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Part 1Classical Error Correction
By Michele Pacent
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T#pingis nosubstit$tefor th?nking
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Typing Is no substitute for thinking.
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** Human languages are error correcting codess

P
ey
o

S/ Set of all the sounds humans can produce

Sounds not belonging to the language

Subset of sounds that form a language
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Maximum likelihood decoding

T#ping———Typing
S ——— |S
nN0O—— . no
substit$te ——— substitute
for —— for
th?nking——— thinking
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~F®  Binaryq the language of machines

/Binary alphabet: operations ovéfs

m T P m T T
T

P P p_ 1t P

AEach word is independent from the others (block codes)
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Error correcting codes

N Set (field) of all the binary
2" vectors of lengthn,

Size of the space

F3| = 2"
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Error correcting codes

N Set (field) of all the binary
2" vectors of lengthn

2% vectors € C
e (2" — 2F) vectors ¢ C
kE<n
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The [3,1,3] repetition code
n, k,d|

1 ] T

Rate Codelength Code dimension Minimum (Hammingdistance

Hamming distance the number of positions in which two binary vectors dif

0 — 000
1 111 “—Codewords 001 .

t: I_dglJ 010

|

ﬂ Correctable errors amming spheres_—
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Binary Symmetric Channel (BSC)

AEach bit is flipped with probabilitg

00

a?(1 — a) OO
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Maximum likelihood decoding
of the repetition code

Y

BSC Decoder

010
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Decoding failure

BSC

000

\_/

Y
0
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Decoder
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Maximum likelihood decoding

— d)logy(1 — )

. ‘n s log, P(y|x) = dlog, a + (n
.. % L e o

negative for  pA¢

: ... Qj ,. o Q Q atw : the Hamming distance betweepand o
> -~ N PR For the BSC channel(y|z) = a4(1 — )¢
AP é AW y

= Q T ML decoding rule:

s A P(z)P

e @ .@- # = argmax P(z|y) = argmax (z)P(y|z)
Rt !%Q .. reC e P(y)
S

7 = argmax log, P(y|?) —e—0onw & =argmind(z,y)
xeC xeC

Iﬂ Maximum likelihood decoding Minimum distance decoding
01/09/2026 20



Codes as matrices

iLetO be a binary vector of lengtl® x € Im{G)
Let be the generator matrix of the code
L J | ) x € ker{H}
AA codeword can be defined as ¢ t+
AlLets be the parity check matrix of the code
‘ G-HT =0

Ae is a codeword if and only éft 5

ﬂ 01/09/2026 21
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o Matrices of the [3,1,3] repetition code

uc{0,1}

{O-GOOO G=(1 1 1)}

1-G =111 —
1 1 0\
H_(O 1 1) [
W_J
T
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Error syndrome

AAssume we transmit a codewondover a BSC

AThe effect of the channel can be modeled as addingram vectorgto the codeword

AReceived sequence 'y = X D €

ASyndrome s =y H'

s:}/l‘l/f—ke-HT

ﬂ s—e- - H
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Example

x = 000

— y =100 —— s=100-H! = (1>
e = 100

0

Standard Array Table

Codewords

Syndromes
00 y

10
11
Ol

2n—k

ﬂ 01/09/2026 24
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00000(
111000
1 10011¢
011110
010101
101101
110011
001011

1101001,

I 0011001,
1 0100101,
1010101,
1 1000011,
0110011,

0001111,

[2§§ 1111111
01/09/2026 .
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1000000

0100000

0010000

0001000

0000100

0000010

0000001
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0110000

1010000

1100000

1111000

1110100

1110010

1110001

Another example: the [7,4,3] Hamming codeX

0001100

1101100

1011100

1000100

1001000

1001110

1001101

1111100

0011100

0101100

0110100

0111000

0111110

0111101

1101010

0001010

0111010

0100010

0101110

0101000

0101011

0011010

1111010

1001010

1010010

1011110

1011000

1011011

0100110

1000110

1110110

1101110

1100010

1100100

1100111

1010110

0110110

0000110

0011110

0010010

0010100

0010111

0101001

1001001

1111001

1100001

1101101

1101011

1101000

101100
1

011100
1

000100
1

001000
1

001110
1

001101
1

001100
0

110010
1

000010
1

011010
1

010110
1

010000
1

010011
1

010010
0

001010
1

111010
1

100010
1

101110
1

101000
1

101011
1

101010
0

000001
1

110001
1

101001
1

100101
1

100011
1

100000
1

100001
0

111001
1

001001
1

010001
1

011101
1

011011
1

011000
1

011001
0

100111
1

010111
1

001111
1

000011
1

000101
1

000110
1

000111
0

0111111

1011111

1101111

1110111

1111011

1111101

1111110

The size of the table scales exponentially

26

0[0]0)

111

101

110

011

(0[0)

010

001




13,2,2] Single Parity Check code
3,1,3] Repetition code [3,2,2] Single Parity Check code
Ga= (1 1 1) 6= (b 1Y)

Ho= (g 1Y) Ho=(1 1 1)
H; -HL =0 Dual codes C, C—

ﬂ 01/09/2026 S
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( 4

.1.,\

N
a1 @&
L S

Sparseparity check matrix

Low complexity iterative
decoding (on graphs)

@l 01/09/2026 30
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U1 VU2 U3 V = {v1,v2,v3} Variablenodes

1 1 0\ &a

H = 0 1 1) e C' = {c1,c2} Checknodes

E={(vj,¢;) | H;; =1}

ABipartite graph

ﬂ 01/09/2026 31
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0 Check node degree

d. =

v
C

»4/&0\/\ /wv .
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\V/
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Q\\Q\‘ OO

AS @y I
&\ \»‘\ \\\/ ¢'/W%//
O§ 17 PR
NPT PN

N

o

Tanner graph
%

3 Variable node degree

dy =

N (v)

(V)
Neighborhood

(dv, dc) - regular code
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W AT iterative decoding

ALow complexitalgorithms
AOperate on the Tanner graph

AEach iteration involvesn exchange of messageetween
variable nodes and check nodes

Alf the estimated error matches the syndrome, the decoder
succeeds, otherwise It continues for another iteration

ﬂ 01/09/2026 37
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Bit-Flipping algorithm

Initializationg variableto-checkmessages

~~

v, =y; €{0,1}  (received value from channel)
(k) _ o D) -
iy = @ VYisi (number of unsatisfied checks)
/ JEN (i)

Checkio-variablemessages

_ . _ | dy
o e ( 5 ugaj) s B=|%.

J—1 €N ()

/ I/](-k_;;l) . otherwise \

Variableto-checkmessages Threshold

@l 01/09/2026 38
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Example
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y=010010100001010011002¢0

O110010011001O0

44

(0)
j—>’L

= D
FJEN (1)

(1)

lui—>j
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O10000000100O0O
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(1)
11—

= @D
FJEN (1)

(2)

/ui—>j
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110000000000020000001

47

) . 5

| M’i—)j

(2)

51 if(

(L
—1

(1)
—1

O10000000100O0O
2 >
i€N(7)
{ Vi i otherwise

(2)
—>1q
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100000100001010011000

O0O0O0000000O0O0O0OO
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Bellief propagation (or susfproduct)

Transmitted codewordo
X = argmax P(x|y)

Received sequenas xeC

Posterior joint probability distribution

el

r; = argmax P(x,|y) = argmax z:c1,...,:cj_1,:cj+1 {01} P(z|y)

:L'jE{O,l} / .GUjE{O,l} .....

Posterior marginal
distributions

@l 01/09/2026 49
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Belief propagation (or sumroduct)

5%1 — argmax P(I1‘y) — argmax Z P($|y)
3316{0,1} 3916{0,1} 332,283,334,9356{071}4
= argmax Z P(y|z)P(x)
x1€{0,1}

x2,r3,24,25€{0,1}4

5
— al'glnax Z (H Wj) I[(Cl — O)H(CQ — O)
x1€4{0,1}

xo,r3,24,25€{0,1}% \J=1

= argmax W;
x1€{0,1}

50
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vesp(@) = | pnsa(@)

heN (z)\{f}

pf—a(x) = Z (f(X) H Vh%f(h))

heN (f)\{z}

N\ /

oi(z) = || mnoe ()

N (@) \{f} N(f)\{z}

Iﬂl 01/09/2026 51
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~4FE Monte Carlo simulations of error correctid®

ARepeatedandom samplindo obtain numerical results

AMC simulation is the standard method for assessing
the performance of a code/decoder

ASimulation software needs to be fast to generate the
adequate number of samples in a relatively short time

52
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™ Monte Carlo simulations of error correcti

AChoose an error model

AChoose a code and a decoder

AFix the number of samples (large enough)

AFix the parameters of the error model (e.g., for BSC)

AFor each sample:
AGenerate a codeword (usually the-a#iro codeword is sufficient)
AGenerate a random sample of noise, add it to the codeword
ACompute the syndrome and start decoding
ALT UKS RSOZRSNJI Tl Afa 6R2SayQu A eoynSihlEesS

ADivide the number of failures for the total number of samples
ARepeat for different parameters of the error model
APlot error parameters vs failure rates

ﬂ 01/09/2026 53
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Plot examples

" ---. Nocoding
N 64-state convolutional code
| 14

-state convolutional code
Yool = Reed-Muller/Reed-Solomon
Turbo Code, N=65,536

-~ Irregular LDPC Code, N=10'

“

ﬂ 01002026 hittp://www.aist.ac.|p/~kurkoski/teaching/portfolio/uec_s05/SAEDPC%20Lecture%201.pdf =4
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Plot examples

Waterfall

0 Error floor

A
]
=
e
QL
'ﬁ
<
A
R
-
.
—
]
:I
—
-
=
A
e
oy

OMS,Y=)5,v9=1 |
Exp-Contr, Y =5, vy=1]
—O—MS,Y=5,v=0
Exp-Contr, Y =5, =0

)
10~

Channel Error Probability: BSC («)

ﬂ N. Raveendran, Meclercoand B+ | a"A BubGraph Expansie@ontraction Method for Error
01092026  Floor Computation,” IlEEE Transactions on Communicatioos 68, no. 7, pp. 3983995, 2020 ss
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Part 2Quantum Error Correction
By Narayanan Rengaswamy
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What do we gain from QEC?

E R R O R S il ideal surface code
. _ distance 3 ——+—
distance 5

distance 7 —H—
distance 9 S
distance 11

EnCOde |nt0 ol e N e no error correction
Quantum Error ‘
Correcting Code

®
=
E
2
:

A 4

United
We Stand,
Divided
We Fall!

ﬂ 01/09/2026 57
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4R OEC Goals: Computation & Error CorrectioRe

Universal gates on Noisy
Qlogical qubits: ) Logical operation
Qqublts W)L ' |¢>L
7 A
QECC HEUSEE QECC
T Encode (Synthesize) Decode
® & qubits |q)) " | o)
Physical operation
AN Faulttolerant
N

QECC: Quantum Error Correcting Code

@l 01/09/2026 58
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Bit Flip 94V dzéa%g“ dzZY'e pPhase Flip Bit-Phase Flip
0) — X — (1) 0) — Z |— |0) 0) —Y — i[1)
1) — X —|0)
0)

@l 01/09/2026 | 1>
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~#E  pauli Errors and Depolarizing Channek®

Bit Flip Phase Flip Bit-Phase Flip
0) — X — 1) 0) — Z — [0) 0) — Y |—¢[1)
1) — X |—10) 1) — 7 1) 1) —Y 1|0
¢ KS a v dBimgruSynynietric Channel: ) with prob. 1 — e,

X |¢) with prob. <
Z |¢)  with prob.
Depolarizing Channel Y |¢) with prob.

@l 01/09/2026 10
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Multi-Qubit Pauli Operators/Errors

Iyl Pauli Group ol qubits:

DY — Z2 1 |p) All possible tensor productvsv‘c'gﬁbfﬂﬁbwith
g global phase from the sgph'@ ph "Q

—Y —

1. Groupgeneratedby ‘Qrd hohd onQ qubit
g“ ) G"qublts 2. Thet Hermitlan operators form an

Ws wWs W orthogonal basifor all¢ ¢ matrices
K 00wWw

K 0 ww 3. Trace Inner Productoh®)h 4 @ 6

ﬂ 01/09/2026
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Commutativity of Paull Operators

Time
«— «—
IxHz— = —zH{x-<4 W@ a W@ da
IxHyvE = Iy xR HDGa O@ b
1y g = 7 1'% ._1 (b(@i] (;L)@d
£ cqubits Property:(08 0)(6S O (009S 060

ﬂ 01/09/2026
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€ ¢ qubits

Stabilizer Group™Y (®& ohod &)

/

X

/

X

— 1

/

~EE - Stabilizers: Commuting Pauli Operator8%

X

/

X

Linear AlgebraWhen Hermitian matrices commute, they can be
simultaneously diagonalized, I.e., they haveoanmon basis of eigenvectors

ﬂ 01/09/2026
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~#®  Stabilizer Codes from Stabilizer Groups%

Stabilizer Group®Y (8 S @& OOdOd O ®
d. St f Thelcommareigenbasie ¥ G0 KSasS d&a. Sttt adal

. 100) +]11) _
D7) = 7 D7)

- 100) —|11)
VR

+ _ |01) +]10) _

Stabilizer Cod& Y: Subspace spanned by the +1 eigenvectory of

In this case we only get a 1-dimensional space spanned just by $3 «

ﬂ 01/09/2026 66



