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A. Modes (Gabe)
B. Coherent State of Mode(s) (Saikat)

Break

Part 2
C. Quantum States of Mode(s) (Gabe)

D. State Discrimination (Saikat)

You will need a pen and paper to work out most of the exercises
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Shapes in space and time
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Definition of a ‘mode’

* An optical mode is the “shape” of a confined EM field in space, time, polarization

4 independent attributes of the photon field, denoted by variables: (z,y, t, v)

 Recall: Time & Frequency are essentially the same variable (related by FT):

 Mode function: ¢V(T,t T C A,t - [O,T), UV — 1, 2 r = (x,y)
)
Polarization Space
Polarization index = subscript

 We will always take a mode to be a unit-norm (complex-valued) function, i.e.,

/A/O b, (1, 1)o* (v, t)drdt / / (7, t)|? drdt = 1

Raymer and Polakos, ACTA PHYSICA POLONICA A, No. 6 Vol. 143 (2023)

Ime
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Exercise 1: Normalization of a mode function

* Consider the following mode function

0 T T 3T T 1
2

4 A

 What is the value of a such that ¢(t)is a properly normalized mode function?

4 &
L a= (. a=
A. a a i

51 1
S R
B. a= \/11T D. a= \/153T «
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Time and Frequency

* Fourier transform (FT), ®(f) = / o(t)e 2™t dt

1
 Consider the “flat top” temporal mode, gb( ) — { \/OT’
ST

te0,T)

otherwise

T - A--

e |nverse transform, o(t) = / 2mftdf /\ Spread in frequency (Bandwidth)
) — 27-‘-f —00 is roughly the inverse of the spread

¢(t) (Radians) (Hz o 1

1 ®(f)= VT sinc(fT) T

VT
0 T -1 N i/ \ f\:\//\
Y 01723
o(t) < P(f) T T T T T T

Parseval’s theorem

| 1etnpa
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Orthogonal modes, Time-bandwidth producf”

« Two modes ¢, (r,t) and ¥, (7, t) are orthogonal if, / / Qv (7, )Y, (7, t)drdt =0

* two modes will be orthogonal regardless of their spatial and temporal shapes, if v # u

If v = i, we will drop the polarization subscript

 When we say two “temporal modes” ¢1(t)and ¢ (t) are orthogonal, we will implicitly assume the mode
functions being referred to have the same spatial modes and same polarization

 How many orthogonal temporal modes can reside in a “time-bandwidth product”?

e Orthonormal modes, ¢r(t),k = 1,... K, Fourier transforms: @, (f / b (t)e 2™t dt Pi(t) = / O (f)e*™ It df

We are using k to index orthogonal modes in a set (of same polarization). k is NOT the polarization |ndex

* Time limited (T sec): ¢x(t) = 0,t & |0,

2

T o0
e They are orthogonal:/ o (t)or (t)dt = iy, i.e.,/ O (f)®](f)df = O
0

— OO

Maximum number of modes that can satisfy ’che7 above conditions, K ~ W'T

4%
T), and (roughly) band-limited (W Hz): ®«(f) =0, f — fo >

D. Slepian, Bell Syst. Tech. J., vol. 43, pp. 3009-3057, Nov. 1964



Filling up the Time-Bandwidth product

Pixel modes: Each mode fills up the same BW
W, but different time extents within [0, T)

G N
1
— I -1 W ~ —
T T T
¢2(t) 1/7_ ﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁ
Fourier Transform
.
‘ pns 111 q
¢3(t) 1/7. --------------------------------------------------------------
—= -t
T T
T
K=—~WT
dx (t) ‘ T
1/r T
7'4—»5,"5

O (f) = /Tsinc(fT) % e 2mif(k=1)7

abs[® (f)] = /7 [sinc(fT)

Freq. description of every pixel mode
is the same (in absolute value)

abs|®(f)]
Vke{l,2,.. . K)

Recall that shifting in time = phase
shift of Fourier transform

bt —to) <> B(f)e =m0

8

arg| Py (f)] =2 f(k — 1)7

arg|®1(f)] ‘
A,

arg|®2(f)] Ty

///f | \
/'r/M rV/ /r/r/r/
arg|® (f)] ‘ ,
(AR T A
A (LAY
W M Il W{ // 'WL f
The phase fluctuations are different

for each mode



Filling up the Time-Bandwidth product

Walsh-Hadamard modes: Each mode fills up the same  abs[¥;(f)] | Bandwidth ~ 1/T

time [0, T), but different freq extents within [-W/2, W/2] |

: |
o W/TJ — |

L’
T A
bs|Ws(f)] Bandwidth ~ 2/T
vo(t) —="' a - |
1/ TJ '((I“
i
-t | If
T ,' \ l," l‘.‘ o
Fourier Transform B L Note that each funct
A ote that each function
A —— abs[W3(f)] has a different frequency
v3(t) Ao ,
1/T w bandwidth
|| (shown by red marker)
- -t ||I \‘\
I A W N
A N ,"ﬂ‘\ | lv | ,\{" l" ,/m\, AYA ra
AN A hliu PO L WO 5 VO W A WY f
: .
L o
o abs|V i (f)]
Vi (t) A Bandwidth ~ K/T
V3T
/ J f‘ f\
T Cli—,b t ”H( |] A (‘ “1"\\
T — — =" A |l] IH A
K T 9 Y\ AVON. \Y' \an/ ' I I, ’ AN f
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oherent state of a mode

Semiclassical: Pulse of laser light Quantum: coherent state of a mode
1
—, te€ 0,1
- Consider the “flat top” temporal mode: ¢(t) = VT’ 0. , )
0, otherwise

» Electric field of an ideal laser-light pulse: E(t) = a¢(t)ei<2ﬂf@t+9) v/Photons/sec

1T
* Mean photon number in the pulse, N = / E(t)|?dt = a”
0

Phase-space representation:
ﬁE(t) \/photons /s /// im

.-"-‘

S
D

e Quantum description: Re

0 T 1

» Coherent state |a) of the mode ¢ (t),
. withaw = VN e’ = ae® )
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Coherent state of a set of (orthogonal) modes

Consider two orthonormal modes, ¢1 () and @2 (1)
Their superposition,d(t) = c1¢1(t) + cada(t)is a mode, given |ci|* + |ca]® = 1
Consider the field, F(t) = a¢(t)e' ™ot — (acie®pi () + acoe®po(t))e? ™ol

Quantum description:
. Coherent state|a); «a = ae'’, of mode qb(t) ,OR

+ Coherent state|a1) g, ® |a2)g,, a; = acje’,j = 1,2, of modes ¢1 (1) and ¢o (1)

— |Oél > ‘ 042> We will drop the mode label on the kets when context is clear, and will drop the tensor product sign

Most general description: quantum state of a collection of orthonormal modes

 When we write a ket (to describe a quantum state), we have a mode (or collection of orthogonal modes) in mind

 (Coherent state is single mode: can always find a mode s.t. the state of the field is a single-mode coherent state
12
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Coherent state of a set of (orthogonal) modes

» Coherent state, when expressed in any orthonormal mode basis,{¢1(?), ..., ¢n(t)}
is a “product state” of the form 1), ¢) |@2) po(t) - - - |On) ¢, (1)

* Transforming modal basis: a unitary (reversible) operation

51 q
52 2
1) — — |B1) : =U
2 U Ba) 5 N Example of change of basis from
" " previous slide can be seen as a
o) 5.) Unitary U ensures: unitary transformation
Ky ) — — > |Pn
12 — |2 — > —_—
a; € C p; € C z:Zl " = zzzl Bi ‘Cv>¢(t) U ‘a1>¢1(t)
0) — — |as)
Complex valued For any (a1, ..., a,), e (1) o (t)
unitary matrix there exists a U, s.t., o

- “Beam Splitter” unitary
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Exercise 2A: Changing the mode basis

» Represent coherent state |«) of the shown mode ¢(t) in:

e The Pixel Basis:

P3(t) + apa(t)

P2(t)

3a
2

S 3 3 S
2 [el8lel2 o)
— | O — | A
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Exercise 2B: Changing the mode basis

» Represent coherent state |a) of the shown mode ¢(t) in,

» 1 |
Hint: - ¢1(t) = G1a() + 020 + 00 + @] ﬁh g o] OO
0P ():—[%() Ya(t) + 3(t) — a(t)] a
% \/— \/—¢4 i() T T 3T T 1
Ps3 ( ) [wl( )+¢2(t) _wi%(t) —¢4(t)] 1 5 Ve |
64(6) = 3[0(8) — ¥a(t) — Ya(t) + (1) no t
 The Walsh-Hadamard basis: Va(t) %
25 -1
c A |V 3ee)00
V3(t) %
« B. |~ \/35e)0)0 y
. C ;—Za>|0>\0> _ Pa(t) /! .
25
« D. |- /50)00) - .
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Mode sorting

* Unitary mode transformation from a chosen mode basis to the pixel basis:

Ein(t) = a191(t) + astha(t) + ashs(t) + astha(t) Mode B (t) = a1 (£) + asda(t) + ases(t) + asea(t)

Sorter
witt) 4 .t d1(t) V7
Wo(t) Vi -t
2(t) y bo(t) /i |
¥3(t) g P3(t) 7 y
A P4(t) L
.t .t

 Examples of hardware for sorting polarization, spatial, and temporal modes

* Hologram, Prism, Quantum Pulse Gate (QPG), Multi-plane light conversion (MPLC),
Engineered “meta material” (humerically computed refractive-index distribution)

* We will study the MPLC in a little more detalil
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Multi Plane Light Conversion (MPLC)

Coherent state pulse represented in (spatial) orthonormal basis ¥n,m(,y)

=1, n=k andm =1
Eo(2,9) = Y tnmtum(@,y) witn [ [0 @ gty { ‘“‘

= 0, otherwise
n,m

Apply a spatially-varying phase 6(x, y): spatial-light modulator (SLM)
Fr (QIL’, y) — EO (CE7 y>€i9($,y)_

— b T (Represent it again in
nmwn’m( 7 y) the chosen basis)

: //
Z A m (2, 7)€ EY) = Z brm¥n,m (T, ) H/

/

Eo(z,y) —| =+ Er(z,y) 6 =0(z,y)

/

/

/
e e o0 e /
Z anm[/ / wn,m(xv y)%ﬁ,l (SIZ, y)ezé’(x,y) dxdy] / / Z bnmwn,m(xa y)ﬁ,l (CE, y)d&jdy — bkl

Unm,kl
» Multiplication by spatial phase is a mode transformation: b = Uy a

17
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Multi Plane Light Conversion (MPLC) -contd.

Recall: Fi(x,y) = Eo(mjy)eie(x,y)

Propagate the pulse FE1(z,y) through a “4f system”: a Fourier Transform

E1(2,)) —m—Fo(r,y") =chmwn,m(x’ Y (Represent it again in the

chosen basis)

Ex(z',y') = / / E (x,y)e_iQW(m/“Lyy/) dx dy
Fourier propagation is a (fixed) mode transformation,c = V' b

Repeating it many times...

6 0>/ 03/ On7
/1// /2/ /;y /N
EW (z,y) = aln)bnm(2,y) —p — B (2 y) Z alo (2 y)
n,m // // // //
/ / / /
“FT_FT g

Any unitary U can be approximated arbitrarily accurately

(out) _ (in) _ (in)
a Ugn V... VUgy VUg,VUg, a Ua by using a large enough number (V) of SLMs

18



1\ Centerfor
7/ Quantum
- Networks

NSF-ERC

Hadamard Coded Spatial Modes

The spatial Hadamard modes are similarly defined

Recall: Hadamard code words

we had encountered when ~ ~
wn,m(xa y) — ”%(@ X 77bm(y)

talking about temporal modes

TRy J/
/ J Hadamard mode Hadamard mode
- ¢ function in the x function in the y
T axis variable axis variable
Va(t) J1/r P
| -
Y3 (t) .
V I/TJ As an example, let
-t us conside the first
F‘ four spatial
Hadamard modes
Pk (t) ‘
V1/7 J """""""""""""" L
-1
T
19
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Multi Plane Light Conversion (MPLC) - contdr -

e Recall: Separating orthogonal modes ¢, (z,y) is a unitary mode transformation
(from the chosen mode basis to the pixel basis)

M5 M4
PH2

 Example:

PBS BB

Ozer, Grace and Guha, CLEO 2022 . ¥ HERIRIER. 2
Ozer (GGrace Blanche. and Guha arXiv:2409 04323 (2024)
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Exercise 3: Sorting spatial modes using MPLC’*‘”
« MPLC to sort 4 of the 16 Hadamard-coded binary-phase spatial modes, shown:

Which one (A or B) is the correct matching
between the input field and the output
intensity pattern at the output of the MPLC?
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» Super-resolution imaging (astronomy, biology)

0.4 30k photon_s -------------- e Groond Trath || 0460k photon_s_,”_,,........; P —r—— 0.4 190k photon_sﬁ___,_........‘ o Ground Tran 11
. O Direct Imaging - O Direct Imaging - O Direct Imaging
B . B Modal Ir?aging . B Modal Injaging_ . B Modal Ir?aging‘
Xand Y Ang }Jlar 02} 7 N ol .‘
lengths (of Field : % ° | : He | e
of View) in units of = | ® 5 € , ' £ ¢
“Rayleigh ” ” ”
Length”, A/ D
-0.2 | i -0.2 | 0.2 | .
| =" FoV “" FoV ~" FoV
-04 ' } A ...'“."“i ......... A | A -04 | e | -0‘4 V A L """w-...i .......... A X
-0.4 -0.2 0 0.2 0.4 -0.4 -0.2 0 0.2 0.4 -0.4 -0.2 0 0.2 0.4
x (rl) x (rl) x (rl)
Increasing integration time >

Applications of spatial mode transformations

) ' 1
R v/
A
D
()( Y@
i)
R — CC, C. ,
N ¢2 (z',y") w b
(i)
\ 4
D New SLM phases €— E-L <_{¢(Z+l)($/ay,)}

Adaptive modal imaging (detection-based feedback into (new) modal basis)

Lee, Gagatsos, Guha, Ashok, COSI 2022, IEEE JSTSP Vol 17, Issue 2 (2023)

* (Generation of multi-spatial-mode entanglement from squeezed light, for high
resolution beam deflection measurements (atomic force microscopy, Iasercom)

Dy = (A4Ar)/(AL)?

Spatial mode sorter

PPKTP based squeezed light
/ \Q source seeded with I'r light ( —
\ (Quantum) optimal classical
| spatial mode of laser light probe

He Gagatsos Wilson, Guha, Phys. Rev. Applied 22, L041004, 2024; arXiv:2509.1145
qunications on multi-mode optical fiber

Large-core

few-mode fiber

Data Ch1 Data Ch1
: (Il iDatach2  Mode Mode | (Il | Data Ch2
| 'R l."}:{-' muxing demuxing | & 4 {1===-m
1V B : 1V A I
: I l : . 1 /\) :
W U : L AT
E iData Chn \«/ Data Chn

~ Fisher information

S5x10°

1 x<10°

Dy = 90

5000~ —=

Laser beam and one cw-SV beam
mixed in an 8-mode sorter: QFI

—  CFl for above with homodyne

——  QFlI for optimized classical
transmitter probe

5 10

50 100

N Probe photon number

Alan E Willner, Light: Science & Applications volume 7, page 18002 (2018)
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Ideal photon detection on a coherent state

\/photons/s
EI ¢1A(t)
/7|
>({{ —> I >
0 T L - !
(1) Single-mode coherent state of the mode: ¢(t) Pa(t)
|Oé>, ()::\/N, N:EZT \/1/7‘ )t
¢T(t) T T
Vv 1/T N
- | V1T
0 pn >1 /T l v
T
(2) M-mode coherent state of the modes: ¥, (¢),k=1,..., M

N
N - =5 <
M 1/_A

M >1

1 — L Orthogonal
7 temporal modes

23

Recall: Probability of
detecting k photons,

e~ N Nk

k!
Po = G_N,pl = NB_N,]?Q = N26_N/2, .

a)— ) — &

N = |04‘2 Pr =

Probability of detecting k photons on coherent
state |v) of mode ¥;(t),i =1,2,..., M

e—N/M(N/M)k
Pk = X

M>1"

= e VM L =0 (no click)

~1=e MM k=1 (one click)

Arrival rate (photons per second):

2

2 N N

>\: :—:—:E
T M+ T

Poisson Point Process: Memoryless arrival process
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Beamsplitters and interference ne 0,1
(%) B2) U
e |nterfering two coherent states in a beamsplitter . /
J P B\ _ NG v1—n Q1
B9 \/1 — —67’92\/ﬁ %)
(1) Constructive vs. Destructive interference (2) Phase (pure reflection or pure transmission) (3) Phase-space d|splacement o . 9
‘Of |B€7’92 ‘a ‘O{ + 5 l’;ansmzswéy,(% ;ﬂ-(])OS (91), 91 c (O, 7'(']
ase, (/9 ,
>< .0, =0 >< = 0,0, € (0,27 n~1,0,=0
| — ) |\f 200) 7 Wier
Reck et al., PRL 73, 1 (1994)
| ﬁ>—> 0, _,| ﬂei92> ( 1) Clements et al., Optica 3 (12), 1460-1465 (2016)
nin —
MZlIs

 The Mach-Zehnder Interferometer (MZI)

1
2

U

24
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Exercise 4: Reading phase-coded infor

Consider a 50-50 Beamspilitter: 61 =0orm
84 T— \/_
) , O‘+5> ) PACI IPAREL AR
1 V2 N = |al? 1
2 2
o —
o V2 > 0) oV | Talva)

mation

(01,602) = (0,0)
P[no click] = e™%
a/V2) Plclick] =1 —e~
1
2

P[no click] =1

a/V2) P[click] = 0

o - Flinag 2o
1
2
a/V2) _ o) Plno click] =™

Plclick] =1 —e™%

 What is the probability of error for choosing between the two phase patterns (0, 0) versus (7, 0)?

e A. Zero Let us assume that the prior probability (abbreviated “prior”) of each of the phase patterns 0,0 and pi,0 (let us call them
N “codewords”) is 1/2, i.e., the occurrence of each pattern is equally likely.
* B. € ' T
Then, the average probability of error is calculated using: (1 _ e—N) X 0| + e NV % %
— N
C. 1 € [Probability of error given the phase pattern 0,0 actually occurred] Prior probability that O, 0 occurred which is 1/2]
1 +
o —N
D. —e [Probability of error given the phase pattern pi,0 actually occurred] X [Prior probability that pi,0 occurred, which is 1/2]
2

25
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EXxercise 5: Recelver for optical communlcatlon
» Symbols of the on off keying (OOK) modulation “alphabet”: {|0), |a)}, N = o]

 Assuming equal priors, what is the (average) probability of error of choosing
between the two OOK symbols using ideal photon detection (direct detection)?

1
A. Zero, B.e ™, C.1—¢ D. 56_ «
) — v+ B) m
» “Displace before detect”: B ><77z 1 . - ¢ — & -Re
> I?> B) ) |a+pB)

Vv1—mn

Number of photon clicks, &

. Probablllty of error, P, = P(H,)P(Hz|Hy) + P(Hz)P(H;|Hz)
= _ 1 ! _ _ 1 62\ 4 L .—(atp)?
= S P(k > 0[Hy) + 5 x P(k = 0]H>) _5(1—6 )—I——e

©
»

o
w

O
N

Optimize (minimize) this over the choice of ﬁ Hypothesis H; : |0)

Plot the probability of error as a function of N Hypothesis Hs : |«)

26

o
-

Average probability of erro

—
3 ©
w

Kennedy’s Receiver (1973)
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Break

e Resume at 5:10 pm EST

27
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Part C

Quantum States of Light

Introduction to Field Quantization

Seven Falls trail,
October 2019

28
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Maxwell’s Equations . ..c.csicdamt  —2r - v2E-0
wave solutions c 8215
Source-free Maxwell’s equations in vacuum 1 0°B V2R _ 0
U.B =0 c2 Ot?
UxE— 0B Consider the frequency representation of an E-field
Ot *dw > dw
E ) = __ _ZthH‘) / htad zwtg(—)
V-E=0 (r, 1) /0 5 € (r,w) + | 5 (r,w)
VxH= oD We may write a mode expansion r — (x, Y, z)
Ot for each frequency component
Mode sum
In vacuum (no magnetic or dielectric ﬁ/
material), we have the constitutive relations AR (r,w) = Z € a'™ (W)u'™ (r,w)
B = uoH LY |
D =¢E .
<0 Amplitude Mode function
Ho - Permeability of free space ("Modes®)
0 Permittivity of free space Mode index (label): m Scale factor: &
Permeability and . Modes : ortho-normal set of functions

dictated by the geometry

permittivity define the ¢ =
speed of EN waves VHaED /d?’r u(m)*(r, W) u'k) (r,w) = Ok

29
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E(+)(r, t) —e, o~ iWmt €¢k<m>.r This is single plane wave with ||
Frequency: Wm | /‘Il ‘lll ‘ll\ ’
Where k") -1 = k(™2 + k{™y + k™) Sl e L
Field polarization direction: €y, "" “l""/// li f%/“,“l/%./
Z " X ’i /’i/ T
The allowed mode Propagation direction: k(™) = (k{™, k(™) k(™) ll } ‘l , ‘!..
frequencies Wm are
continuous E (B) field plane wave polarized along
- y(z) and propagating in the x direction
Modes of Highly Reflective Cavities T
Ef) (r,t) =) al™ewnty(™(r) T v
2 — » |
If a the cavity is a cube of side length L
The allowed mode frequencies Wm are discrete u™(r+Lx)=u™r+Ly)=u"(r+Lz)=u" (r)
Why?
Then we have the requirement for the wave vector
The highly reflective walls of the cavity will impose boundary 9
conditions k(™) — f(mw,my,mz)
12T )
u(m)(r) = €m €XP T(meC + MyYy +My2 mq, My, M, :Integers that determine the
. IForm a overall mode index

—
discrete set

" This Is a toy model of a cavity
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Light is ‘not confined’ along all three directions i/ \{ 'g; £ (2. w) o H,, (2)e="" H,, (y)e—""
Consider a plane-parallel cavity of length L i/\ /‘ & ; ; ;
IL—I - - »
K X X o & a8 ais st

y Region where - g hA, A
T/x x / field is confined I/\/\/I @ ing " . 8t .“'

—

-
Z Highly reflective mirrors I/\/\/\I » . » "R
sz TEM,, TEM,, TEM,, TEM;,

ul™ (r,w) =™ (M) (z, y, w sm

Tranverse mode

Longitudinal mode Longitudinal mode spectrum (structure)

o Mode spacing
-4%—-) : _ Wm — Wm—1 —
Longitudinal modes : different frequencies = Mode L
e f . spacing
Tranverse modes : orthogonal spatial < b
functions (‘patterns’)

Frequency @
31
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E(-I-) Z / ma(m) —zwt (m) (I‘ CU) ' E(—I—) Z / )e—iwtu(m) (I‘, w)
ClaSSIca/ field description Quant/zed field description
Quantization rules Amplitude
complex amplitude — operators Ern — Enlw) = \/ huw
a(™ (w) — G (w) Defined as the ‘lowering operator’ (annihilation) 2€0¢
a(m)*(w) — a) (w) Defined as the ‘raising operator’ (creation)
Canonical commutation rules Hamiltonian for the mode E“i"QY
A A A A A A A 1 : Transition
i (), ()] = G (W)} (@) — G (@)am (@) H. — (&jn ()i () 2) B i

— 5m,k

Resembles the quantum harmonic
oscillator Hamiltonian
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Quantum States of Light

Eigenstates of the Hamiltonian operator

Noting the commutation relations of
creation and annihilation operators

Hamiltonian operator
with the Hamiltonian

. 1
= —hw,, Qo .
Ao [0). = (B — o )it
Hyp,al,] = hwmal, Hpaly, [4),, = (En + hwy,)af,

Fock (number) states Eigenvalue relation

{In) }; neZ™" 1

Eigenstates of the annihilation operator : Coherent States

ala),,

, o0 Oén
—|a|?/2 E _‘ >
€ VY n m

n=0 n'

am |a),, Quantum description of

classical laser light

33

Dropping the frequency dependence from the operators for brevity

Hence, if we consider an eigenstate of the

G, |1),,, , Qg [¥),, @re eigenvectors as well - with
lowered or raised eigenvalues

Energy difference: hwy,

We assume the ground state |1)g)  satisfies

m = _ ¥0),, 7# 0
¢> |genvaIAue. .

Lowering and raising operators

Gy, n}m:\/ﬁ\n—mm
)y =Vn+1ln+1)

Intuitively, these are quantum states of light
where the annihilation operator and complex
amplitude are ‘interchangeable’
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Number (Fock) state of a mode
« Single photon (Fock) state of a mode ¢(t), detected by ideal photon detector

o(t) ,
/T | > o(t)
g 7aN - -1 Precisely a single click will be detected, at (a random)
-

time 7 whose probability distribution p(7) = |(7)]|’
» n-photon Fock state of the above mode: \n>¢(t)
e |deal photon detection will produce precisely n clicks

* Click arrival process is no longer “memoryless” (unlike the Poisson Point
Process for coherent states). Why?

* Arrival (or not) of one photon click in a time interval changes the probability
distribution of the remaining clicks .,
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Interfering number states in a beamsplitter

* A beamsplitter transforms the annihilation and creation operators of the two
interfering modes [“Heisenberg Picture” of QM]:

a é=ma++/1- nb aln) = v/nln —1) Inverse Transform
><77 a'ln) = vVn+1[n+1) =>(a")"|0) = Vn!|n) a=ynée+1-nd

" d=+1-na— b la,a']=aa’ —ala=1 b=/T—né—/nd

b

 Excite the input modes in number states |n) and |m); what is the output state?
e (phym ot —ndr (VI=net — ndhm
0y = oy fm) = CL O gy gy = WIEEVEZNdDT VA =0 — VAL )

° Examples: Quantum state of the (a, b) modes,|¢>in Quantum state of the (c, d) modes,|¢>out
T T
n = % |¢> _ |1>|0> _ a‘L |O>\O> — (C \J/%d ) \O>|O> = ‘1>‘O>;§‘O>|1> “Entangled states”
L _ _ it _ C“FdT) (CT—dT> _ 12 2 _ [2)]0) —[0)[2)
p=5 W= =as 0)0) = (5 ) (S5 ) ) = 5 (- a) ooy = 2R
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Exercise 6: Interfering number states in a beamsplltter“”'

o Splitting an n photon number state in a beamsplitter (with vacuum in other port)
n)—
¥)in = |n)[0) ’7 P)out ="

L A TS

C. %) gt Z ( ) L=n"F =B K D, | = |n>\0>\50>\n>

* Note: multi- mode unitary transformation of a single mode number state generates
entanglement across multiple orthogonal modes

36
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Exercise 7: Reading phase-coded information using number state "
9:_ = Qorm
_ 1) —

N =1 photon 1oy W+

1 V2

2 1)(0) — [0) [1)

0) 11) 7
0) , ; ;
1)[0) +10)|1) +[1)|0) + |0)[1) |1)]0) or |0)|1)
V2 V2

 What is the probability of error for choosing between the two phase patterns (0, 0) versus (7, 0)?
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ding of
n f tl

I\ from a CD
-fizi‘\ e
SRR s
e s - v.‘..—-";\"—--\ — ’;:'3-‘E%‘-;:F;:ii-;r‘;‘\i}» = O r a
— - e L - - S D - \.-‘ Pl \"\.' Q. S —_— —— e
s — _’.:" o --‘ﬁ 3 ~ T —— -
5 _'-’-.' ../.-:"‘-:’ J .J =t _ > "t - = .
Ccoo L ¢ .

) = (]100...0)+|010..0) +...+] 000...1)) /K

Depending upon which of the K=8 codewords the light hit, the photon will show up at one of the &
detectors (with probability 1), thereby enabling reading log, (K)bits of information with zero error

probability. This 1s not possible using any classical light probe (including coherent states).
> Guha and Shapiro, Physical Review A 87, 062306 (2013)
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Part D

State Discrimination

Transformations, Measurements and
Introduction to Applications

39
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Quantum state and projective measuremenf’

- Quantum (pure) state (of one or a collection of) mode(s): [¢))

* Projective measurement—

e set of unit-norm orthonormal vectors:{\wk>}, <wk|wj> — 5k_j

{ |wk> } Probability of outcome Kk,

pre = |(wi|)|”

40




Center for
/ Quantum
Networks
NSF-ERC

Discriminating two states: Exercise 8

1) (hypothesis Hy) vs. [¢9) (hypothesis Hs)

Prior probabilities: p; = p, po =1 —p
Inner product between Find the value of ¢
0 the two states that minimizes Pe
1) = (Y1lh2) = 0

$< : ) \u’ ) = COS O e — cos 26 8Pe — )=

| E sin ¢ 8¢

i 1) = ( Z?sg ) Optimal¢satisfies:
Lletuscallthe o< NGy T 0) = ( 1 )__)
measurement result, | ) 0 A.tan(2¢) cot(26)
2 €{1,2} : o) = (<50, ) 2 + 1

| sin B tan(26)

| wo) = ( _cos ¢ ) *B. tan(2¢) = 20— 1
P(1|2) = [{(w1]12)|* = (cos @ cos ¢ — sin O sin gb) = cos*(0 + ¢) C. tan(2¢) = t;nf@l)
P(2|1) = [(wa|iy)|* = (cosBsind — sinf cos d)” = sin®(0 — @) cgt(ze)
P. = pP(2|1) + (1 — p)P(1]2) : D- tan(20) = 5 7
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Minimum probability of error (two states)

Helstrom Bound

o tan 20
» Substituting tan 2¢ = yields:
2p — 1
1 - -
Probability of error P, = 5 1 — \/1 — 4p(1 — p)o*? = P|H|z =2| = P|Hy|z=1
1 - -
Probability c?f correct P — — |1+ \/1 — 4p(1 — p)o‘z .= P[H,|z = 1] = P[Hs|z = 2]
decision 2 L i

1 r i
For equal priors, i.e.,p = 1/2, Pe,min — 5 1 — \/1 — o2
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Number states basis for any pure state of a mod

7
~
/
“F ) \\.

0

-

 Number states|n)and|m)can be distinguished with zero error (photon detection)
e Hence they must be orthogonal states,oc = (njm) =0, Vn # m
 Number states (of a mode) span all possible energies a mode can have
e SO, it iec‘,><> reasonable O;cha’c they must form a basis to represent any state of a mode
V) =) caln), D len’ =1
n=0 n=0 | .~ 6—\@\2/2&77,
* Recall: coherent state written as |a) = Z ( >|n>

n=0 \/m

* |et us next calculate inner product of two coherent states, e.g., the OOK alphabet
considered in Exercise 5
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Inner product between two coherent states

Exercise 9

o Calculate the inner product between the two coherent states |0) and |«)

« Assume, o € R,and N = o® the mean photon number In )

 The inner product, o = <O|C¥> IS given by:
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Discriminating coherent states of light

 Probability of error for telling apart the OOK coherent states {|0), |a)}, N = al?

Helstrom’s Bound
 |deal photon counting (Direct Detection): Exercise 5 1T -
Pe,min:_ 1_\/1_02

_N/2

* Displacement based (Kennedy’s) receiver
o ==¢€

 Helstrom bound, derived in Exercise 8, using inner product from Exercise 9

o
&)
-

........

o~
Samo~
-~
~

1 e N Photon arrivals
) Dolinar’s Receiver (1973)

st) + L),i=01 | | ol

1 N \‘\ \ S(t) Optimal feedback
> [1 —V1—e N\, ——Pp— p
\\\\ j N~D ------
\
\‘\
\\\\ |

©
~

O
w

O
N

), or |0) )

AWG < v

o
—_

|—Direct detection
- = Kennedy receiver (optimized /)
--=-Dolinar receiver (minimum error)

Arbitrary Waveform generator

— ‘(1 ‘ s e L'JL’J _U_L,_L_-‘L_,—I t

Average probability of error

1072 107 10° 10"

N 45
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Discriminating coherent states

Even If excited in orthogonal modes, zero-error discrimination iIs not possible

* Inner product with any two coherent states, («|3)

6—%[\a\2+\5\2]+a*5 £ 0, Va, 8 € C

* S0, two coherent states can never be told apart with zero probability of error

 Even if they are excited in orthogonal modes. Why?

Hypothesis 1 : |¢1) = |0)|a) PlH:| =p
Hypothesis 2 : [15) = |5)]0) PlHy|=1-p
o = (¢1]1h2) = (0|8)(a|0) = e~ (IFF+IeF)/2 5
1

Fe,min = 5 1- \/1—429(1—2?)02_ > (
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Discriminating between M states

« M-ary ensemble (priors, states): {p:, [¥i)} ;1 =1,2,.... M, 0;; = (V;]¥;)

 M-ary projective measurement that attains the minimum error probability

 Measurement projectors{|w;)},7=1,2,...,. M

 Find relative orientation of measurement vectors with state vectors: x;; = <wz‘\¢j>

“YKL conditions” for minimizing average error probability:

(1) PmZkmTrm = PkTkkL 1 M(M+1)/2 non-
linear simultaneous
equations: solve for I0;
Z TkjT; = Oij ; ]
- emm_]-_zpz‘$m|2
Z%ﬂwy (W] = pilthi) (il ‘v’z ' (Check for unlqueness of solution)
71=1

Yuen, Kennedy, Lax, 1975
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Discriminating multiple coherent states

* Homework: Calculate the Helstrom bound for a simple set of three coherent states
(.e., a given mode has been excited in one of 3 coherent states, and the receiver
must choose which one it is, such that the mean error probability is minimum)

» Example 1 (BPSK-R2):  {| — &), |0), |a)}
 Example 2 (QPSK): fla), licr), | — o), | —ia)}
* Example 3 (PPM): {|«, 0,0, 0), |0, «, 0,0}, (0,0, c, 0),]0,0,0, ) }

 Receiver that attains the Helstrom bound must use quantum transformations of the

coherent states prior to detection, e.g., “squeezing”, which is beyond the scope of
this short course.
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Conditional nulling receiver for Pulse Position Modulation’

Direct detection Quantum limit (YKL)

) =10)..10)])[0)..10)  jaft =N = (P3];) = [(a|0)|2 = e~ N, i # j
7 e« M
N photon Three M=4-ary ’Lj — b7 [ ?é ]? 337:7; — a’) VZ
gﬁfszr:”t'sﬁate | PPM frames (symmetry postulate)

r

YKL conditions for minimum error probability

a’+ (M —-1)b* =1

¢ ] e T, Single photon zab _|_ (M _ 2)b2 — C_N 10°
detector response
2
k k t\ k > Pe,min — ]- — a
:e?c’or (dark click within / M . 1 9 10- k
fﬂiatd titme) a pulse slot) — M2 [\/1 (M . 1)€_N . \/1 - e_N]
M—1
P = e — —
“PP T M ~e N Me™N < 1 P,107

Conditional nulling receiver

P,cpNn = %[(l - e_N)M + Me™N — l]

~e N Me N «1

Conditional pulse nulling (CPN) receiver: uses
beamsplitters, coherent states, photon
detection, and classical feed-forward

Dolinar, MIT Ph.D. Thesis 1976, TDA
Progress Report, 42-72, 1982

Guha, Habif, Takeoka, J. Mod. Optics,
Vol. 58, 257-265, 2011

Chen, Habif, Dutton, Lazarus, Guha,
Nature Photonics, 6, 374, 2012

e Baseline CPN receiver :
Direct detection

Type-1 CPN

Type-2 CPN

Helstrom
(quantum),
limit

' Dark noise floors\\ ~
S (Py = 1077)"

49 10
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Coherent state discrimination with a quantum computer

10Y e s i e T T s = == == L
¥1) = | = a)| = a)la)| - o)) )
¢2> — a>|a>‘a>|a>|a> > 10 Best.achievable .using any =
= receiver employing any symbol- (.
¢3> — = CMH o O‘)IO‘HQH o a> '§ o by-symbol optical detection :
= |la)|a)|a)| — a)| — o S =ik
¢4> H H >| H > = Quantum limit of minimum error _ -~
¢5> — a) — a) —= a)|a)\a) ‘Ec.i, os probability (Helstrom bound)
ve) = )| = )| —=a)| —a)| —a) 8
a —
|¢7> — | y a> |Qf>| o a> |a>| o a> 104 | -" 212 ggd?&oiﬁﬁ?%iifError Rate
-X - Sim: BPQM Block Error Rate A
|¢8> — | - C}j> |C\{>| ~ a>| — a> |a> —— Theory: Codeword Helstrom Limit X
104 101—3 102 101—1 10°

Rengaswamy, Seshadreesan, SG, Pfister, Nature npj Quantum Inf 7, 97 (2021)
Delaney, Seshadreesan, MacCormack, Galda, SG, Narang, Phys. Rev. A 106, 032613 (2022)

Mean photon number per pulse, N = |a/?
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Photonic Quantum Information Processing =~

Outlook: quantum enhanced communications, sensing, computing

* Writing the state of the optical field in the quantum language allows us to
evaluate “fundamental limits” (of precision) for information processing

* Finding structured designs of transmitters, modulation formats, receivers, etc.
that meet the quantum limits is a hard task, with many problems still open

 Example applications of quantum states of light and quantum measurements

. Quantum receivers enhance capacity of deep space lasercom and reduces transmitter peak power
. Injection of squeezed light can enhance the sensitivity of radio-frequency photonics antennas

3
2
3. Squeezed light enhances sensitivity of the Laser Interferometer Gravitational-Wave Observatory (LIGO)
4. Photons enable generating entanglement among distant quantum memories

5. Distributed entanglement can enhance the resolution of a collection of distant astronomical telescopes

* We hope this course will enthuse some of you to pursue a rigorous study of
quantum optics, and quantum information theory!
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Course Evaluation Survey

We value your feedback on all aspects of this short course. Please go to the link
provided in the Zoom Chat or in the email you will soon receive to give your
opinions of what worked and what could be improved.

https://cqn-erc.org/

2026 CQN Winter School on Quantum Networks
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