJlXYI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgpSURv45FL56kgv2ANpbNdtIu3Wzi7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zM82POlHacbyu3tLyyupZfL2xsbm3vFHf3GipKJMU6jXgkWz5RyJnAumaaYyuWSEKfY9MfXk/85hNKxSJxr0cxeiHpCxYwSrSRWm4ZH9Ly7bhbLDkVZwp7kbgZKUGGWrf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2oYKEqLx0eu/YPjJKzw4iaUpoe6r+nkhJqNQo9E1nSPRAzXsT8T+vnejg0kuZiBONgs4WBQm3dWRPnrd7TCLVfGQIoZKZW206IJJQbSIqmBDc+ZcXSeOk4p5Xzu5OS9WrLI48HMAhHIMLF1CFG6hBHShweIZXeLMerRfr3fqYteasbGYf/sD6/AEmiY9o</latexit>

1� e�N

<latexit sha1_base64="PbU4jCLpnwzE+TGdVcz4tNDRE0c=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBRSmJ+NoIRTeupIJ9QBPKZDpth05mwsyNWGIW/oobF4q49Tfc+TdOHwttPXDhcM693HtPGHOmwXW/rbn5hcWl5dxKfnVtfWPT3tquaZkoQqtEcqkaIdaUM0GrwIDTRqwojkJO62H/aujX76nSTIo7GMQ0iHBXsA4jGIzUsndvLjy/6BdTH+gDpHFPghRZ1rILbskdwZkl3oQU0ASVlv3ltyVJIiqAcKx103NjCFKsgBFOs7yfaBpj0sdd2jRU4IjqIB3dnzkHRmk7HalMCXBG6u+JFEdaD6LQdEYYenraG4r/ec0EOudBykScABVkvKiTcAekMwzDaTNFCfCBIZgoZm51SA8rTMBEljcheNMvz5LaUck7LZ3cHhfKl5M4cmgP7aND5KEzVEbXqIKqiKBH9Ixe0Zv1ZL1Y79bHuHXOmszsoD+wPn8A1TKWBg==</latexit>

N = 1 photon

<latexit sha1_base64="eQFX53TjYf/sfPSOfQbM87gjX5c=">AAACIXicbZDLSgMxFIYzXmu9VV26CRZBEMpM8dJl0Y3LCvYCnVIyaaYNzWTG5IxQpn0VN76KGxeKdCe+jGk7FG09EPj4/3OSnN+LBNdg21/Wyura+sZmZiu7vbO7t587OKzpMFaUVWkoQtXwiGaCS1YFDoI1IsVI4AlW9/q3E7/+xJTmoXyAQcRaAelK7nNKwEjtXMn1FaE4GTquIrIr2NBOAZ/PcW6OElc/KkiKo1E7l7cL9rTwMjgp5FFalXZu7HZCGgdMAhVE66ZjR9BKiAJOzc1ZN9YsIrRPuqxpUJKA6VYy3XCET43SwX6ozJGAp+rviYQEWg8Cz3QGBHp60ZuI/3nNGPxSK+EyioFJOnvIjwWGEE/iwh2uGAUxMECo4uavmPaIiQxMqFkTgrO48jLUigXnqnB5f5Ev36RxZNAxOkFnyEHXqIzuUAVVEUXP6BW9ow/rxXqzPq3xrHXFSmeO0J+yvn8Awoikjg==</latexit>

|1i|0i+ |0i|1ip
2

<latexit sha1_base64="LYYSzPwkHiW5JJLlfe50S/7ob5g=">AAACJXicbZDLSgMxFIYzXmu9jbp0EyyCIJSZ4m3houjGZQV7gc5QMmmmDU0yY5IRyrQv48ZXcePCIoIrX8W0HYq2Hgh8/P85Sc4fxIwq7Thf1tLyyuraem4jv7m1vbNr7+3XVJRITKo4YpFsBEgRRgWpaqoZacSSIB4wUg96t2O//kSkopF40P2Y+Bx1BA0pRtpILfvaCyXCMPViDgeuJ5HoMDJwMoCnM5yZw9RTj1KnpeGwZRecojMpuAhuBgWQVaVlj7x2hBNOhMYMKdV0nVj7KZKaYnNz3ksUiRHuoQ5pGhSIE+Wnky2H8NgobRhG0hyh4UT9PZEirlSfB6aTI91V895Y/M9rJjq88lMq4kQTgacPhQmDOoLjyGCbSoI16xtAWFLzV4i7yMSmTbB5E4I7v/Ii1EpF96J4fn9WKN9kceTAITgCJ8AFl6AM7kAFVAEGz+AVvIOR9WK9WR/W57R1ycpmDsCfsr5/ALIfpg8=</latexit>

±|1i|0i+ |0i|1ip
2

<latexit sha1_base64="9dG467Nm+vQEQWI9V8zLdVwLHhY=">AAACIXicbVDLSgMxFM34rPU16tJNsAguSpkRX8uiG5cVrC10SsmktzWYyQzJHbGM/RU3/oobF4p0J/6MaR1EqwcCJ+ecS3JPmEhh0PPenZnZufmFxcJScXlldW3d3di8MnGqOdR5LGPdDJkBKRTUUaCEZqKBRaGERnhzNvYbt6CNiNUlDhJoR6yvRE9whlbquCf3fqCZ6ku493JCg3JQzgKEO8xiPRyOr9/md7zjlryKNwH9S/yclEiOWscdBd2YpxEo5JIZ0/K9BNsZ0yi4hGExSA0kjN+wPrQsVSwC084mGw7prlW6tBdrexTSifpzImORMYMotMmI4bWZ9sbif14rxd5JOxMqSREU/3qol0qKMR3XRbtCA0c5sIRxLexfKb9mmnG0pRZtCf70yn/J1X7FP6ocXhyUqqd5HQWyTXbIHvHJMamSc1IjdcLJA3kiL+TVeXSenTdn9BWdcfKZLfILzscnF4qkHQ==</latexit>

|1i|0i or |0i|1i

37

<latexit sha1_base64="8CYu5H8Il57wQ1Yz4fGRQ7xNWyA="></latexit>

|1→ |0→ ↑ |1→ |0→+ |0→ |1→↓
2

<latexit sha1_base64="4Kk70u8xEZkwt89OloUQHmeHSNY="></latexit>

|0→ |1→ ↑ |1→ |0→ ↓ |0→ |1→↔
2



Reading boundless bits using a single photon
Optical 

reading of 
information 
from a CD 
or a DVD 

disk

Depending upon which of the K=8 codewords the light hit, the photon will show up at one of the 8 
detectors (with probability 1), thereby enabling reading             bits of information with zero error 
probability. This is not possible using any classical light probe (including coherent states).

<latexit sha1_base64="nMXjZObpx4IHlXw/Pk8N4wkhLDU=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2E3+DoGvQheIpiHJEuYncwmQ2Zml5lZISz5Ci8eFPHq53jzb5wke9DEgoaiqpvuriDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqZ+q0nqjSL5IMZx9QXeCBZyAg2Vnrs8mjQq5bvTnvFkltxZ0DLxMtICTLUe8Wvbj8iiaDSEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcSCaj+dHTxBJ1bpozBStqRBM/X3RIqF1mMR2E6BzVAvelPxP6+TmPDKT5mME0MlmS8KE45MhKbfoz5TlBg+tgQTxeytiAyxwsTYjAo2BG/x5WXSrFa8i8r5/Vmpdp3FkYcjOIYyeHAJNbiFOjSAgIBneIU3RzkvzrvzMW/NOdnMIfyB8/kDpAaPqQ==</latexit>

log2(K)

€ 

ψ = 100...0 + 010...0 + ...+ 000...1( ) / K

<latexit sha1_base64="owT9XyUBjs9ZC3PFA852Loog0D0=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmQ2dl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxup37rCbQRsXrAcQJ+xAZKhIIztFK7i0NA1vN65YpbdWegy8TLSYXkqPfKX91+zNMIFHLJjOl4boJ+xjQKLmFS6qYGEsZHbAAdSxWLwPjZ7N4JPbFKn4axtqWQztTfExmLjBlHge2MGA7NojcV//M6KYbXfiZUkiIoPl8UppJiTKfP077QwFGOLWFcC3sr5UOmGUcbUcmG4C2+vEyaZ1Xvsnpxf16p3eRxFMkROSanxCNXpEbuSJ00CCeSPJNX8uY8Oi/Ou/Mxby04+cwh+QPn8wfQp4/W</latexit>

✓1
<latexit sha1_base64="wRfLP6hExabdJ1/4gfGhpJDZYXY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJkdnad6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp3cUhR9qr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5vdOyGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6fOkLzRnKMeWUKaFvZWwIdWUoY2oaEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjCQ8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8wfSK4/X</latexit>

✓2

<latexit sha1_base64="t8DxxUZP+Y4ullaR6pPw7wfP7wE=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx6EbxEMA9IljA7mU2GzM6uM71CWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJn4zSeujYjVA44S7ke0r0QoGEUrtTo44Ei7d91S2a24U5BF4uWkDDlq3dJXpxezNOIKmaTGtD03QT+jGgWTfFzspIYnlA1pn7ctVTTixs+m947JsVV6JIy1LYVkqv6eyGhkzCgKbGdEcWDmvYn4n9dOMbzyM6GSFLlis0VhKgnGZPI86QnNGcqRJZRpYW8lbEA1ZWgjKtoQvPmXF0njtOJdVM7vz8rV6zyOAhzCEZyAB5dQhVuoQR0YSHiGV3hzHp0X5935mLUuOfnMAfyB8/kD+A+P8A==</latexit>

✓K

<latexit sha1_base64="FZPo9C6dZHReNplEtIM3DR5XESw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdkWk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+AL9fj0I=</latexit> ..
.

<latexit sha1_base64="rNuLRJjttj8jGNqU0zctflbmWfI=">AAACC3icbVA9SwNBEN3z2/gVtbRZEgQLCXfiVxm0sVQwMZANYW8zlyzZ2zt254RwpLfxr9hYKGLrH7Dz37j5KDT6YODx3gwz88JUSYu+/+XNzS8sLi2vrBbW1jc2t4rbO3WbZEZATSQqMY2QW1BSQw0lKmikBngcKrgL+5cj/+4ejJWJvsVBCq2Yd7WMpODopHaxxLAHyNuSMqkpUxAhy/1DylLJjOz2kA3bxbJf8cegf0kwJWUyxXW7+Mk6ichi0CgUt7YZ+Cm2cm5QCgXDAssspFz0eReajmoeg23l41+GdN8pHRolxpVGOlZ/TuQ8tnYQh64z5tizs95I/M9rZhidt3Kp0wxBi8miKFMUEzoKhnakAYFq4AgXRrpbqehxwwW6+AouhGD25b+kflQJTisnN8fl6sU0jhWyR0rkgATkjFTJFbkmNSLIA3kiL+TVe/SevTfvfdI6501ndskveB/fSkWamA==</latexit>

✓i 2 {0,⇡}

Guha and Shapiro, Physical Review A 87, 062306 (2013)
38



Part D
State Discrimination 

Transformations, Measurements and 
Introduction to Applications
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Quantum state and projective measurement

• Quantum (pure) state (of one or a collection of) mode(s): 


• Projective measurement—


• set of unit-norm orthonormal vectors:

Measurement

<latexit sha1_base64="5MgyjhXGmz0KpcFAxO9xjx6FGJ8=">AAACA3icbVBNS8NAEN3Ur1q/qt70EiyCp5KIX8eiF48V7Ac0pWy2k3bpZhN2J0qJBS/+FS8eFPHqn/Dmv3Hb5qCtDwYe780wM8+PBdfoON9WbmFxaXklv1pYW9/Y3Cpu79R1lCgGNRaJSDV9qkFwCTXkKKAZK6ChL6DhD67GfuMOlOaRvMVhDO2Q9iQPOKNopE5xzxMQoJc+3HcGnqKyJ8BTvNdHb9QplpyyM4E9T9yMlEiGaqf45XUjloQgkQmqdct1YmynVCFnAkYFL9EQUzagPWgZKmkIup1OfhjZh0bp2kGkTEm0J+rviZSGWg9D33SGFPt61huL/3mtBIOLdsplnCBINl0UJMLGyB4HYne5AoZiaAhliptbbdanijI0sRVMCO7sy/Okflx2z8qnNyelymUWR57skwNyRFxyTirkmlRJjTDySJ7JK3mznqwX6936mLbmrGxml/yB9fkDIAmYfA==</latexit>

{|wki}

Outcome, 
<latexit sha1_base64="d/RhcRSMbEv4ivpbAndL8To6sfA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVR71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH1cWM+Q==</latexit>

k

Probability of outcome k, 

40



Discriminating two states: Exercise 8

Find the value of  
that minimizes

<latexit sha1_base64="CSyXaWxx6UzyxtLAdkiwM8Z5mag=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGiQRG1Zrbt2dA60SryA1KNAaVr8Go5ikgkpDONa677mJ8TOsDCOcziqDVNMEkwke076lEguq/Wx+6wydWWWEwljZkgbN1d8TGRZaT0VgOwU2kV72cvE/r5+a8MbPmExSQyVZLApTjkyM8sfRiClKDJ9agoli9lZEIqwwMTaeig3BW355lXQu6t5VvfFwWWveFnGU4QRO4Rw8uIYm3EML2kAggmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMWyI5J</latexit>

�
<latexit sha1_base64="3jcA4ct8mWUzNtEPmV/B7iv5cxY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6qPewV664VXcGsky8nFQgR71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Njt1Qk6s0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/2MyyQ1KNl8UZgKYmIy/Zv0uUJmxNgSyhS3txI2pIoyY9Mp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+B8/gAg0I22</latexit>

Pe

<latexit sha1_base64="CSyXaWxx6UzyxtLAdkiwM8Z5mag=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGiQRG1Zrbt2dA60SryA1KNAaVr8Go5ikgkpDONa677mJ8TOsDCOcziqDVNMEkwke076lEguq/Wx+6wydWWWEwljZkgbN1d8TGRZaT0VgOwU2kV72cvE/r5+a8MbPmExSQyVZLApTjkyM8sfRiClKDJ9agoli9lZEIqwwMTaeig3BW355lXQu6t5VvfFwWWveFnGU4QRO4Rw8uIYm3EML2kAggmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMWyI5J</latexit>

�Optimal    satisfies:

B. 
<latexit sha1_base64="dleiQnrl6kOEUIBOXF4hM+yffN8=">AAACHXicbVDJSgNBEO1xjXGLevTSGITkYJgJcbkIQS8eI5gFMiH0dHqSJj09Q3eNEIb5ES/+ihcPinjwIv6NneVgEh8UPN6roqqeFwmuwbZ/rJXVtfWNzcxWdntnd28/d3DY0GGsKKvTUISq5RHNBJesDhwEa0WKkcATrOkNb8d+85EpzUP5AKOIdQLSl9znlICRurlK4qogASLTtFB2owEv4mvs+orQZM6BAQNSTJNydOak3VzeLtkT4GXizEgezVDr5r7cXkjjgEmggmjdduwIOglRwKlgadaNNYsIHZI+axsqScB0J5l8l+JTo/SwHypTEvBE/TuRkEDrUeCZzoDAQC96Y/E/rx2Df9VJuIxiYJJOF/mxwBDicVS4xxWjIEaGEKq4uRXTATHRgAk0a0JwFl9eJo1yybkond9X8tWbWRwZdIxOUAE56BJV0R2qoTqi6Am9oDf0bj1br9aH9TltXbFmM0doDtb3L1mWohM=</latexit>

tan(2�) =
tan(2✓)

2p� 1

<latexit sha1_base64="GriQ0Jh7EZe7CqndhrHSG3vD8iw=">AAACHXicbVBNS8NAEN3U7/pV9ehlsQgtQklK/bgIohePCrYVmlA22027dLMJuxOhhPwRL/4VLx4U8eBF/DduYw5qfTDweG+GmXl+LLgG2/60SnPzC4tLyyvl1bX1jc3K1nZHR4mirE0jEalbn2gmuGRt4CDYbawYCX3Buv74Yup375jSPJI3MImZF5Kh5AGnBIzUr7RSV4UpEJlltaYbj3gdn2I3UISmuUMjyB0YMSD1LG3GB07Wr1Tthp0DzxKnIFVU4KpfeXcHEU1CJoEKonXPsWPwUqKAU8GysptoFhM6JkPWM1SSkGkvzb/L8L5RBjiIlCkJOFd/TqQk1HoS+qYzJDDSf72p+J/XSyA48VIu4wSYpN+LgkRgiPA0KjzgilEQE0MIVdzciumImGjABFo2ITh/X54lnWbDOWocXreqZ+dFHMtoF+2hGnLQMTpDl+gKtRFF9+gRPaMX68F6sl6tt+/WklXM7KBfsD6+AFs4ohQ=</latexit>

tan(2�) =
cot(2✓)

2p+ 1
A. 

C. 
<latexit sha1_base64="W+tl0n+WFob8ULgOPQFcnvpo+uw=">AAACHXicbVDJSgNBEO1xjXGLevTSGIQEIcyEuFyEoBePEcwCmRB6Oj1Jk56eobtGCMP8iBd/xYsHRTx4Ef/GznIwiQ8KHu9VUVXPiwTXYNs/1srq2vrGZmYru72zu7efOzhs6DBWlNVpKELV8ohmgktWBw6CtSLFSOAJ1vSGt2O/+ciU5qF8gFHEOgHpS+5zSsBI3VwlcVWQAJFpWii70YAX8TV2fUVoMufAgAEppkk5OnPSbi5vl+wJ8DJxZiSPZqh1c19uL6RxwCRQQbRuO3YEnYQo4FSwNOvGmkWEDkmftQ2VJGC6k0y+S/GpUXrYD5UpCXii/p1ISKD1KPBMZ0BgoBe9sfif147Bv+okXEYxMEmni/xYYAjxOCrc44pRECNDCFXc3IrpgJhowASaNSE4iy8vk0a55FyUzu8r+erNLI4MOkYnqIAcdImq6A7VUB1R9IRe0Bt6t56tV+vD+py2rlizmSM0B+v7F1aKohE=</latexit>

tan(2�) =
tan(2✓)

2p+ 1
<latexit sha1_base64="WectsGG/aLzG/+eaGwrmE85k38w=">AAACHXicbVBNS8NAEN3U7/pV9ehlsQjtwZKU+nERRC8eFWwrNKFstpt26WYTdidCCfkjXvwrXjwo4sGL+G/cxhzU+mDg8d4MM/P8WHANtv1plebmFxaXllfKq2vrG5uVre2OjhJFWZtGIlK3PtFMcMnawEGw21gxEvqCdf3xxdTv3jGleSRvYBIzLyRDyQNOCRipX2mlrgpTIDLLak03HvE6PsVuoAhNc4dGkDswYkDqWdqMD5ysX6naDTsHniVOQaqowFW/8u4OIpqETAIVROueY8fgpUQBp4JlZTfRLCZ0TIasZ6gkIdNemn+X4X2jDHAQKVMScK7+nEhJqPUk9E1nSGCk/3pT8T+vl0Bw4qVcxgkwSb8XBYnAEOFpVHjAFaMgJoYQqri5FdMRMdGACbRsQnD+vjxLOs2Gc9Q4vG5Vz86LOJbRLtpDNeSgY3SGLtEVaiOK7tEjekYv1oP1ZL1ab9+tJauY2UG/YH18AV5EohY=</latexit>

tan(2�) =
cot(2✓)

2p� 1
D. 

41



Minimum probability of error (two states)
Helstrom Bound

• Substituting                                    yields:

Probability of error

Probability of correct 
decision

For equal priors, i.e.,                ,
<latexit sha1_base64="GjGq70VTvlMJqbiLbwQA7zul2KQ=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU90tfl2EohePFdy20C4lm2bb0Gw2JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXig508Z1v53Cyura+kZxs7S1vbO7V94/aOokVYT6JOGJaodYU84E9Q0znLalojgOOW2Fo7up33qiSrNEPJqxpEGMB4JFjGBjJV/eeGe1XrniVt0Z0DLxclKBHI1e+avbT0gaU2EIx1p3PFeaIMPKMMLppNRNNZWYjPCAdiwVOKY6yGbHTtCJVfooSpQtYdBM/T2R4VjrcRzazhiboV70puJ/Xic10XWQMSFTQwWZL4pSjkyCpp+jPlOUGD62BBPF7K2IDLHCxNh8SjYEb/HlZdKsVb3L6sXDeaV+m8dRhCM4hlPw4ArqcA8N8IEAg2d4hTdHOC/Ou/Mxby04+cwh/IHz+QOt1431</latexit>

p = 1/2
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Number states basis for any pure state of a mode

• Number states     and      can be distinguished with zero error (photon detection)


• Hence they must be orthogonal states, 


• Number states (of a mode) span all possible energies a mode can have


• So, it is reasonable that they must form a basis to represent any state of a mode


• Recall: coherent state written as


• Let us next calculate inner product of two coherent states, e.g., the OOK alphabet 
considered in Exercise 5

<latexit sha1_base64="h8vDDHzyPDQlT57GITqV/aosPoc=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx68RjBPCRZwuykNxkyM7vMzAphzVd48aCIVz/Hm3/jJNmDJhY0FFXddHeFCWfaeN63s7S8srq2Xtgobm5t7+yW9vYbOk4VxTqNeaxaIdHImcS6YYZjK1FIRMixGQ5vJn7zEZVmsbw3owQDQfqSRYwSY6WHJ9lRRPY5dktlr+JN4S4SPydlyFHrlr46vZimAqWhnGjd9r3EBBlRhlGO42In1ZgQOiR9bFsqiUAdZNODx+6xVXpuFCtb0rhT9fdERoTWIxHaTkHMQM97E/E/r52a6CrImExSg5LOFkUpd03sTr53e0whNXxkCaGK2VtdOiCKUGMzKtoQ/PmXF0njtOJfVM7vzsrV6zyOAhzCEZyAD5dQhVuoQR0oCHiGV3hzlPPivDsfs9YlJ585gD9wPn8AGCKQnQ==</latexit>

|ni
<latexit sha1_base64="rPT3OR9qZpKqjICNb+s3ZyrrZWo=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx68RjBPCRZwuykNxkyM7vMzAphzVd48aCIVz/Hm3/jJNmDJhY0FFXddHeFCWfaeN63s7S8srq2Xtgobm5t7+yW9vYbOk4VxTqNeaxaIdHImcS6YYZjK1FIRMixGQ5vJn7zEZVmsbw3owQDQfqSRYwSY6WHJ9FRRPY5dktlr+JN4S4SPydlyFHrlr46vZimAqWhnGjd9r3EBBlRhlGO42In1ZgQOiR9bFsqiUAdZNODx+6xVXpuFCtb0rhT9fdERoTWIxHaTkHMQM97E/E/r52a6CrImExSg5LOFkUpd03sTr53e0whNXxkCaGK2VtdOiCKUGMzKtoQ/PmXF0njtOJfVM7vzsrV6zyOAhzCEZyAD5dQhVuoQR0oCHiGV3hzlPPivDsfs9YlJ585gD9wPn8AFpeQnA==</latexit>

|mi
<latexit sha1_base64="RnUA7nJcgkN70QQ5/C75pMh97Po=">AAACHHicbVDLSgMxFM34tr6qLt0Ei+BCyozvTaHoxmUF2wqdodxJ79RgkhmSjFCqH+LGX3HjQhE3LgT/xvSx8HVI4HDOvdx7T5wJbqzvf3oTk1PTM7Nz84WFxaXlleLqWsOkuWZYZ6lI9WUMBgVXWLfcCrzMNIKMBTbj69OB37xBbXiqLmwvw0hCV/GEM7BOahf3QsO7EmiFhgJUVyBVtzLUI1qh/g4N3UtSDUJQRUOFVLaLJb/sD0H/kmBMSmSMWrv4HnZSlktUlgkwphX4mY36oC1nAu8KYW4wA3YNXWw5qkCiifrD4+7ollM61G3gvrJ0qH7v6IM0pidjVynBXpnf3kD8z2vlNjmO+lxluUXFRoOSXFCb0kFStMM1Mit6jgDT3O1K2RVoYNblWXAhBL9P/ksau+XgsHxwvl+qnozjmCMbZJNsk4AckSo5IzVSJ4zck0fyTF68B+/Je/XeRqUT3rhnnfyA9/EFSY+fnw==</latexit>

� = hn|mi = 0, 8n 6= m

<latexit sha1_base64="RIdSLQFVfCUiGwHGM3yMpyVUj7s="></latexit>

| i =
1X

n=0

cn |ni,
1X

n=0

|cn|2 = 1
<latexit sha1_base64="3Ew5bZjjyksdsm1LiBJXgjccK3I="></latexit>

|↵i =
1X

n=0

✓
e�|↵|2/2↵n

p
n!

◆
|ni
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Inner product between two coherent states
Exercise 9

• Calculate the inner product between the two coherent states      and 


• Assume,            , and                the mean photon number in


• The inner product,                     is given by:


• A.


• B.


• C.


• D.

<latexit sha1_base64="vnUIsZYgp1H6lSNkfbQnh7aKB9E=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx68RjBPCRZwuykNxkyM7vMzAphzVd48aCIVz/Hm3/jJNmDJhY0FFXddHeFCWfaeN63s7S8srq2Xtgobm5t7+yW9vYbOk4VxTqNeaxaIdHImcS6YYZjK1FIRMixGQ5vJn7zEZVmsbw3owQDQfqSRYwSY6WHJ6+jiOxz7JbKXsWbwl0kfk7KkKPWLX11ejFNBUpDOdG67XuJCTKiDKMcx8VOqjEhdEj62LZUEoE6yKYHj91jq/TcKFa2pHGn6u+JjAitRyK0nYKYgZ73JuJ/Xjs10VWQMZmkBiWdLYpS7prYnXzv9phCavjIEkIVs7e6dEAUocZmVLQh+PMvL5LGacW/qJzfnZWr13kcBTiEIzgBHy6hCrdQgzpQEPAMr/DmKOfFeXc+Zq1LTj5zAH/gfP4AuGmQXw==</latexit>

|0i
<latexit sha1_base64="dNmGy26AwXCOBui8wkecdj8KXpI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMF+wFNLJPtpl262YTdjVJi/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmFpeWV1rbhe2tjc2t4p7+41VZxKQhsk5rFsB6goZ4I2NNOcthNJMQo4bQXD64nfeqBSsVjc6VFC/Qj7goWMoDbS/ZOHPBmgJ1H0Oe2WK07VmcJeJG5OKpCj3i1/eb2YpBEVmnBUquM6ifYzlJoRTsclL1U0QTLEPu0YKjCiys+mV4/tI6P07DCWpoS2p+rviQwjpUZRYDoj1AM1703E/7xOqsNLP2MiSTUVZLYoTLmtY3sSgd1jkhLNR4YgkczcapMBSiTaBFUyIbjzLy+S5knVPa+e3Z5Wald5HEU4gEM4BhcuoAY3UIcGEJDwDK/wZj1aL9a79TFrLVj5zD78gfX5A9zrksM=</latexit>

|↵i

<latexit sha1_base64="VD4nDiAzccmTEWJgvq9ErZr7Z7o=">AAACD3icbVDJSgNBEO1xjXEb9eilMSiewoy4HYNePEYwC2RCqOlUkiY9PWN3TyDE/IEXf8WLB0W8evXm39hZDpr4oODxXhVV9cJEcG0879tZWFxaXlnNrGXXNza3tt2d3bKOU8WwxGIRq2oIGgWXWDLcCKwmCiEKBVbC7vXIr/RQaR7LO9NPsB5BW/IWZ2Cs1HCPAs3bEdAA71Peo4EA2RZIPfoQgEg6EKix0HBzXt4bg84Tf0pyZIpiw/0KmjFLI5SGCdC65nuJqQ9AGc4EDrNBqjEB1oU21iyVEKGuD8b/DOmhVZq0FStb0tCx+ntiAJHW/Si0nRGYjp71RuJ/Xi01rcv6gMskNSjZZFErFdTEdBQObXKFzIi+JcAUt7dS1gEFzNgIszYEf/bleVI+yfvn+bPb01zhahpHhuyTA3JMfHJBCuSGFEmJMPJInskreXOenBfn3fmYtC4405k98gfO5w99fJxW</latexit>

� ⌘ h0|↵i

<latexit sha1_base64="POaCWUIScO8iO+MvmXZsZ4NKaOQ=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5KIr2XRjcsq9gFNKDfTSTt0MgkzE6HELvwVNy4UcetvuPNvnLRZaOuBgcM593LPnCDhTGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6niVBLaIDGPZTsARTkTtKGZ5rSdSApRwGkrGF7nfuuBSsVica9HCfUj6AsWMgLaSF173wOeDAB7TODMi0APggDfjbt2xak6E+B54hakggrUu/aX14tJGlGhCQelOq6TaD8DqRnhdFz2UkUTIEPo046hAiKq/GySf4yPjNLDYSzNExpP1N8bGURKjaLATOYJ1ayXi/95nVSHl37GRJJqKsj0UJhyrGOcl4F7TFKi+cgQIJKZrJgMQALRprKyKcGd/fI8aZ5U3fPq2e1ppXZV1FFCB+gQHSMXXaAaukF11EAEPaJn9IrerCfrxXq3PqajC1axs4f+wPr8ATftlZo=</latexit>

↵ 2 R
<latexit sha1_base64="055BVAdvgjGTQXyY4VT3xDgDqvA=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARPYSa4XYSgF08SwSyQjKGm05M06Vns7gmEId/hxYMiXv0Yb/6NnWQOmvig4PFeFVX1vFhwpW3721paXlldW89t5De3tnd2C3v7dRUlkrIajUQkmx4qJnjIapprwZqxZBh4gjW8wc3EbwyZVDwKH/QoZm6AvZD7nKI2kntHrkgbRdzHxzLpFIp2yZ6CLBInI0XIUO0UvtrdiCYBCzUVqFTLsWPtpig1p4KN8+1EsRjpAHusZWiIAVNuOj16TI6N0iV+JE2FmkzV3xMpBkqNAs90Bqj7at6biP95rUT7l27KwzjRLKSzRX4iiI7IJAHS5ZJRLUaGIJXc3EpoHyVSbXLKmxCc+ZcXSb1ccs5LZ/enxcp1FkcODuEITsCBC6jALVShBhSe4Ble4c0aWi/Wu/Uxa12yspkD+APr8wfgpJDj</latexit>

N = ↵2
<latexit sha1_base64="dNmGy26AwXCOBui8wkecdj8KXpI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMF+wFNLJPtpl262YTdjVJi/4cXD4p49b9489+4bXPQ1gcDj/dmmJkXJJwp7TjfVmFpeWV1rbhe2tjc2t4p7+41VZxKQhsk5rFsB6goZ4I2NNOcthNJMQo4bQXD64nfeqBSsVjc6VFC/Qj7goWMoDbS/ZOHPBmgJ1H0Oe2WK07VmcJeJG5OKpCj3i1/eb2YpBEVmnBUquM6ifYzlJoRTsclL1U0QTLEPu0YKjCiys+mV4/tI6P07DCWpoS2p+rviQwjpUZRYDoj1AM1703E/7xOqsNLP2MiSTUVZLYoTLmtY3sSgd1jkhLNR4YgkczcapMBSiTaBFUyIbjzLy+S5knVPa+e3Z5Wald5HEU4gEM4BhcuoAY3UIcGEJDwDK/wZj1aL9a79TFrLVj5zD78gfX5A9zrksM=</latexit>

|↵i

<latexit sha1_base64="hVyO00SwsDD9zqqkymR5PciH4Xw=">AAAB+HicbVDJSgNBEK1xjXHJqEcvjUHwYpgRt4sQ9OJJIpgFkjH0dHqSJt09Q3ePEId8iRcPinj1U7z5N3aWgyY+KHi8V0VVvTDhTBvP+3YWFpeWV1Zza/n1jc2tgru9U9NxqgitkpjHqhFiTTmTtGqY4bSRKIpFyGk97F+P/PojVZrF8t4MEhoI3JUsYgQbK7XdQkuzrsDoEtGH7Oh22HaLXskbA80Tf0qKMEWl7X61OjFJBZWGcKx10/cSE2RYGUY4HeZbqaYJJn3cpU1LJRZUB9n48CE6sEoHRbGyJQ0aq78nMiy0HojQdgpsenrWG4n/ec3URBdBxmSSGirJZFGUcmRiNEoBdZiixPCBJZgoZm9FpIcVJsZmlbch+LMvz5Pacck/K53enRTLV9M4crAH+3AIPpxDGW6gAlUgkMIzvMKb8+S8OO/Ox6R1wZnO7MIfOJ8/mmqSaw==</latexit>

� = e�N

<latexit sha1_base64="9aHdswh/Zzqt/1Hxh+2rxaYG30A=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQyCF+Nu8HURgl48SQTzgGQNs5NJMmR2dpmZVcKaT/HiQRGvfok3/8ZJsgdNLGgoqrrp7vIjzpR2nG8rs7C4tLySXc2trW9sbtn57ZoKY0lolYQ8lA0fK8qZoFXNNKeNSFIc+JzW/cHV2K8/UKlYKO70MKJegHuCdRnB2khtO99SrBdgdIHofXJ4c1Qate2CU3QmQPPETUkBUlTa9lerE5I4oEITjpVquk6kvQRLzQino1wrVjTCZIB7tGmowAFVXjI5fYT2jdJB3VCaEhpN1N8TCQ6UGga+6Qyw7qtZbyz+5zVj3T33EiaiWFNBpou6MUc6ROMcUIdJSjQfGoKJZOZWRPpYYqJNWjkTgjv78jyplYruafHk9rhQvkzjyMIu7MEBuHAGZbiGClSBwCM8wyu8WU/Wi/VufUxbM1Y6swN/YH3+AIGTkuA=</latexit>

� = e�N/2

<latexit sha1_base64="qxttPo/+MBNZ3z+/xL1DsWD2BcA=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4MewGXxch6MWTRDAPSNYwO+kkQ2Zml5nZQFjyJ148KOLVP/Hm3zhJ9qCJBQ1FVTfdXWHMmTae9+0sLa+srq3nNvKbW9s7u+7efk1HiaJQpRGPVCMkGjiTUDXMcGjECogIOdTDwe3Erw9BaRbJRzOKIRCkJ1mXUWKs1HbdlmY9QfA1hqf0tHQ/brsFr+hNgReJn5ECylBpu1+tTkQTAdJQTrRu+l5sgpQowyiHcb6VaIgJHZAeNC2VRIAO0unlY3xslQ7uRsqWNHiq/p5IidB6JELbKYjp63lvIv7nNRPTvQpSJuPEgKSzRd2EYxPhSQy4wxRQw0eWEKqYvRXTPlGEGhtW3obgz7+8SGqlon9RPH84K5Rvsjhy6BAdoRPko0tURneogqqIoiF6Rq/ozUmdF+fd+Zi1LjnZzAH6A+fzBxAZkqc=</latexit>

� = e�2N

<latexit sha1_base64="8iq8QZh2CSOU0/SKoVji+Qpxmgo=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxGMAsmQ+jp9CRNehm6e4Qw5C+8eFDEq3/jzb+xk8xBow8KHu9VUVUvSjgz1ve/vMLS8srqWnG9tLG5tb1T3t1rGpVqQhtEcaXbETaUM0kblllO24mmWESctqLRzdRvPVJtmJL3dpzQUOCBZDEj2DrpoWvYQGB0hfxeueJX/RnQXxLkpAI56r3yZ7evSCqotIRjYzqBn9gww9oywumk1E0NTTAZ4QHtOCqxoCbMZhdP0JFT+ihW2pW0aKb+nMiwMGYsItcpsB2aRW8q/ud1UhtfhhmTSWqpJPNFccqRVWj6PuozTYnlY0cw0czdisgQa0ysC6nkQggWX/5LmifV4Lx6dndaqV3ncRThAA7hGAK4gBrcQh0aQEDCE7zAq2e8Z+/Ne5+3Frx8Zh9+wfv4BkRjkAI=</latexit>

� = 0

<latexit sha1_base64="3Ew5bZjjyksdsm1LiBJXgjccK3I="></latexit>

|↵i =
1X

n=0

✓
e�|↵|2/2↵n

p
n!

◆
|ni

44



Discriminating coherent states of light
• Probability of error for telling apart the OOK coherent states


• Ideal photon counting (Direct Detection): Exercise 5


• Displacement based (Kennedy’s) receiver


• Helstrom bound, derived in Exercise 8, using inner product from Exercise 9

Arbitrary Waveform generator

Helstrom’s Bound 

<latexit sha1_base64="9aHdswh/Zzqt/1Hxh+2rxaYG30A=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQyCF+Nu8HURgl48SQTzgGQNs5NJMmR2dpmZVcKaT/HiQRGvfok3/8ZJsgdNLGgoqrrp7vIjzpR2nG8rs7C4tLySXc2trW9sbtn57ZoKY0lolYQ8lA0fK8qZoFXNNKeNSFIc+JzW/cHV2K8/UKlYKO70MKJegHuCdRnB2khtO99SrBdgdIHofXJ4c1Qate2CU3QmQPPETUkBUlTa9lerE5I4oEITjpVquk6kvQRLzQino1wrVjTCZIB7tGmowAFVXjI5fYT2jdJB3VCaEhpN1N8TCQ6UGga+6Qyw7qtZbyz+5zVj3T33EiaiWFNBpou6MUc6ROMcUIdJSjQfGoKJZOZWRPpYYqJNWjkTgjv78jyplYruafHk9rhQvkzjyMIu7MEBuHAGZbiGClSBwCM8wyu8WU/Wi/VufUxbM1Y6swN/YH3+AIGTkuA=</latexit>

� = e�N/2

<latexit sha1_base64="QK0vqjYWe03b84fP2Ng9XlCP0jU="></latexit>

{|0i, |↵i} , N = |↵|2
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Discriminating coherent states 
Even if excited in orthogonal modes, zero-error discrimination is not possible

• Inner product with any two coherent states,


• So, two coherent states can never be told apart with zero probability of error


• Even if they are excited in orthogonal modes. Why?

<latexit sha1_base64="4C+NsuP95y+clYO2tgOcXJj+xh4="></latexit>

h↵|�i = e�
1
2 [|↵|

2+|�|2]+↵⇤� 6= 0, 8↵,� 2 C

<latexit sha1_base64="VmchaECZwLqiwWV9KYCwpiIIpb0="></latexit>

Hypothesis 1 : | 1i = |0i|↵i
<latexit sha1_base64="tdLTu+fHpSw62xOMXkICJ6+f9n8="></latexit>

Hypothesis 2 : | 2i = |�i|0i
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Discriminating between M states
• M-ary ensemble (priors, states):                                           ,


• M-ary projective measurement that attains the minimum error probability


• Measurement projectors


• Find relative orientation of measurement vectors with state vectors:


• “YKL conditions” for minimizing average error probability:

{pi, | ii} ; i = 1, 2, . . . ,M �ij = h i| ji

{|wji} , j = 1, 2, . . . ,M

Yuen, Kennedy, Lax, 1975

xij = hwi| ji
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Discriminating multiple coherent states

• Homework: Calculate the Helstrom bound for a simple set of three coherent states 
(i.e., a given mode has been excited in one of 3 coherent states, and the receiver 
must choose which one it is, such that the mean error probability is minimum)


• Example 1 (BPSK-RZ):


• Example 2 (QPSK):


• Example 3 (PPM): 


• Receiver that attains the Helstrom bound must use quantum transformations of the 
coherent states prior to detection, e.g., “squeezing”, which is beyond the scope of 
this short course.
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Conditional nulling receiver for Pulse Position Modulation

Conditional pulse nulling (CPN) receiver: uses 
beamsplitters, coherent states, photon 
detection, and classical feed-forward

Dolinar, MIT Ph.D. Thesis 1976, TDA 
Progress Report, 42-72, 1982


Guha, Habif, Takeoka, J. Mod. Optics, 
Vol. 58, 257–265, 2011


Chen, Habif, Dutton, Lazarus, Guha, 
Nature Photonics, 6, 374, 2012
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Coherent state discrimination with a quantum computer
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Photonic Quantum Information Processing
Outlook: quantum enhanced communications, sensing, computing

• Writing the state of the optical field in the quantum language allows us to 
evaluate “fundamental limits” (of precision) for information processing


• Finding structured designs of transmitters, modulation formats, receivers, etc. 
that meet the quantum limits is a hard task, with many problems still open


• Example applications of quantum states of light and quantum measurements


• We hope this course will enthuse some of you to pursue a rigorous study of 
quantum optics, and quantum information theory!

1. Quantum receivers enhance capacity of deep space lasercom and reduces transmitter peak power

2. Injection of squeezed light can enhance the sensitivity of radio-frequency photonics antennas

3. Squeezed light enhances sensitivity of the Laser Interferometer Gravitational-Wave Observatory (LIGO)

4. Photons enable generating entanglement among distant quantum memories

5. Distributed entanglement can enhance the resolution of a collection of distant astronomical telescopes
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Funded by National Science Foundation Grant #1941583 

Course Evaluation Survey
We value your feedback on all aspects of this short course. Please go to the link 
provided in the Zoom Chat or in the email you will soon receive to give your 
opinions of what worked and what could be improved. 

2026 CQN Winter School on Quantum Networks

https://cqn-erc.org/
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