https://cqn-erc.org/

Error Correction for Quantum Networks

Narayanan Rengaswamy Michele Pacenti Sijie Cheng
Assistant Professor Ph.D. Candidate Ph.D. Student
University of Arizona University of Arizona University of Arizona
narayananr@arizona.edu mpacenti@arizona.edu sijiecheng@arizona.edu

2025 CQN Winter School on Quantum Networks

Funded by National Science Foundation Grant #1941583

sRolll ¢
University of . IN/AU -
= OF FE 3% O UNIVERSITY OF

Massachusetts — #) ' -Wrzal: f NORTHERN
Ambherst . QS ° ARIZONA
1890 UNIVERSITY

OREGON
ARIZONA




=@\ Centerfor
Al m
___.-'..-"" ':I:Il Gua ntu

g N\etworks
] NSF-ERC

Agenda

Part 1 Classical Error Correction
By Michele Pacenti

Part 2 Quantum Error Correction
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T#ping is no substitSte for th?nking.
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Typing is no substitute for thinking.
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™™ Human languages are error correcting codes

S/ Set of all the sounds humans can produce

Sounds not belonging to the language

Subset of sounds that form a language
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Maximum likelihood decoding

THpIng

1S

no
substitSte
for
th?nking

Typing
1S
No
substitute
for

thinking
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Binary — the language of machines

*Binary alphabet: operations over I's

*Each word is independent from the others (block codes)

ﬂ 01/08/2024 3
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Error correcting codes

Set (field) of all the binary
2 vectors of length M

Size of the space

F3| = 2"
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Error correcting codes

Set (field) of all the binary
2 vectors of length M

« 2F vectors € C
e (2" — 2F) vectors ¢ C
kE<n

10
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The [3,1,3] repetition code
n, k,d|

1 T T

Rate Codelength Code dimension Minimum (Hamming) distance

Hamming distance = the number of positions in which two binary vectors differ

? : ??? >COd€WOrdS vl 110

101

b — I_dglJ 010

|

Iﬂ Correctable errors Hamming spheres —
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Binary Symmetric Channel (BSC)

* Each bit is flipped with probability (¢

00

a?(1 — ) OO

@ 01/08/2024 14



Maximum likelihood decoding
of the repetition code

Y

BSC Decoder

010




Decoding failure

Y

BSC Decoder
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Maximum likelihood decoding
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ﬂ 01/08/2024

Maximum likelihood decoding

T = argmax log, P(y|x)

rxe(C

Maximum likelihood decoding

d = d(x,y): the Homming distance between x and y
For the BSC channel: P(y|z) = a4(1 — a)* ¢
ML decoding rule:

P(x)P
T = argmax P(z|y) = argmax () Pylz)
rcC rcC P(y)

log, P(y|x) = dlog, a4+ (n — d) logy(1 — )
Q
= dlog, . nlogN

negative fora < 1/2

— I =argmind(x,y)
reC

Minimum distance decoding

Ao
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Codes as matrices

Let u be a binary vector of length k& X € Im{G}
* Let & be the generator matrix of the code
x € ker{H}
* A codeword can be definedasx = u - G
* Let H be the parity check matrix of the code C o
G -H =0

e x is a codeword ifand onlyif x - H' = 0

ﬂ 01/08/2024 21
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Matrices of the [3,1,3] repetition code

uec{0,1}
0-G =000 G=(1 1 1)}k
1-G =111 —
1 1 0
H:(O 1 1) [
NI
T
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Error syndrome

e Assume we transmit a codeword x over a BSC

* The effect of the channel can be modeled as adding an error vector e to the codeword

* Received sequence y =XO®e

n
S

T

~

* Syndrome S

ﬂ s—e- - H
01/08/2024 23
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Example

x = 000

— y =100 —— s=100-H! = (1>
e = 100

0

Standard Array Table

Codewords

Svyndromes
00 Y

10
11
Ol

2n—k

ﬂ 01/08/2024 24



~. ) Centerfor

w
Ay Quantum
~\_/ Networks
< NSF-ERC

Another example: the [7,4,3] Hamming code

00000C
11100
. 10011¢
011110
010101
101101
110011
001011

1101001,

. 0011001,
1 0100101,
1010101,
. 1000011,
0110011,

0001111,

ﬂ 1111111.
01/08/2024 )
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1000000

0100000

0010000

0001000

0000100

0000010

0000001

ﬂ 01/08/2024
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0110000

1010000

1100000

1111000

1110100

1110010

1110001

Another example: the [7,4,3] Hamming code

0001100

1101100

1011100

1000100

1001000

1001110

1001101

1111100

0011100

0101100

0110100

0111000

0111110

0111101

1101010

0001010

0111010

0100010

0101110

0101000

0101011

0011010

1111010

1001010

1010010

1011110

1011000

1011011

0100110

1000110

1110110

1101110

1100010

1100100

1100111

1010110

0110110

0000110

0011110

0010010

0010100

0010111

0101001

1001001

1111001

1100001

1101101

1101011

1101000

101100
1

011100
1

000100
1

001000
1

001110
1

001101
1

001100
0

110010
1

000010
1

011010
1

010110
1

010000
1

010011
1

010010
0

001010
1

111010
1

100010
1

101110
1

101000
1

101011
1

101010
0

000001
1

110001
1

101001
1

100101
1

100011
1

100000
1

100001
0

111001
1

001001
1

010001
1

011101
1

011011
1

011000
1

011001
0

100111
1

010111
1

001111
1

000011
1

000101
1

000110
1

000111
0

The size of the table scales exponentially

0111111

1011111

1101111

1110111

1111011

1111101

1111110

26

0[0]0)

111

101

110

011

(0[0)

010

001




13,2,2] Single Parity Check code

3,1,3] Repetition code 3,2,2] Single Parity Check code

Gp=(1 1 1) GS:G) 1 (1))

HRZ(é 1 ?) Hs=(1 1 1)
Hy HS = Dual codes C, Ct

ﬂ 01/08/2024 29
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Low Density Parity Check (LDPC) codes

Sparse parity check matrix

Low complexity iterative
decoding (on graphs)

30
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Tanner graph

U1 Uz U3 V = {v1,v2,v3} Variable nodes

— 1 1 0\ &
o 1 1 C' ={c1,c2} Check nodes

&
— {(’Uj,Crz;) ‘ Hi,j — 1}

* Bipartite graph

@l 01/08/2024 31
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lterative decoding

e Low complexity algorithms
* Operate on the Tanner graph

* Each iteration involves an exchange of messages between
variable nodes and check nodes

*|If the estimated error matches the syndrome, the decoder
succeeds, otherwise it continues for another iteration

ﬂ 01/08/2024 37
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Bit-Flipping algorithm

Initialization — variable-to-check messages

~~ 0 c {0,1}

Vi = Yj (received value from channel)

k) — g =D s
/ iy = Vi (hnumber of unsatisfied checks)

Check-to-variable messages

dy
(k) _ e, 1f(2ﬂ§k_3) > B =%

j—)’L €N ()

/ 3( k—ml) , otherwise \

Variable-to-check messages Threshold

@ 01/08/2024 38
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Example
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y=010010100001010011002¢0

O110010011001O0

44

(0)
j—>’L

= D
FJEN (1)

(1)

lui—>j

01/08/2024
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Example
220020010110120111111
.@m(
i€EN(7)

(0)
—1q

©
—1)

l/
J
Y,

.. otherwise

1001001 1T001O0
2

%

(1)
—>1q

1/

J

010010100001010011000
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O10000000100O0O
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(1)
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100000100001010011000
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Belief propagation (or sum-product)

Transmitted codeword x
x = argmax P(X|y)

Received sequence y x€C

Posterior joint probability distribution

el

r; = argmax P(x,|y) = argmax le,...,a:j_l,:ch,...,a:ne{o,l}n—l P(z|y)

r;€{0,1} / r;€{0,1}

Posterior marginal
distributions

ﬂ 01/08/2024 49
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5%1 — argmax P(I1‘y) — argmax Z P($|y)
3316{0,1} 3916{0,1} 332,283,334,9356{071}4
= argmax Z P(y|z)P(x)
x1€{0,1}

r2,r3,24,x5€{0,1}4

— arémax Z (H Wj) [(c; = 0)I(cy = 0)

$2,3§‘3,Q§'4,ZC5E{0,1}4 .7:1

= argmax W,
x1€{0,1}

W; = P(y;|z;)

|A| 01/08/2024 50
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Belief propagation (or sum-product)

vesp(@) = | pnsa(@)

heN (z)\{f}

pfa(x) = Z (f(X) H Vh%f(h))

heN (f)\{z}

N\ /

oi(z) = || mnoe ()

N (@) \{f} N(f)\{z}

ﬂ 01/08/2024 51
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Monte Carlo simulations of error correction

* Repeated random sampling to obtain numerical results

* MC simulation is the standard method for assessing
the performance of a code/decoder

* Simulation software needs to be fast to generate the
adequate number of samples in a relatively short time

ﬂ 01/08/2024 52
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Monte Carlo simulations of error correction

* Choose an error model

* Choose a code and a decoder

* Fix the number of samples (large enough)

* Fix the parameters of the error model (e.g., for BSC)

* For each sample:
* Generate a codeword (usually the all-zero codeword is sufficient)
* Generate a random sample of noise, add it to the codeword
* Compute the syndrome and start decoding
* If the decoder fails (doesn’t converge or estimates a different codeword) = count a failure

* Divide the number of failures for the total number of samples
* Repeat for different parameters of the error model
* Plot error parameters vs failure rates

ﬂ 01/08/2024 53
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Plot examples

" ---. Nocoding
N 64-state convolutional code
| 14

-state convolutional code
Yool = Reed-Muller/Reed-Solomon

Turbo Code, N=65,536
-~ Irregular LDPC Code, N=10'

“

ﬂ 01082004 http://www.jaist.ac.jp/~kurkoski/teaching/portfolio/uec s05/S05-LDPC%20Lecture%201.pdf 54
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Plot examples

Waterfall
> Frror floor

Exp-Contr, Y
—O0—MS.,.Y=5,v=0
Exp-Contr, Y =35, v

Channel Error Probability: BSC («)

ﬂ N. Raveendran, D. Declercq and B. Vasic, "A Sub-Graph Expansion-Contraction Method for Error
01/08/2024  Floor Computation,” in IEEE Transactions on Communications, vol. 68, no. 7, pp. 3984-3995, 2020

55
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Agenda

Part 2 Quantum Error Correction
By Narayanan Rengaswamy
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What do we gain from QEC?

E R R O RS — ideal surface code
. _ distance 3 —+—
distance 5

distance 7 —H—
distance 9 S
distance 11

EnCOde |nt0 a - o no error correction
Quantum Error
Correcting Code

2
=
E
2
:

A 4

United
We Stand,
Divided
We Fall!

ﬂ 01/08/2024 57
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QEC Goals: Computation & Error Correction

Universal gates on Noisy
x logical qubits: Logical operation
k qubits W)L g |¢>L
H A
QECC Translate QECC
Encode (Synthesize) Decode
1
® n qubits W) g ‘¢>

Physical operation
Fault-tolerant

N

-
N
QECC: Quantum Error Correcting Code

@ 01/08/2024 58
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Pauli Operators and Bloch Sphere

Bit Flip ~Quantum” Phase Flip Bit-Phase Flip
NOT gate
0) — X — [1) 0) — Z — [0) 0) — Y — i|1)
1) — X — |0) 1) —Z 1) 1) —Y 110)
0)

AN )
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Pauli Errors and Depolarizing Channel

Bit Flip Phase Flip Bit-Phase Flip
0) — X — 1) 0) — Z[—10) 0) — Y —i[1)
1) — X —10) 1) — 7 1) 1) —Y £10)
The “Quantum” Birary Symmetric Channel: ) with prob. 1 — €.

)

X |¢) with prob. <
Z |¢)  with prob.
Depolarizing Channel Y |¢) with prob.

ﬂ 01/08/2024 60
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Multi-Qubit Pauli Operators/Errors

S Pauli Group on n qubits:

W)z 1 p) All possible tensor products of [, X, Z, Y with
g global phase from the set {1,i,—1, —i}

S 1. Group generated by I;, X}, Z;, Y; on j** qubit
n = 3 qubits 2. The 4™ Hermitian operators form an
XQRQZQQY orthogonal basis for all 2™ x 2™ matrices

— X122Y3

= X4Y 3. Trace Inner Product: (4, B) := Tr(ATB)

ﬂ 01/08/2024 63
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Commutativity of Pauli Operators

Time

xHz— = zx< ZX|py = =XZ|p)
IxHyvl— = JyH xR YX|1p) = =XV |)
Iy zl- = Izl yL<d ZY ) = =Y Z|Y)
n = 2 qubits Property: (A Q B)(C ® D) = (AC) Q (BD)
1 ZRXRZ)X K X)
1y ) — 7+ X |—o - — 4 = ZX) R (ZX)
N . = (—XZ) ® (—XZ)
e — X —o — 4 T =X R®X)(Z X Z)
ﬂ 01/08/2024 64
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n = 2 qubits

/

X

1

/

X

/

Stabilizers: Commuting Pauli Operators

X

(Z X Z)XQX)

1

/

X

= X ®X)(ZX7Z)

Stabilizer Group: S = (X ® X,Z ® Z) = {II, XX, ZZ,—YY)

Linear Algebra: When Hermitian matrices commute, they can be
simultaneously diagonalized, i.e., they have a common basis of eigenvectors

ﬂ 01/08/2024

65
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Stabilizer Codes from Stabilizer Groups

Stabilizer Group: S= (X @ X,Z ® Z) = {II, XX, ZZ, —YY}

“Bell Basis”: The common eigenbasis of these “Bell state” stabilizers

I 00) + |11) I 00) — [11) I 01) + |10) . 01) — [10)
(A® B)(C® D) = (AC) @ (BD) = XX |o+) = 2122 ‘O>\2X DX _ '1”\%'0(” — (+1) &)

Stabilizer Code O(5): Subspace spanned by the +1 eigenvectors of S

In this case we only get a 1-dimensional space spanned just by |®™)

ﬂ 01/08/2024 66
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Stabilizer Codes from Stabilizer Groups

Stabilizer Group: S=(XQRX,ZQRQZ) > {Z QR Z)=(ZZ)

For n qubits, remove some of the n generators to make space for qubits!

n 00) 4 [11) I 00) — [11) I 01 0) . 01 0)
|(I)> \/§ 7‘(I)>_ \/§ aV\/g(a‘\If> \/5

Stabilizer Code O(S5): Subspace spanned by the +1 eigenvectors of S

Encodin
) = a|0) + 5[1) "

k = 1 logical qubit

) =al®T) + B8(P7)
a [00) + 5 |11)
Iﬂ n = 2 physical qubits

69
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Stabilizer Group: S=(XQRX,ZQRQZ) > {Z QR Z)=(ZZ)

k=1

=1 |¢) =al0)+F|1) l
logical qubit ) }

Logical X |¢) = a|1) + 310) <
Al Z ) = alo) — B11) <
Operators

> X X

> /1

)
)

Y
XY

11
00

)
) —
Y =

b
B

00) =
11) =
11X L =

Stabilizer Codes: Logical Operators

n=~=2
) = «|00) + 5 [11) physical qubits

= X
=7

Y
\_

-

= XX

1 =17
1.X 4 =

~

Y X
/

Synthesis of Logical Operators: Translate a universal set of quantum gates

70
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Stabilizer Codes: Error Correction

Stabilizer Group: S =(Z Q Z) =(ZZ); Logicals: X =XX,Z =71 =1Z

k=1 |w>=a|0>+6\1>l n=2
logical qubit 0) } ) = «|00) + F]11) physical qubits

Recall: Pauli operators form an orthogonal basis for all square matrices
= Suffices to consider only Pauli errors on the physical qubits*®

1. Error E = XI occurs on the code state: |w> —> EW) = X + 0

2. Measure ZZ, i.e., the property that the state belongs to the code

3. Since “syndrome” is —1, decoder estimates errortobe E = Xl orE' = IX = EX

@l 01/08/2024 73
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Stabilizer Codes: Error Correction

Stabilizer Group: S =(Z Q Z) =(ZZ); Logicals: X =XX,Z =71 =1Z

V) = a|0) + 1) —e— 1 —
0 —d J>E|w>=oz + 0

Measure Syndrome: Eigenvalues of Elv) with respect to stabilizer(s)
(ZZ2)EN) = (ZZ)(XD)|[Y) = (=)(XI)(Z2Z)|) = (=1 E]y)

Decoder: Takes syndrome as input and outputs most likely (Pauli) error E

E=XI:FEl)=(XD)(XDY) =) E=IX:EE[) =IX)XD[Y)=X])
Correct Decoding Logical Error!!

ﬂ 01/08/2024 74
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Clearly, this is a trivial code that cannot store much information
(i.e., logical qubits) or correct many errors

We need a systematic approach to desigh good quantum codes and
efficient decoders to correct errors on them

There is a rich literature on classical codes and decoders

How can we establish a connection between quantum and classical
codes to leverage that?

ﬂ 01/08/2024

77
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Bridge to Classical Codes

Map an n-qubit Hermitian Pauli matrix to a pair of binary vectors:

How to checkif E(a,b) =X ® ZQ Yand E(c,d) =7Z Q Z Q X commute?
Compare operatorsoneach qubit: X Q®Z QY » ( , 101 1))

L QRQRZRQX - ( ,1110)])
Iﬂl 01/08/2024 78
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Commutativity: Symplectic Inner Product

How to checkif E(a,b) =X ® ZQ Yand E(c,d) =7Z Q Z Q X commute?
Compare operators on each qubit: X Q®Z QY — ( ,[101 1))

| |

b
[110])

J

ZQZRX w (

J
| |

d

[c, d])sym = ad” + bc" (modulo 2)

0 iff they commute,
1 iff they anticommute

ﬂ 01/08/2024 79
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Commutativity: Symplectic Inner Product

How to checkif E(a,b) =X ® ZQ Yand E(c,d) =7Z Q Z Q X commute?

Compare operators on each qubit: X Q@ Z QY — ( ,[01 1))
' b
ZIQZQX - ( ,[110])
' d
1
d" + bc' = 1|+[0 1 1]
0
=1+1

= 0 (modulo 2) = they commute

ﬂ 01/08/2024 30



O O O(1 1 O
= [Hy | Hp] ; HoHy + HyHL = 0

HS:[O 0 0/l0 1 1

Recall: Syndrome is the commutation relations of error E(c, d) with stabilizers

(Z2)EWw) = (ZZ)(XD)|[¢) = (=1)(XI)(ZZ)|¢) = (—1)E]v)

<[a1) bl]) [Cl d])Sym]
Syndrome = = H.d" + H,c' (modulo 2
y (@, byl, e, dl)gym| — e T Hpe ( )

ﬂ 01/08/2024 33
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4 Bell GHZ States — 2- and 3-Qubit Codes

n \OO) \11) . \OO) — \11) + \OOO) \111) I \OOO) — \111)
Stabilizers: S = (XX, ZZ) — (ZZ) S = (XXX, ZZ1,1Z7) - (ZZ1,1Z7)
) = al0) + B|1) TESE Y = a|dt) £ 8107) | ) =al0) + B1) TSR 0) = a|d)) + B P5)
= «|00) + 5|11) = «|000) + 5 |111)
Encod Encoding
4) = al0) + 1) —— K
)T =)+ 5 0) —b—{— | T77 = alo00) + B 111
0) H— .
Logicals: X =XX,Z =71 =1Z X=XXX,Z=ZIl =1ZI = 11Z
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™ 3-Qubit Code # Quantum Repetition Code

A Quantum

v) = al0) + B1) IEG) = a|®F) + 5 |®5) This is NOT the same as
encoding = |000) + 5 |111) cloning (i.e., copying)
) = a|0) + B [1) —e—e— —  the logical qubit into 3
0) — ) = a |000) + B[111) physical qubits!!
0) e

—

Recall Classical Repetition Code: € = {000,111}

Quantum “No Cloning” Theorem: Arbitrary guantum state can’t be cloned!

|A| 01/08/2024 85
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Syndrome Measurement for 3-Qubit Code

Measure the stabilizer generators $; = ZZ1 and S, = 1ZZ:

S S9
— The error X
[¥) - propagates
through the CNOT
and flips the
0) +1 10 +1 measurement

Hence, the measurement results in —1 whenever there are an

(through the CNOT gates),
i.e., when the error anticommutes with the stabilizer $;

ﬂ 01/08/2024
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Syndrome Measurement for 3-Qubit Code

Measure the stabilizer generators $; = ZZ1 and S, = 1ZZ:

S S9
— The error X
[4) propagates
through the CNOT
A and flips the
0) +1 10 e — ! measurement

—[H. | H.1l - _ T T
00 olo 1 1 |H, | Hy| ; Syndrome = H,d" + H;c
E(c,d) = X, = XII

@ 01/08/2024
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Minimum Distance of 3-Qubit Code

Measure the stabilizer generators $; = ZZ1 and S, = 1ZZ:

S S9
The error Z DOES
[) NOT propagate
through the CNOT,
VA 7 so doesn’t flip the
0) a— -1 |0) e — ! measurement

Minimum Distance of a Code: The minimum weight of an undetectable error
= The minimum weight of a logical operator

Logicals: X = XXX, Z = ZII = 1ZI = [I1Z = Minimum Distance d = 1

@ 01/08/2024
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Clearly, this code can only correct 1 error of X-type
and cannot even detect 1 error of Z-type

How can we construct a non-trivial code out of this 3-qubit code
that can correct 1 error of any type?

Concatenate the 3-qubit code with its X-type version!

This leads to the famous 9-qubit code of Peter Shor, called the
“Shor code”, which was the first time QEC was shown to work!

ﬂ 01/08/2024 93
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Shor’s 9-Qubit Code

S=(ZZ1,127),X = XXX,Z = ZII

Each of the 3 physical qubits of
the initial 3-qubit “phase-flip”
code is further encoded into the
3-qubit “bit-flip” code

Thisisa [[n =9,k =1,d = 3]
code since the minimum weight
of a logical operatorisd = 3

S =(XXI,I1XX) There are 8 stabilizer generators,

X=x11,7=2z2z "V 6 of Z-type and 2 of X-type

|A| 01/08/2024 94
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Shor’s 9-Qubit Code

S={(ZZ1,177),X = XXX, Z = ZII

Inn
Code

Each of the 3 physical qubits of
the initial 3-qubit “phase-flip”
code is further encoded into the
3-qubit “bit-flip” code

Thisisa [[n =9,k =1,d = 3|
code since the minimum weight
of a logical operatorisd = 3

Outer Concatenation

S = (XXI,IXX) There are 8 stabilizer generators,
X=XIl,Z =727 6 of Z-type and 2 of X-type

ﬂ 01/08/2024 95
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Steane’s 7-Qubit Code
1 0 0 1 1
17,4,3] Homming Code: H = | 0 0 1 0
0 1 1 1
H

[17,1,3]] Steane Code:

Commutativity Check:

Logical Pauli Operators:

N A<
|

0

96
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1 0O 01 0 1 1
17,43 HommingCode: H=|(0 1 0 1 1 1 O
001 0 1 1 1mpX;XcXcXy, 23757677
CH| 0 | v
7,1,3|| Steane Code: Hoe=| H, | H, | =
17,1,3]] o= [ He| ] = || 5

|

—_
—
—
—
—
—
—
-
-
-
-
-
-
-

Logical Pauli Operators: )f
Z

|

-
-
-
-
-
-
-
—_
—_
—_
—_
—
—
—_

Since stabilizers fix code state, X = (XXXXXXX) (XXX X,) = X1 X,X4
Z — (ZZZZZZZ)(Z3Z5Z6Z7) — 212224

ﬂ 01/08/2024 97
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[17,1,3]] Steane Code;: Hq = [ H, | H, } —

H

0

0

H

Error E(c,d): Syndrome = H,d" + Hpc' = lHl d” + lHl

Decoding Steane’s 7-Qubit Code

X

= [ier] =152

Decoding: Use the X-syndrome sy (Z-syndrome s,) to estimate Z-error (X-error)

This reduces to decoding the Hamming code for either type of error!

If X-and Z-errors are correlated, then decoders aren’t independent

98
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Recall Standard Array Decoding

H |0
0| H

X
/

[17,1,3]] Steane Code;: Hq H, | H,

1000000

0100000

0010000

0001000

0000100

0000010

0000001

ﬂ 01/08/2024

0110000

1010000

1100000

1111000

1110100

1110010

1110001

0001100

1101100

1011100

1000100

1001000

1001110

1001101

1111100

0011100

0101100

0110100

0111000

0111110

0111101

1101010

0001010

0111010

0100010

0101110

0101000

0101011

0011010

1111010

1001010

1010010

1011110

1011000

1011011

0100110

1000110

1110110

1101110

1100010

1100100

1100111

1010110

0110110

0000110

0011110

0010010

0010100

0010111

0101001

1001001

1111001

1100001

1101101

1101011

1101000

1011001

0111001

0001001

0010001

0011101

0011011

0011000

1100101

0000101

0110101

0101101

0100001

0100111

0100100

0010101

1110101

1000101

1011101

1010001

1010111

1010100

0000011

1100011

1010011

1001011

1000111

1000001

1000010

1110011

0010011

0100011

0111011

0110111

0110001

0110010

1001111

0101111

0011111

0000111

0001011

0001101

0001110

0111111

1011111

1101111

1110111

1111011

1111101

1111110

99
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T Calderbank-Shor-Steane (CSS) Codes

[17,1,3]] Steane Code [In, k, d]] CSS Code
| H]O0 |x | Hx| 0 |x

HS__O H |7z HS__() Hy |7

HH" =0 HxH, =0

- [Hd™]  [sx - [Hxd™] [sx

Syndrome = He| = s, Syndrome = Hye"| T sy

X =E(c,0); He' =0 X =E(c,0); Hze' =
7 =FE0,d); Hd' =0 Z =FE0,d); Hxd" =

ﬂ 01/08/2024 102
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CSS Quantum LDPC (QLDPC) Codes

[In, k, d]] CSS Code

nk;,d;| C, —LDPC+~— Cy [n, ky,dx]

g 0
X-logicals |k =1k, —(n—lky) Z-logicals Hq = ()X 77 ;(
X=Gy/Hy | =lkx—(n—ka)| Z=Gy/H, T A .
Ci C; HxH7z =0
Hxd! Sy
X-stabilizers | n—ky  n—k;|Z-stabilizers Syndrome = HX | = 5X
AS S7
Hy H,
(0) (0)

ﬂ 01/08/2024 103
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The Surface Code

@

O

‘_

@

® ®
® ' e
[[O(L%),1,L]] Code 7 Errors cause syndrome at endpoints
- vertex checks (Hy) - plaquette checks (H,)

Iﬂl 01/08/2024 104
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Errors cause syndrome at endpoints

- vertex checks (Hy) - plaquette checks (H,)

105
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MWPM Decoding Threshold

ideal surface code
distance 3 —+—
distance 5
distance 7 —H—
distance 9 S
distance 11 B
no error correction -------- C
L
:
: —O—_
£
0.15 ( n o | =
physical error rate L O O O

Wang et al. http://arxiv.org/abs/0905.0531

Errors cause syndrome at endpoints

- vertex checks (Hy) - plaquette checks (H;,)

ﬂ 01/08/2024 106
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== Hypergraph Product (HP) QLDPC Codes
[IN, K,d]] HP Code [In, k, d|] CSS Code

Co: g, ko, dy] — Hy - my X 0y HS:_HX 0 _X

Cbl nb,k’b,db %Hb My X Ny i 0 HZ_Z

HxH, =0
Hy =
) -HX dT_ _SX_
Hy = Syndrome = 7T
— Z - —

N= -+-

K = 2kqky — ka(ny — ) — ky(ng —my) ~ O(N) X =E(c,0); Hze' =0
d > min(d,, dy, d*, d) ~ O(VN) 7

@l 01/08/2024 109
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[[N, K, d]] HP Code Chp e 70000
® O O O O
C,:15,1,5] = H, °ma><na:4><5 0 @ ® O O @
Cy:[4,0,0] — Hy = my XN, =H x4 @ O
e ® ®
I °
Hyz = m @ O O O ®
® O O O O
N
s 5 felelele
d: C-eOededee

@l 01/08/2024 110
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- Belief propagation (or sum-product)

\

5%1 — argmax P(I1‘y) — argmax Z P($|y)
3316{0,1} 3916{0,1} 332,283,334,9356{071}4
= argmax Z P(y|z)P(x)
x1€{0,1}

r2,r3,24,x5€{0,1}4

— arémax Z (H Wj) [(c; = 0)I(cy = 0)

$2,3§‘3,Q§'4,ZC5E{0,1}4 .7:1

= argmax W,
x1€{0,1}

W; = P(y;|z;)

|A| 01/08/2024 111
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lterative Decoding of QLDPC Codes

deT Sy
HZcT Sy

In, k,,d,| C, —LDPC— (C, |n, ky,dy] Syndrome =

_X—Iogicals k=k,— (n—ky) _Z-Iogicals 1. Decoding is based on
X = Gz/Hy =iy —(n=kz) | Z = Gx/Hy syndrome, no received vector
Ci C; 2. No X/Z Correlations in Error:
Run two independent iterative
decoders based on Hy, H,
3. Depolarizing Channel:
(0) (0) Exchange information or run

non-binary decoder for X, Z,Y
ﬂ 01/08/2024 112
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lterative Decoding at Finite Lengths

deT Sy
HZcT Sy

1. Decoding Schedule: An
iterative decoder can run
parallel or serial node updates

2. Error Floor: The logical error

rate saturates (“floors”) once

physical error rate is small

_ Degeneracy: Two errors

Physical error rate p differing by a stabilizer are

Raveendran, Vasi¢: https://arxiv.org/abs/2012.15297  €quivalent, are “degenerate”

ﬂ 01/08/2024 113
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Recent Exciting QLDPC Codes

TEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 60, NO. 2, FEBRUARY 2014

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 67, NO. 10, OCTOBER 2021

Quantum LDPC Codes With Positive Rate and Balanced Product Quantum Codes
Minimum Distance Proportional to the

Nikolas P. Breuckmann™ and Jens N. Eberhardt
Square Root of the Blocklength

Jean-Pierre Tillich and Gilles Zémor

Asymptotically Good Quantum and Locally Testable Classical

LDPC Codes
Degenerate Quantum LDPC Codes With Good Finite Length Pavel Panteleev Gleb Kalachev
Performance

Lomonosov Moscow State University

Russia
panteleev@intsys.msu.ru
Pavel Panteleev and Gleb Kalachev

Lomonosov Moscow State University
Russia
kalachev@intsys.msu.ru

Faculty of Mechanics and Mathematics, Moscow State University, GSP-1, Leninskie Gory, Moscow, 119991, Russian Federation

Quantum Low-Density Parity-Check Codes

I[EEE TRANSACTIONS ON INFORMATION THEORY, VOL. 68, NO. 1, JANUARY 2022

Nikolas P. Breuckmann®'>" and Jens Niklas Eberhardt®?
. . li)eparfmem of Computer Science, University College London, London, WCIE 6BT, United Kingdom
Quantum LDPC Codes With Almost Linear

> Mathematical Institute, University of Bonn, 53115 Bonn, Germany
Minimum Distance

™  (Received 7 March 2021; revised 27 May 2021; published 11 October 2021)
Pavel Panteleev™ and Gleb Kalachev

2022 IEEE 63rd Annual Symposium on Foundations of Computer Science (FOCS)
Fiber Bundle Codes:

Breaking the N'/? polylog(N) Barrier for Quantum LDPC Codes
Matthew B. Hastings

mahastin@microsoft.com
Station Q. and Microsoft Quantum
Redmond, WA, USA

Quantum Tanner codes

Jeongwan Haah
Jeongwan.Haah@microsoft.com
Station Q. and Microsoft Quantum
Redmond, WA, USA

Ryan O’Donnell

Anthony Leverrier Gilles Zémor
odonnell@cs.cmu.edu

Inria Institut de Mathématiques de Bordeaux, UMR 5251
Carnegie Melon University

Paris, France
Pittsburgh, PA, USA

Bordeaux, France
anthony.leverrier @inria.fr

zemor@math.u-bordeaux.fr
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[[n,1,0(/n) ]] [[n,0(n),0(n) |]

High error thresholds Promising thresholds

~ Linear-time decoder Linear-time decoder*®

Logical gates known  Very little research

Long-range
interactions

Nearest-neighbor

Not scalable; Scalable with
large overhead constant overhead???

ﬂ 01/08/2024 115
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Summary
Code Parameteis/[[n’ ’f’ d]]\‘
Physical Qubits Logical Qubits Minimum Distance

[Y) = al0) + Bl1)
|0)

|0)

Iﬂl 01/08/2024
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Agenda

Part 3 Application to Quantum Networks
By Sijie Cheng
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Summar
[13,1,1]] *'Bit-Flip”’ Code: y
[) = a|000) + B 11> W =al100) +gl011)  Syndrome Measurement
[Y) = al0) + B|1)
|0)
|0)
Bell State ) = al0)+ Bl —

ﬂ 01/08/2024
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Bell State Measurement Property

g —|Measure]' " 9 | 0-E5E
\1/,):‘0)“1) R <
v B _______ _,1)é_‘+>:\0> 1)
: E N
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Legend

® Un-coded State without Error . Classical Channel without Error :

D Stabilizer Generator :
i Quantum Channel without Error

IZI Coded State without Error

B Sign for Stabilizers '.....Q

Measure Bell Pair without Error
Decoder o~ @ Bell State Bell Pair with Error
Correct = Equaly

@ 01/08/2024
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Error Correction Process

® Un-coded State without Error Classical Channel without Error :

Quantum Channel without Error

I

I:I Stabilizer Generator

IZI Coded State without Error

B Sign for Stabilizers

ﬂ 01/08/2024 123
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Direct Application
IZI—IE

[ o e e e e e e s e

‘ Quantum Error Correction
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""""" Quantum Error Correction

.................. '...........’

‘l/)) ¢ |1/J> IZI h/)) Un-coded State h/)) Coded State
Encoder g
I E g; :Stabilizer Generator s; :Sign for Stabilizers :

Yi - Srablileet DENETAton 1 21 - >1eh TOT Stdblzers |
*[ ) .} I:> *[ , .}
IZI '...........’
Coded State with Error I\/Ieasu re |:|

................................ . Slgn for Stablllzers

: Decoder .}
Syndrome for Error

Estimated Error IZI Correct {
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Decoder Failed .
Bob Scenario 2 Boh

[ e 0s) | [ e e e

Ome]

Scenario 1

JR — 01/08/2024
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D —

Scenario 2: Decoder failure

@ 01/08/2024

Problem 1 —
Scenario 1: Ideal Situation

On)
- N

Long Distance

1. As the distance increases, the
quantum channel may experience

more errors, potentially causing
the decoder to fail.

2. If decoding is performed in real-
time, a decoder failure will result
in the quantum link being cut off.
We need to find a method to
perform decoding earlier, yet not
in real-time, to reduce the impact
of such failures.
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Solution for Long Distance

Repeater Bob

Decoder

u

I

-

‘ Decoder

|
Iﬂl 01/08/2024 :
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Problem 2 — Quantum Circuit Error
Scenario 1: Ideal Situation 5

On)
-

D —

Scenario 2: Decoder failure

Onel —
|;!B§3§§§3§3§3§>

01/08/2024

ﬁ

1. As the distance increases, the
quantum channel may experience
more errors, potentially causing
the decoder to fail.

2. If decoding is performed in real-
time, a decoder failure will result
in the quantum link being cut off.

We need to find a method to
perform decoding earlier, yet not
in real-time, to reduce the impact
of such failures.

134
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Stabilizer I\/Ieasurement on Bell State

J —fuesud— |

Bobg—w{
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Solution for Quantum Circuit Error
Bob Distillation

Attempt 1

|;!B§§§§§§a>
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ob

Coded State with Error Measure {D }

- I Sign for Stabilizers
Decoder Dl
: Syndrome for Error P

Estimated Error IZI Correct { , }
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Summary

:  Classical Channel without Error :

|Z| Coded State without Error :
:  Quantum Channel without Error

o~ @® Bell State

B Sign for Stabilizers
Bell Pair without Error

.ﬂ . Distillation n n



e o eworks Course Evaluation Survey

NSF Engineering Research Center

We value your feedback on all aspects of this
short course. Please go to the link provided
in the Zoom Chat or in the email you will
soon receive to give your opinions of what
worked and what could be improved.

2025 CQN Winter School on Quantum Networks

AQS’\S‘T ¥ ()ﬁ
University of  — INAU -
@G UNIVERSITY OF y B e O UNIVERSITY OF

Massachusetts 48 MARYLAND 8 G E ' ARIZONA OREGON

Amherst BE REVOLUTIONA HOWARD LI N |V E R S ITY
UNIVERSITY

ARIZONA




	Slide 1: Error Correction for Quantum Networks
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9: Error correcting codes
	Slide 10: Error correcting codes
	Slide 11: The [3,1,3] repetition code
	Slide 14: Binary Symmetric Channel (BSC)
	Slide 15: Maximum likelihood decoding  of the repetition code
	Slide 18: Decoding failure
	Slide 19: Maximum likelihood decoding
	Slide 20: Maximum likelihood decoding
	Slide 21: Codes as matrices
	Slide 22: Matrices of the [3,1,3] repetition code
	Slide 23: Error syndrome
	Slide 24: Example
	Slide 25: Another example: the [7,4,3] Hamming code
	Slide 26: Another example: the [7,4,3] Hamming code
	Slide 29: [3,2,2] Single Parity Check code
	Slide 30: Low Density Parity Check (LDPC) codes
	Slide 31: Tanner graph
	Slide 32: Tanner graph
	Slide 37: Iterative decoding
	Slide 38: Bit-Flipping algorithm
	Slide 43: Example
	Slide 44: Example
	Slide 45: Example
	Slide 46: Example
	Slide 47: Example
	Slide 48: Example
	Slide 49: Belief propagation (or sum-product)
	Slide 50: Belief propagation (or sum-product)
	Slide 51: Belief propagation (or sum-product)
	Slide 52: Monte Carlo simulations of error correction
	Slide 53: Monte Carlo simulations of error correction
	Slide 54: Plot examples
	Slide 55: Plot examples
	Slide 56
	Slide 57: What do we gain from QEC?
	Slide 58: QEC Goals: Computation & Error Correction
	Slide 59: Pauli Operators and Bloch Sphere
	Slide 60: Pauli Errors and Depolarizing Channel
	Slide 63: Multi-Qubit Pauli Operators/Errors
	Slide 64: Commutativity of Pauli Operators
	Slide 65: Stabilizers: Commuting Pauli Operators
	Slide 66: Stabilizer Codes from Stabilizer Groups
	Slide 69: Stabilizer Codes from Stabilizer Groups
	Slide 70: Stabilizer Codes: Logical Operators
	Slide 73: Stabilizer Codes: Error Correction
	Slide 74: Stabilizer Codes: Error Correction
	Slide 77
	Slide 78: Bridge to Classical Codes
	Slide 79: Commutativity: Symplectic Inner Product
	Slide 80: Commutativity: Symplectic Inner Product
	Slide 83: Quantum Parity-Check Matrices
	Slide 84: Bell, GHZ States goes to 2- and 3-Qubit Codes
	Slide 85: 3-Qubit Code not equal Quantum Repetition Code
	Slide 86: Syndrome Measurement for 3-Qubit Code
	Slide 87: Syndrome Measurement for 3-Qubit Code
	Slide 88: Minimum Distance of 3-Qubit Code
	Slide 93
	Slide 94: Shor’s 9-Qubit Code
	Slide 95: Shor’s 9-Qubit Code
	Slide 96: Steane’s 7-Qubit Code
	Slide 97: Steane’s 7-Qubit Code
	Slide 98: Decoding Steane’s 7-Qubit Code
	Slide 99: Recall Standard Array Decoding
	Slide 102: Calderbank-Shor-Steane (CSS) Codes
	Slide 103: CSS Quantum LDPC (QLDPC) Codes
	Slide 104: The Surface Code
	Slide 105: Minimum Weight Perfect Matching
	Slide 106: MWPM Decoding Threshold
	Slide 109: Hypergraph Product (HP) QLDPC Codes
	Slide 110: Hypergraph Product (HP) QLDPC Codes
	Slide 111: Belief propagation (or sum-product)
	Slide 112: Iterative Decoding of QLDPC Codes
	Slide 113: Iterative Decoding at Finite Lengths
	Slide 114: Recent Exciting QLDPC Codes
	Slide 115: Towards “Good” Quantum LDPC Codes
	Slide 118: Summary
	Slide 119
	Slide 120: Summary
	Slide 121: Bell State Measurement Property
	Slide 122: Legend
	Slide 123: Error Correction Process
	Slide 124: Quantum Network
	Slide 125: Direct Application
	Slide 126: Quantum Error Correction
	Slide 129: Decoder Failed
	Slide 130: Problem 1 – Long Distance 
	Slide 131: Solution for Long Distance
	Slide 134: Problem 2 – Quantum Circuit Error
	Slide 135: Stabilizer Measurement on Bell State
	Slide 136: Teleportation
	Slide 137: Solution for Quantum Circuit Error
	Slide 140: Distillation based on Error Correction
	Slide 141: Summary
	Slide 142

