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T#pingis no substit$tefor th?nking.
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Typing is no substitute for thinking.
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Set of all the sounds humans can produce

Subset of sounds that form a language

Sounds not belonging to the language

Human languages are error correcting codes
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T#ping
is

no
substit$te

for
th?nking

Typing
is
no
substitute
for
thinking

Maximum likelihood decoding
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ÅBinary alphabet: operations over 

ÅEach word is independent from the others (block codes)

π ρ

π π ρ

ρ ρ π

π ρ

π π π

ρ π ρ

Binary ςthe language of machines
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Error correcting codes
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Set (field) of all the binary 
vectors of length 

Size of the space
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Error correcting codes
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Set (field) of all the binary 
vectors of length 
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The [3,1,3] repetition code
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Codelength Code dimension Minimum (Hamming) distance

Codewords

Correctable errors

Ὠ σ

Hamming spheres

ὸ ρ

Hamming distance= the number of positions in which two binary vectors differ

Rate
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Binary Symmetric Channel (BSC)
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0

1

0

1

ÅEach bit is flipped with probability
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Maximum likelihood decoding 
of the repetition code
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BSC Decoder
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Decoding failure
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BSC Decoder
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Maximum likelihood decoding
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Maximum likelihood decoding
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negative for ‌ ρȾς

Maximum likelihood decoding Minimum distance decoding

Ὠ Ὠὼȟώ: the Hamming distance between ὼand ώ

For the BSC channel: 

ML decoding rule:
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Codes as matrices
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ÅLet ◊be a binary vector of length Ὧ

ÅLet ╖be the generator matrix of the code ꜟ

ÅA codeword can be defined as ● ◊ẗ╖

ÅLet ╗be the parity check matrix of the code ꜟ

Å●is a codeword if and only if ●ẗ╗
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Matrices of the [3,1,3] repetition code
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Error syndrome
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ÅAssume we transmit a codeword ●over a BSC

ÅThe effect of the channel can be modeled as adding an error vector▄to the codeword 

ÅReceived sequence 

ÅSyndrome
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Example
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000 111 00

100 011 10

010 101 11

001 110 01

Standard Array Table
Codewords

Syndromes
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Another example: the [7,4,3] Hamming code
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Another example: the [7,4,3] Hamming code
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0000000 1110000 1001100 0111100 0101010 1011010 1100110 0010110 1101001 0011001 0100101 1010101 1000011 0110011 0001111 1111111 000

1000000 0110000 0001100 1111100 1101010 0011010 0100110 1010110 0101001 101100
1

110010
1

001010

1

000001

1

111001

1

100111

1

0111111 111

0100000 1010000 1101100 0011100 0001010 1111010 1000110 0110110 1001001 011100
1

000010
1

111010

1

110001

1

001001

1

010111

1

1011111 101

0010000 1100000 1011100 0101100 0111010 1001010 1110110 0000110 1111001 000100
1

011010
1

100010

1

101001

1

010001

1

001111

1

1101111 110

0001000 1111000 1000100 0110100 0100010 1010010 1101110 0011110 1100001 001000
1

010110
1

101110

1

100101

1

011101

1

000011

1

1110111 011

0000100 1110100 1001000 0111000 0101110 1011110 1100010 0010010 1101101 001110
1

010000
1

101000

1

100011

1

011011

1

000101

1

1111011 100

0000010 1110010 1001110 0111110 0101000 1011000 1100100 0010100 1101011 001101
1

010011
1

101011

1

100000

1

011000

1

000110

1

1111101 010

0000001 1110001 1001101 0111101 0101011 1011011 1100111 0010111 1101000 001100
0

010010
0

101010

0

100001

0

011001

0

000111

0

1111110 001

The size of the table scales exponentially
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[3,2,2] Single Parity Check code
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[3,1,3] Repetition code [3,2,2] Single Parity Check code

Dual codes
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Low Density Parity Check (LDPC) codes
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Sparseparity check matrix

Low complexity iterative 
decoding (on graphs)
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Tanner graph
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Variable nodes

Check nodes

ÅBipartite graph
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Tanner graph
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- regular code

Neighborhood

Variable node degree

Check node degree
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Iterative decoding
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ÅLow complexity algorithms

ÅOperate on the Tanner graph

ÅEach iteration involves an exchange of messages between 
variable nodes and check nodes

ÅIf the estimated error matches the syndrome, the decoder 
succeeds, otherwise it continues for another iteration 
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Bit-Flipping algorithm
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Initialization ςvariable-to-checkmessages

Check-to-variablemessages

ThresholdVariable-to-checkmessages

(received value from channel)

(number of unsatisfied checks)



01/09/2026

Example

43



01/09/2026

Example

44



01/09/2026

Example

45



01/09/2026

Example

46



01/09/2026

Example

47



01/09/2026

Example
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Belief propagation (or sum-product)
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Received sequence ώ

Transmitted codeword ὼ

Posterior joint probability distribution

Posterior marginal 
distributions
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Belief propagation (or sum-product)
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Belief propagation (or sum-product)
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x f

h1

h2

n(x)\ {f}
n(f)\ {x}

y1

y2
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Monte Carlo simulations of error correction
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ÅRepeated random sampling to obtain numerical results

ÅMC simulation is the standard method for assessing   
the performance of a code/decoder

ÅSimulation software needs to be fast to generate the 
adequate number of samples in a relatively short time 
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ÅChoose an error model
ÅChoose a code and a decoder
ÅFix the number of samples (large enough)
ÅFix the parameters of the error model (e.g., for BSC)

ÅFor each sample:
ÅGenerate a codeword (usually the all-zero codeword is sufficient)
ÅGenerate a random sample of noise, add it to the codeword
ÅCompute the syndrome and start decoding
ÅLŦ ǘƘŜ ŘŜŎƻŘŜǊ Ŧŀƛƭǎ όŘƻŜǎƴΩǘ ŎƻƴǾŜǊƎŜ ƻǊ ŜǎǘƛƳŀǘŜǎ ŀ ŘƛŦŦŜǊŜƴǘ ŎƻŘŜǿƻǊŘύ Ą count a failure

ÅDivide the number of failures for the total number of samples
ÅRepeat for different parameters of the error model
ÅPlot error parameters vs failure rates

Monte Carlo simulations of error correction



01/09/2026

Plot examples

54http://www.jaist.ac.jp/~kurkoski/teaching/portfolio/uec_s05/S05-LDPC%20Lecture%201.pdf
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Error floor

Waterfall

Plot examples

55

N. Raveendran, D. Declercqand B. ±ŀǎƛŏ, "A Sub-Graph Expansion-Contraction Method for Error 
Floor Computation," inIEEE Transactions on Communications, vol. 68, no. 7, pp. 3984-3995, 2020



01/09/2026 56

Part 1 Classical Error Correction
By Michele Pacenti

Part 2 Quantum Error Correction
By Narayanan Rengaswamy

Part 3 Application to Quantum Networks
By Sijie Cheng

Agenda



01/09/2026

What do we gain from QEC?
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ERRORS

United 
We Stand, 
Divided 
We Fall!

Encode into a 
Quantum Error 
Correcting Code
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QEC Goals: Computation & Error Correction
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Noisy
Logical operation 

Physical operation
Fault-tolerant

QECC
Encode

QECC
Decode

Translate
(Synthesize)

Universal gates on 
Ὧlogical qubits:

QECC: Quantum Error Correcting Code

ὲqubits

Ὧqubits
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Pauli Operators and Bloch Sphere
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Bit Flip Phase Flip Bit-Phase Flip

ὢ

ὤ

ὣ

άvǳŀƴǘǳƳέ
NOT gate
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Pauli Errors and Depolarizing Channel
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Bit Flip Phase Flip Bit-Phase Flip

Depolarizing Channel

¢ƘŜ άvǳŀƴǘǳƳέ BinarySymmetric Channel:
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Multi-Qubit Pauli Operators/Errors

63

ὲ σqubits

ὢṧὤṧὣ
ḳὢὤὣ
ḳὢὤὣ

Pauli Group on ὲqubits:

All possible tensor products of Ὅȟὢȟὤȟὣwith 
global phase from the set ρȟὭȟρȟὭ

1. Group generatedby Ὅȟὢȟὤȟὣon Ὦ qubit

2. The τ Hermitian operators form an 
orthogonal basisfor all ς ς matrices

3. Trace Inner Product: ὃȟὄ ḧ4Òὃὄ
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Commutativity of Pauli Operators
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ὤὢȿ‪ἃ ὢὤȿ‪ἃ

ὣὢȿ‪ἃ ὢὣȿ‪ἃ

ὤὣȿ‪ἃ ὣὤȿ‪ἃ

ὲ ςqubits

ὤṧὤ ὢṧὢ
ὤὢṧ ὤὢ
ὢὤṧ ὢὤ
ὢṧὢ ὤṧὤ

Time

Property: ὃṧὄ ὅṧὈ ὃὅṧ ὄὈ



01/09/2026

Stabilizers: Commuting Pauli Operators
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ὲ ςqubits

ὤṧὤ ὢṧὢ
ὢṧὢ ὤṧὤ

Stabilizer Group:  Ὓ ὢṧὢȟὤṧὤ ὍὍȟὢὢȟὤὤȟὣὣ

Linear Algebra: When Hermitian matrices commute, they can be 
simultaneously diagonalized, i.e., they have a common basis of eigenvectors
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Stabilizer Codes from Stabilizer Groups
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Stabilizer Group:  Ὓ ὢṧὢȟὤṧὤ ὍὍȟὢὢȟὤὤȟὣὣ

ά.Ŝƭƭ .ŀǎƛǎέΥ The common eigenbasisƻŦ ǘƘŜǎŜ ά.Ŝƭƭ ǎǘŀǘŜέ ǎǘŀōƛƭƛȊŜǊǎ

Stabilizer Code אὛ: Subspace spanned by the +1 eigenvectors of Ὓ

In this case we only get a 1-dimensional space spanned just by ȿɮ ἃ


